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A CHARACTERIZATION OF THE INFINITESIMAL
CONFORMAL TRANSFORMATIONS ON TANGENT
BUNDLES
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ABSTRACT. Here, we present a new complete lift metric for which
every infinitesimal fiber-preserving conformal transformation on the
tangent bundle induces an infinitesimal projective transformation
on the base manifold. Moreover, this correspondence gives rise
to a homomorphism between Lie algebras. Also, we introduce an
almost product structure on the tangent bundle and show that it
is a product structure if and only if the corresponding Riemannian
metric is of constant curvature.

1. Introduction

Let M be a Riemannian manifold, and ¢ be a transformation of M.
Then, ¢ is called a projective transformation if it preserves the geodesics,
where each geodesic should be confounded with a subset of M by ne-
glecting its affine parameter. Furthermore, ¢ is called an affine transfor-
mation, if it preserves the Riemannian connection. We may also speak
of local projective and affine transformation. Then, we remark that a
(local) affine transformation may be characterized as a (local) projective
transformation which preserves the affine parameter of geodesics.
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Let V be a vector field on M, and consider the local one-parameter
group {¢;} of the local transformations of M generated by V. Then, V
is called an infinitesimal projective (respectively affine) transformation,
if each ¢y is a local projective (respectively affine) transformation. By a
complete infinitesimal projective transformation, we mean an infinitesi-
mal projective transformation which generates a (global) one-parameter
group of projective transformations.

Let TM be the tangent bundle of M, and ¢ be a transformation of
TM. Then, ¢ is called a fibre-preserving transformation, if it takes fi-
bres to fibres. Let X be a vector field on T'M, and consider the local
one-parameter group {¢;} of the local transformations of TM gener-
ated by X. Then, X is called an infinitesimal fibre-preserving transfor-
mation on T'M, if each ¢, is a local fibre-preserving transformation of
TM. Clearly, an infinitesimal fiber-preserving transformation on T'M
induces an infinitesimal transformation in the base space M. Let g be
a (pseudo)-Riemannian metric of 7M. An infinitesimal fiber-preserving
transformation X on T'M is said to be an infinitesimal fiber-preserving
conformal transformation, if there exists a scalar p on T'M such that
£xg = 2pg, where £ x denotes the Lie derivation with respect to X.

Let P be an endomorphism of the tangent bundle 7'M satisfying P? =
I, where I = identity. Then, P defines an almost product structure on
M. If g is a metric on M such that g(PX, PY) = ¢g(X,Y) for arbitrary
vector fields X and Y on M, then the triple (M, g, P) defines a (pseudo)-
Riemannian almost product structure.

Here, we define a new kind of (pseudo)-Riemannian metric G on TM
and introduce the natural almost product structure P on M. The main
purpose is to investigate some relations between the Lie algebra of infini-
tesimal fiber-preserving conformal transformations of the tangent bundle
TM and the Lie algebra of infinitesimal projective transformations of
M.

Throughout the paper, everything is C'°°, and Riemannian manifolds
are connected with dimM > 1. Also, we suppose TM = TM — {0}.

2. Complete lift metric

Let (M, g) be an n-dimensional (pseudo)-Riemannian manifold and
V its Levi-Civita connection. In a local chart (U, (z')), we set g;; =

9(0;,0;), where 0; := 8?51' and we denote by I’jki the corresponding
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Christoffel symbols. Let (2%,4") = (z,y) be the local coordinates on
the manifold T'M projected on M by 7. The indices i, j, k, ... are taken
from 1 to n. ' ’

The functions N,*(z,y) = ijz(x)yk are the local coefficients of a
nonlinear connection, that is, the local vector fields §; = 9; —N; ke, Y)Of,
where 0; = 8%,6 spans a distribution on T'M called horizontal, which
is supplementary to the vertical distribution v — V,TM = ker(7y)q,
where v € TM. Denote by uw — H,TM the horizontal distribution
and let {d;,0;} be the basis adapted to the decomposition T;,7M =
H,TM & V,TM, where u € TM. The dual basis of it is {dz*, dy'} with
dy' = dy' + N '(z, y)dzF.

We can easily prove the following lemma.

Lemma 2.1. The Lie brackets satisfy the followings:
[05,0;] = yTKjir " O,

[(‘3;, 83] =0,

where K jiTm denotes the components of the curvature tensor of M.

The complete metric on T'M is:
Go = 2gij(w)dz' 5y’

If we define g;;(z) as the components h;;(z,y) of a generalized Lagrange
metric([3]), then we get a complete metric,

G(z,y) = 2hj(z,y)dz'5y’.
In particular, h;j(x,y) could be a deformation of g;;(z), a case studied

by Anastasiei in [2].

Here, we consider the metric G' with h;;j(x,y) to be the special defor-
mation of g;;(x) of the form:

hij(z,y) = a(L?)gij (),

where L? = g;;(x)y'y?,y; = gij(2)y’ and a : Im(L?) C RT — R* with
a>0.
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3. Almost product structures on TM

Let P be an endomorphism of the tangent bundle T'M given in the
adapted basis {d;, 9;} by

P(6;) = a0;, P(9) = Béi,
where a and (8 are functions on T'M to be determined. Then, we have,
P*(6;) = afé;, P*(8;) = Bad;,

i.e., the condition P? = I leads to a8 = 1.

With the above condition, we conclude that G(P(X), P(Y)) = G(X,Y).
Then, the pair (G, P) is an almost product structure on TM.
Put

a= 1, 6 =a.
a
Then, we have,
P(5;) = %a;, P(d:) = as;. (3.1)

Substitution a — %, then (1) is unified to:

L
Pur(6:) = =85, Pup(d;) = —=6;. (3.2)
a L
The metric G takes the form,
a . .
Go,(z,y) = QZgij(w)dxzéy]- (3.3)
If a = 1<LkL2’ then the relations (3.2) and (3.3) turn to:
1
Pr(4;) = \/1—|—L282‘-, P &z = ——9;, 3.4
2 o
Grla,y) = dzisy. (3.5)

% gidx)dx
i

If a = ¢, where ¢ is a constant scalar, then (3.2) and (3.3) take the
form,

L
Pp(6:) = 285, Pup(d) = 0, (3.6)
c L
Gerlw.y) = 279y (x)da'dy’. (3.7)

Here, we consider the almost product structures (G, P), (G, 1, Pa,1),
(GL, PL) and (GQL,PQL).
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In order to find conditions for the above almost product structures to
be product structures, we have to put zero for the Nijenhuis tensor field
of P = PmPa,InPLaPc,Lv

Np(X,Y)=[PX,PY]-P[PX,Y]|-P[X,PY]|+[X,Y], X,Y € x(M).
By a simple calculation, we have the following results.

Proposition 3.1. In the adapted basis we have the unique decomposi-
tion,

where,

_ 2a
(NP)ii" = y"Kjia® + 5 (407 —9i0),  (Np)y;® =0
2a
(Np);;° = —a*{y" K;," + e
/

3 a s 2(1 s s s
(Np)® = a{y" Kyi® + 5 (0] —ui6))}, (Np)* =0.

(y;0; —vi%})},  (Np);;° =0

Lemma 3.2. P is a product structure on T™ if and only if we have,

a S 20/ S S
Y Kjia™ = —g(yﬂsj —y;j6;)- (3.8)
From (3.8) and y; = gi,y®, we obtain following equation,
S 20/ S S
Kjia = _ﬁ(giaéj - gja(si ) (39)

From (3.9), we conclude following theorem.

Theorem 3.3. Let a be a function such that a/(t) = Ska3(t), where k
is a constant. Then the almost product structure P is a product struc-
ture on TM if and only if the Riemannian space (M,g) is of constant
curvature —k.

For example, if we suppose a(t) = ﬁ, then we have a/(t) = —%a3(t).
In this case, the value of k in Theorem 3.3 is equal to 1. Taking Np, | =
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0, we conclude:

s 2d'L? —a s s

From (3.10), we have the following result.
Theorem 3.4. Let a be a function such that L;‘“ =k, where k s
a constant. Then, the almost product structure P, 1, is a product struc-

ture on TM if and only if the Riemannian space (M,g) is of constant
curvature —k.

Taking Np, = 0, we conclude:
sz’as = 7(91'(1638' - gjaéf)- (311)
From (3.11), we have the following theorem.

Theorem 3.5. The almost product structure Py, is a product structure

on TM if and only if the Riemannian space (M, g) is of constant cur-
vature —1.

Taking Np, ; = 0, we conclude:

1
Kjia® = = (9iad] — gjad;)- (3.12)
From (3.12), we get the following theorem.

Theorem 3.6. The almost product structure P.p is a product struc-

ture on TM if and only if the Riemannian space (M,g) is of constant
curvature *cl?'

4. Infinitesimal conformal transformation

Here, we consider the infinitesimal conformal transformations of the
tangent bundles over Riemannian manifolds. First of all, we recall that
the vector field X on TM with components (v",v") is a fiber-preserving
vector field if and only if v" are functions on M (see [5]).
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Proposition 4.1. Let X be a fiber-preserving vector field on TM. Then,
the Lie derivative £ x 6, £x05, £xdz" and £x8y" are given as follow:

(D) £xy = =000 + {y"v°K) 5, — v'Ty,% — 05(v%)}0a,
2)£x0, = {vT," — 9;(v*)}0a,
h hb h
(3) £xdzh = Opvhdx™, ) .
(4) £xoyh = f{yb vCchg‘ — v_bflmff — 5m(vh)}d93m

(T, — B (")}

Proof. Proof of this Theorem is similar to proof of the Proposition 2.2
of Yamauchi [5]. O

Proposition 4.2. The Lie derivatives £xG is in the following form:

£xG = —2a(L?)gim{y*v* cb — ’UBFbjm — 6;(v™) }da'da?
+2a(L*) {209+ £v gij— gim V j0" +gim 05 (v"™) bz 5y
o g
where ¢ = vhyha((TLz)).

Proof. From the definition of Lie derivative we have:
£XG = £X(a(L2))(2gijdxi6yj) + a(L2)£X(2gijdxi6yj). (4.1)
By Proposition 4.1, we conclude the following result:

£x(2gijdz'0y7) = —2gim {yPv° jcb — vBFbjm — §;(v™)}da'da’.

+2{Lvgij — gimVjv" + gimﬁj(vm)}d:ciéyj. (4.2)
Also, it is obvious that:

£x(a(L?) = X(a(L?) = 2 ypd (L?). (4.3)
Putting (4.3) and (4.2) in (4.1), we have the proof. O

Let X be an infinitesimal fibre-preserving conformal transformation
on T'M with metric G. Then, there exists a scalar function p on TM
such that

£xG =2pG.
From proposition 4.2, we have,

m

2¢9i5 + £vgij — gimVjv" + gim0;(v"™) = 2pgij, (4.4)
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and
Gim{y v K ' —0"Ty ™ =05 (0™ ) 4+ gjm {y v Ko =0Ty ™ —=6: (v™) } = 0.
(4.5)
The (4.4) can be written as:
£vgij — 9imV 0™ + gim0;(v™) = 2(p — @) gij-
Put Q = p — @. Then, we conclude following relation:
.fvgz'j - gimVj’Um + gimé?;(vm) = 2Qgij. (4.6)

Proposition 4.3. The scalar function Q on TM depends only on the
variables (x™) with respect to the induced coordinates (z",y").

Proof. Applying 0; to the both sides of the equation (4.6), then we
have,

9imO95(v™) = 205 (Q)gij-
By interchanging j and k in the above equation, we get,

812(9)%‘ = 8}(9>gik-
It follows that
(n—1)0z(92) = 0.
This means that the scalar function Q on TM depends only on the vari-
ables () with respect to the induced coordinates (z",y"). O

Thus, we can regard Q) as a function on M. In the following, we write
Q) instead of €.

Also, let X be an infinitesimal fibre-preserving conformal transforma-
tion on T'M with metric G, 1, and scalar function p, 7. Then, we have
Qa,L = Pa,L. — Pa,L, where,

L?d — %a)
L3 ’
Similarly, for G, we have Qp = pr, — ¢, with

Pa, L = Uhyh(

L vy
LT Iy

and for G we have (., = pc,1 — Pe,, With

h
UV"Yh

@c,L = _W'
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From (4.6) and proposition 4.3, 9;(v™) depends only on the variables
("), and thus we can put

o™ = y*A™, + B™, (4.7)

where A™, and B" are certain functions depending only on the variable

(). Furthermore, we can easily show that A™, and B™ are the com-

ponents of a (1,1) tensor field and a contravariant vector field on M,

respectively.
Substituting (4.7) into (4.5), we have,

V;B; +V;B; =0, (4.8)
and
V" (Kjani + Kianj) — VA, — ViAjn =0, (4.9)
where B; = g;;, B™ and A, = gimA™,.
Proposition 4.4. If we put
B = B,
then the vector field B on M is an infinitesimal isometry of M.

Proof. From equation (4.8) we have,
£Bgij =V,;B; +V;B; =0.

This shows B is an infinitesimal isometry on M. O

Proposition 4.5. If we put
V = "dy,

then the vector field V on M is an infinitesimal projective transformation

of M.

Proof. Substituating (4.7) into (4.6), it follows:
Aij = 2Qg;; — Viv;. (4.10)
Substituating (4.10) into (4.9), we obtain,
LyTy; ' =60y + ohay,

where €; = V;§2. This shows that V' is an infinitesimal projective trans-
formation on M.
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Now, we consider the converse problem, that is, let M admits an
infinitesimal projective transformation V = v"d),. Then, we have the
following proposition.

Proposition 4.6. The vector field X on TM defined by
X = "8, +y A0y,

is an infinitesimal fibre-preserving conformal transformation on T M
with metric G, where,

1
Ahi = ghrA”', AZ] = VJU'L + Qng] - DEVgij; Q - vrvTv
n+1
a/(LQ) r Ah
5= A
2 CL(L2) Yy rYh;

and p=Q+ p.

Proof. By proposition 4.2, it follows:
£xG = £x(2a(L?)g;;dx"5y7)
= 2X (a(L?)gij)dx'6y? 4 2a(L?)gi; (£ xda’) oy’
+ 2a(L?)gijdz" (£ x5y7)
= 4yrAhra/(L2)yhgijdxi5yj + 4a(L2)Qgijdxi5yj
+ 2a(L%)y" (V" Kyjri + V; Aiy)da’ da?

a' (L2 o
= da(L?)(y" A", a(( LQ)) Y + Q) gijdz' sy’

+ 2a(L%)y" (V" Kyjri + Vi Aiy)daida?.
On the other hand, from (4.10), we have,
Vidir = gimViViv™ +2Q59; — (£vTj; ™) gmr — (£vTj ™) gim
= " Kyjri + Qigir — Qigjr,
from which we obtain,
£xG = 2pG.
Hence, X is an infinitesimal fibre-preserving conformal transformation

on TM. O
Proposition 4.6 holds for T'M with metric G, 1, if we have,
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Similarly, for G we have,
- vy,

T Wir

and for G 1 we have, )
_ oy
Pel =~ 75

Now, using propositions 4.3 to 4.6, we conclude the following theorem.

Theorem 4.7. Let M be an n-dimensional Riemannian manifold, and
TM be its tangent bundle with the metric G. Then, every infinitesimal
fibre-preserving conformal transformation X on TM naturally induces
an infinitesimal projective transformation V. on M. Furthermore, the
correspondence X — V gives a homomorphism of the Lie algebra of
infinitesimal fiber-preserving conformal transformations of TM onto the
Lie algebra of infinitesimal projective transformations of M, and the
kernel of this homomorphism is naturally homomorphic onto the Lie
algebra of infinitesimal isometries of M.

The above theorem holds for Pseudo-Riemannian metric Gy 1, G, and
Ge,rL-
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