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Unconventional Quantum Critical points

Outline:

1, 2+1d O(3) nonlinear sigma model with conserved Skyrmion
number, deconfined criticality.

2, stable critical phases, and CFT in 1d and 2d.

3, (optional) duality between spin and topological defects, phase
transitions on the cubic lattice, and triangular lattice.
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2+1d O(3) Nonlinear sigma model:
£ = 20?2 (@)2=1
p ,

“Conventional” O(3) nonlinear sigma model:

Ordered, gapless, S? Disordered, featureless, gapped

@
e 9

O(3), Wilson Fisher
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“Conventional” O(3) nonlinear sigma model, means Skyrmion
number is not conserved.

T[S = Z Q)= ﬁ f d*r i - O,n % Oy,
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“Conventional” O(3) nonlinear sigma model, means Skyrmion
number is not conserved.

Existence of M
spacetime hedgehog NN\ \ f /A

like monopole,
Changes Skyrmion ) j \ \ >
number by 1.
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“Unconventional” O(3) nonlinear sigma model, means Skyrmion
number is conserved i.e. monopole suppressed.

The symmetry of unconventional O(3) NSM is O(3) x U(1)

L= (@), (i)=1
g
Ordered, gapless S? Ordered, gapless St
O
Jc g

Universality class?
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Ordered, gapless S? Ordered, gapless St

O
Higgs phase d. Photon phase g

Universality class?

Map to CP(1) formalism: N = 2400373
2 2
‘C.’: — Z | (a.ﬂ T ia.ﬁ:) ’3.£1|2 + S|2|:3 +u (|£|3) + K (EFIT"“'@V{IH)E

a=1

Za condensed, gauge field Higgsed, gauge invariant operator is 7.

Za uncondensed, gauge field in photon phase, gapless photon
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Ordered, gapless S? Ordered, gapless St

Higgs phase d. Photon phase g
Universality class?

)

< . . 0N 2 , .
Lo=3 (0 —iay) zal* + sz +u (121)” + 5 (Gundoan)’

a=1

Zs uncondensed, gauge field in photon phase, gapless photon

2+1d photon is a “condensate” of its flux, dual to a superfluid:

1 1 :
flux = — [ d*r(Opay — Oyas) = Q = e / d*r i - 9.0 x 0,0,

2T .

Photon phase has ground state manifold S*
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Conclusion: When Skyrmion number is conserved, O(3) NSM is
equivalent to Non-Compact CP(1) model.

2
: ‘ ot 2 :
1:3 — Z | (8}'—1 o 3.{1#) zﬂ|2 + S|2|2 +u (|E|3) + K (E,urmar/a'ﬁ)z

a=1

Ordered, gapless S? Ordered, gapless St

CP(1)
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Example 1, O(3) vector is Neel vector:

1 Carries lattice momentum,
Q= o f d*rn - 0,1 x 0,0,  Transform nontrivially on lattice.
! Haldane, Read, Sachdev

Ordered, Neel, gapless S? Ordered, gapless St

@
g, S Further broken g

CP(1) downto Z,, VBS

Senthil, et.al., 2004
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Example 1, O(3) vector is Neel vector:

Carries lattice momentum,

Q=— [ d*rn - 0,1 x 0,0,  Transform nontrivially on lattice.
Haldane, Read, Sachdev

Ordered, Neel, gapless S? Ordered, gapless St

St Further broken g

* vBS CP(l) down to Z,, VBS
U(1) spin

Neel
°e 0 cc liquid
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Example 2, O(3) vector is QSH vector
5= /' dg;r-t?(—-ifr-#ﬁ# + i‘.-mEr'.ﬁ:-"}!f-‘

]- ¥ - i ~, i A
Q= gy [d.‘l-r n-odn X dn =2
P -:T ;

Ordered, QSH, gapless S? Ordered, SC, gapless St

9c g

CP(1)
Grover, Senthil, 2008
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More gquantitative about CP(N-1) model:
N

. . 9y 2 :
L, = Z | (a.u - iﬂ;c) 3a|2 + S|z|‘2 +u (|’2|3) + K (E#V*‘fa{fﬁ'ﬁ)z

a=1

£~ sV v=1-—

32
_ = 9)) — -
Large anomalous dimension, “confirmed” by numerics:

Sandvik, 2007,
Melko, Kaul, 2008, n~02-04
Mortrunich, Vishwanath, 2008
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48
—Lf
~ 8 v=1-—
3 m2N
2
_ =% I _ — 1 _ 3
ni =2 (A[2'52] —(D-2)) =1 =N
Compare CP(N) and O(N) N v g
1 FDexp [13] 0.6303(s)  0.0335(25)
B B B eexp [13]  0.6305(25)  0.0365(50)
ON) N=oco,v=1,7=0 HT exp [14] 0.63012(16) 0.03639(15)
MC [15] 0.6207(5)  0.0362(8)
CP(N) N=oo,v=1,9p=1 "2 TFDexp 13 0670315 0.0351(25)
’ ’ ¢ exp [13] 0.6680(35)  0.0380(50)
HT exp [16] 0.67155(27) 0.0380(4)
MC [16] 0.67T16(5)  0.0380(5)
3 FD exp [13] 0.7073(35)  0.0355(25)
Calabrese et.al. eexp [13]  0.7045(55)  0.0375(45)
Condmat/0306273 HT exp [I7] 0.7112(5)  0.0375(5)
MC [17] 0.7113(11)  0.0378(6)
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Conjecture: NCCP(1) model is equivalent to the O(5) NSM with
WZW term (Senthil, Fisher, 2006)

Ordered, gapless S? Ordered, gapless St
O

‘L Jc g
CP(1)
1 . =
_ 3. ‘b V2 LT
S—'[HT ‘1'2[?‘ o T ['}}

Eabede
abcae / d'-'.i /d ;j.g_l,l“r_'} -LJ{:LJ {3.5 I_Lr‘}dd fJF

ima,

0 G,*
@ —< ‘ > O <€
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S=ff33ri(aca) + ol H

26
0 G,* G,*
@ —< O > O <€

For 1+1d O(4) nonlinear sigma model with WZW term:

S / dz.T 1@& + Q’FT’EF[Q_;]

G,*
@ > @ <€

SU(2), Spin-1/2 chain
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Stable critical phase

Stable, gapless, fixed point, described by 2+1d CFT.

Si — fitaﬁﬁ.ﬁfiﬁ 2 fiT,n. fi,ﬂ. =C
a

Spinon fills a band structure, some with Dirac fermion dispersion.

Low energy theory, Dirac fermions + gauge field fluctuation, gauge
field can be SU(2), U(1), Z2, SU(n)......

We should only count gauge invariant operators as physical
quantities.
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Example 1: honeycomb lattice SU(N) magnets, or square lattice z-
flux state:

. N/2

: S flfia =
1

o=

2N
T . .- 1 .-
L= Z ir'f'f'a.’.}",u(a;; — Tr:-ﬂ.ﬁ)I,-!Jﬂ + p_?fﬁ“ + O(Hﬁ)

a=1

. _ 1
N >N, itisa CFT, with ¢* ~ R emergent SU(2N)

N < N., (maybe) chiral symmetry breaking mass generation, break
SU(2N) to SU(N)



Unconventional Quantum Critical points

This formalism seems crazy, but it works perfectly well in 1+1d.
Slave fermion formalism gives us SU(N), WZW CFT.

2N
T : .- 1 .-
L= Z VaYu( Oy — ia,)q + p_?fﬁ“ + (}(%{}4)

a=1

Solve this model in 1+1d, or 1/N expansion, obtain the scaling
dimension of magnetic order parameters:

s 1
AT | =1— —
[T Y] N

Same answer as SU(N),; WZW model.

N = 2, back to the spin-1/2 Heisenberg chain.

Kim, Lee, 1998
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Example 2: honeycomb lattice n-orbital SU(N) magnets, or square
lattice z-flux state:

Zz‘fjnafiﬂq_ ;

N/2 A=1 a=1

: - + SU(K) singlet on
every site

kZ-1

2N
C = Z Z ?ﬁﬁ.,rxﬁﬁi(aﬂa H:".-'I Z rl I’ a8 1

a=1 af
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Example 2: honeycomb lattice n-orbital SU(N) magnets, or square
lattice z-flux state:
k?-1

2N
L= YuaVu(0ubas — ia,d, Z AuTop) Vo + -

a=1 aj

Still, 2+1d, N > N, stable CFT, not sure what happens when N is
small;

1+1d, equivalent to SU(N), WZW CFT.

With alkaline earths atoms, might be realizable.
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3d gquantum dimer model:

H = —t (|::j:- (Il + h,c.) + v (\:} (=|+ 1L ]\)

Photon phase
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3+1d CP(1) model, 3d quantum dimer model:

H = (19004 he) +o (I9E -+ 10 )
VBS, Photon phase
condensate of monopole U(1) gauge field
@ >

Confinement transition,
Condensation of monopoles.

Monopole has two minima in its BZ,

L= (3, —ia)al? +7lal> + 90 lpal?)? + -+
1 s
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Electric-magnetic duality:

E Z |(aﬂ - _H Za |2+T |""1‘J |2+g(2 |“’1‘iP |2

L= 10 —ia)0a +rol0al + 9> leal)? +
[} [}

Spinon condense, Neel order,

Monopole condense, VBS order,

Both gapped, photon phase

Both condense?
Direct transition?

Motrunich, Senthil 2004

Ty

Neel order
Higgs

2132, Neel

oy, VBS

Photon phase
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Phase transition starting with spiral order

Standard spin order on the triangular
lattice: 120 degree state.

The GSM of 120 degree state is SO(3)
~ S3/ Z, with enlarged O(4) symmetry,

S = COS(QQ* ) + 119 Sin(?é <7
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Phase transition starting with spiral order

The GSM of 120 degree state is SO(3) = S/ Z, with enlarged O(4)
symmetry, Supports stable half-vortex i.e. vison,

Vison also has multiple minima in the
BZ, in the end also becomes two
complex bosons.

Vison and spinon have mutual statistics
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2d triangular lattice, spinon and vison also dual to each other:

k

2 .
. . i
L= Z (0 —iau) 2al® + (8 — iby)va|* + 4_(:'#-1-’9{1#1-8”5#? +74l 20+ o lvaF + - -

a=1
r | o)
v S0(3)
Spiral Z>
Order Spin Liquid
CRA
— ® Ol)
Nematic
+ VBS vBS
g2 x g2 ¢P(1) SO(3)
Fs

?r
Re[2lioYG2], Im|zlicYaz], 2'Gz.

Spiral order parameters,

Re[vticYav], Im[vhicYav], vlGw.

VBS parameters,

Xu, Sachdev, 2008
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Hand over to Leon next time......
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