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Abstract. Let X be a (connected and reduced) complex space. A q-collar of X is a

bounded domain whose boundary is a union of a strongly q-pseudoconvex, a strongly

q-pseudoconcave and two flat (i.e. locally zero sets of pluriharmonic functions) hyper-

surfaces. Finiteness and vanishing cohomology theorems obtained in [19, 20] for semi

q-coronae are generalized in this context and lead to results on extension problems and

removable sets for sections of coherent sheaves and analytic subsets.
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1 Introduction

Let X be a (connected and reduced) complex space. We recall that X is said to

be strongly q-pseudoconvex in the sense of Andreotti–Grauert [3] if there exist a

compact subset K � X and a smooth function ' W X ! R, ' � 0, which is

strongly q-plurisubharmonic on X XK such that

(a) for every c > 0 the subset

Bc D ¹x 2 X W '.x/ < cº

is relatively compact in X .

Without loss of generality, we may suppose minX ' D 0. If K D ¿, X is said

to be q-complete.

For technical reasons, we also assume that the set of the local minima of ' is

discrete (cf. [6]) and that minK ' > 0 whenever K ¤ ¿. In particular, for every

c > 0 one has Bc D ¹' � 0º.

We remark that, for a space, being 1-complete is equivalent to being Stein.

This research was partially supported by the MIUR project “Proprietà geometriche delle varietà reali

e complesse”.
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1094 A. Saracco and G. Tomassini

Replacing the condition (a) by

(a’) for every 0 < a < c the subset

Ba;c D ¹x 2 X W a < '.x/ < cº

is relatively compact in X ,

we obtain the notion of q-corona (see [3, 4]). A q-corona is said to be complete

whenever K D ¿.

The extension problem for analytic objects (basically, sections of coherent

sheaves, cohomology classes, analytic subsets) defined on q-coronae was studied

by many authors (see e.g. [3, 12, 21, 22, 23]).

In [19, 20] we dealt with the larger class of the semi q-coronae which are defined

as follows. Consider a strongly q-pseudoconvex space (or, more generally, a q-

corona) X , and a smooth function ' W X ! R displaying the q-pseudoconvexity

of X . Let Ba;c � X and let h W X ! R be a pluriharmonic function such that

K \ ¹h D 0º D ¿. A connected component of Ba;c X ¹h D 0º is, by definition, a

semi q-corona. If X is a complex manifold, the zero set ¹h D 0º can be replaced

by a Levi flat hypersurface.

Finiteness and vanishing cohomology theorems proved there lead to results of

this type: depending on q, analytic objects given near the convex part of the bound-

ary of a semi q-corona fill in the hole.

In this paper we consider a more general situation. Let X be a strongly

q-pseudoconvex space. Then C D Ba;c D Bc X Ba is a q-corona (with ex-

haustion function  D 1
c�'

� 1
c�a

).

Let †1, †2 be two Levi flat hypersurfaces in a neighbourhood of Bc such that

Bc \†1 \†2 D †1 \K D †2 \K D ¿;

and †1 \ Bc ¤ ¿, †2 \ Bc ¤ ¿ are nonempty connected subsets. We also

assume that †1 D ¹h1 D 0º, †2 D ¹h2 D 0º where h1, h2 are pluriharmonic on

W 1, W 2 where W1 b Bc0 , W2 b Bc0 , c0 > c, are neighbourhoods of †1 \ Bc ,

†2 \ Bc respectively. Let Q be the open subset of Bc bounded by †1 \ Bc ,

†2 \ Bc and a part of bBc . We assume that Q is connected and that Bc XQ has

two connected components, BC and B�, and define C0 D Q\C , CC D BC \C ,

C� D B� \ C . The domain C0 is called a q-collar (see Figure 1). A q-collar is

said to be complete if K D ¿. Note that CC and C� are semi q-coronae.

Observe that a q-collar is a difference of two pseudoconvex spaces. Indeed,

consider 1=.c � '/ which is a strongly q-plurisubharmonic exhaustion function

for Bc . Let " > 0 be such that
®
x 2 W1 W h1.x/ � "

¯
\ Bc b W
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Figure 1. A q-collar C0 D Q \ .Bc X Ba/. In spite of the figure, C0 is connected.

and let C be the connected component containing W \ ¹h D 0º. Define bh by
bh.x/ D h.x/=" if x 2 C and h.x/ � " and bh.x/ D 1 otherwise and define

 1 D � log .bh1/2. Then  1 is plurisubharmonic and positive on ¹0 < h1 < "º,

constant (D 0) on Bc X ¹0 < h1 < "º and  1 ! C1 when h1 ! 0. Then the

function

�1 D

´
 1 exp.�1= 21 /; if  1 > 0;

0; if  1 � 0;

is smooth, plurisubharmonic on Bc X ¹h1 D 0º and �1 ! C1 when h1 ! 0.

Arguing in the same way, starting from h2 we construct a function �2 which is

smooth, plurisubharmonic on Bc X ¹h2 D 0º and �2 ! C1 when h2 ! 0.

It follows that

ˆ D
1

c � '
C �1 C �2

is an exhaustion function for Q which is strongly q-plurisubharmonic on Q XK.

In order to get the conclusion it is sufficient to apply the same argument starting

from Ba.

The results on the cohomology of q-collars, generalizing the ones proved in [19,

20], are established in the first part of the paper (see Section 2). They are applied

in Section 3 to study removability. Removability for functions was extensively

studied by many authors (see e.g. [24, 17, 14, 9, 16, 18]). We are dealing with

removability for sections of coherent sheaves and analytic sets. The main results

are contained in Theorems 3.1, 3.3, 3.5, 3.6.
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1096 A. Saracco and G. Tomassini

2 Some cohomology

This section is dealing with cohomology of q-collars and some application to ex-

tension of sections of coherent sheaves.

2.1 Closed q-collars

Let C0 be a q-collar in a strongly q-pseudoconvex space X .

Theorem 2.1. Let F 2 Coh.Bc/ and

p.F / D inf
x2Bc

depth Fx :

Then, for q � 1 � r � p.F / � q � 2, the homomorphism

H r .Q;F /˚H r .C ;F / �! H r .C 0;F /

(all closures are taken in Bc), defined by .� ˚ �/ 7! �jC0
� �jC0

, has finite codi-

mension.

If †1 D ¹h1 D 0º, †2 D ¹h2 D 0º where h1 and h2 are pluriharmonic

functions near †1 \ Bc and †2 \ Bc respectively, then

dimC H
r .C 0;F / < 1

for q � r � p.F / � q � 2.

Proof. Consider the Mayer–Vietoris sequence applied to the closed sets Q and C

� � � ! H r .Q [ C ;F / ! H r .Q;F /˚H r .C ;F /

ı
! H r .C 0;F / ! H rC1.Q [ C ;F / ! � � � ;

(2.1)

ı.� ˚ �/ D �jC0
� �jC0

. We have

Q [ C D Bc X U

where U D BaX.Ba\Q/. Thus U is q-complete and consequently the groups of

compact support cohomology H r
c .U;F / are zero for q � r � p.F / � q (see [3,

Proposition 25]).

From the exact sequence of compact support cohomology

� � � ! H r
c .U;F / ! H r .Bc ;F / ! H r .Bc X U;F / ! H rC1

c .U;F / ! � � �

it follows that

H r .Bc ;F /
�
! H r .Bc X U;F /; (2.2)

for q � r � p.F / � q � 1.
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Cohomology and removable subsets 1097

Since Bc is q-pseudoconvex,

dimC H
r .Bc ;F / < 1

for q � r (see [3, Théorème 16]), and so

dimC H
r .Bc X U;F / < 1

for q � r � p.F / � q � 1.

From (2.1) we see that

dimC H
r .Bc X U;F / D dimC H

r .Q [ C ;F /

is greater than or equal to the codimension of the homomorphism ı. This proves

that the image of the homomorphism

H r .Q;F /˚H r .C ;F / �! H r .C 0;F /

(all closures are taken in Bc), defined by .� ˚ �/ 7! �jC0
� �jC0

, has finite codi-

mension provided that q � 1 � r � p.F / � q � 2, proving the first assertion of

the theorem.

If †1 D ¹h1 D 0º, †2 D ¹h2 D 0º are as in the second part of the statement,

then, since K \ .†1 [†2/ D ¿, Q has a fundamental system of neighborhoods

which are q-pseudoconvex spaces, thus, by virtue of [3, Théorème 11] we have

dimC H
r .Q;F / < 1

for r � q. On the other hand, C is a q-corona, so

dimC H
r .C ;F / < 1

for q � r � p.F / � q � 1 in view of [4, Theorem 3].

Summarizing, for q � r � p.F / � q � 1 the vector space H r .Q;F / ˚

H r .C ;F / has finite dimension and for q � 1 � r � p.F / � q � 2 its image in

H r .C 0;F / has finite codimension. Thus, for q � r � p.F /�q�2,H r .C 0;F /

has finite dimension.

Theorem 2.2. Assume that †1 D ¹h1 D 0º, †2 D ¹h2 D 0º where h1 and h2 are

pluriharmonic functions near†1\Bc and†2\Bc respectively, andQ\K D ¿.

Then

H r .C ;F /
�
! H r .C 0;F /

for q � r � p.F / � q � 2 and the homomorphism

H q�1.Q;F /˚H q�1.C ;F / �! H q�1.C 0;F / (2.3)

is surjective for p.F / � 2q C 1.
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1098 A. Saracco and G. Tomassini

If BC is a 1-complete space and p.F / � 3, the homomorphism

H 0.Q;F / �! H 0.C 0;F /

is surjective.

Proof. By hypothesis Q has a fundamental system of neighborhoods which are

q-complete spaces, so H r .Q;F / D ¹0º for q � r (see [3, Corollaire, p. 250]).

From (2.2) it follows thatH r .Q[C ;F / D ¹0º for q � r � p.F /�q�1. Thus,

from the Mayer–Vietoris sequence (2.1) we derive the isomorphism

H r .C ;F /
�
! H r .C 0;F /

for q � r � p.F / � q � 2 and that the homomorphism (2.3) is surjective if

p.F / � 2q C 1.

In particular, if q D 1 and p.F / � 3, the homomorphism

H 0.Q;F /˚H 0.C ;F / �! H 0.C 0;F /

is surjective, i.e. every section � 2 H 0.C 0;F / is a difference �1 � �2 of two

sections �1 2 H 0.Q;F /, �2 2 H 0.C ;F /. Since Ba is Stein, the cohomology

group with compact supportsH 1
c .Ba;F / is zero, and so the Mayer–Vietoris com-

pact support cohomology sequence implies that the restriction homomorphism

H 0.Bc;F / �! H 0.Bc X Ba;F / D H 0.C ;F /

is surjective, hence �2 2 H 0.C ;F / is the restriction of e�2 2 H 0.Bc;F /. So �

is the restriction to C 0 of .�1 � e�2jBC
/ 2 H 0.Q;F /, and the restriction homo-

morphism is surjective.

Corollary 2.3. Let q D 1 and depth Ox � 3 for every x 2 Bc . Then all holomor-

phic functions on C 0 extend holomorphically on Q.

2.2 Open q-collars

Keeping the same notations as above consider an open q-collar C0. For the sake of

simplicity we assume that Bc is q-complete. We also assume that†1 D ¹h1 D 0º,

†2 D ¹h2 D 0º where h1 and h2 are pluriharmonic functions on open neighbour-

hoods U1 and U2 of †2 \ Bc and †1 \ Bc respectively.

Theorem 2.4. Let Bc be 1-complete and F be a coherent sheaf on Bc satisfying

depth Fx � 3 for every x 2 Bc . Then the homomorphism

H 0.Q;F / �! H 0.C0;F /

is surjective.
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Cohomology and removable subsets 1099

Proof. Let s 2 H 0.C0;F /. Fix a couple of positive numbers " D ."1; "2/ small

enough such that†i;"i
defined by†i;"i

D ¹hi D "iº are connected hypersurfaces,

†i;"i
\ Bc \Q ¤ ¿ and †i;"i

\ Bc�Ui , for i D 1; 2.

Consider the open subset Q" of Q bounded by the hypersurfaces †i;"i
\ Bc

and by a part of bBc , and set C0;" D Q"\C0. In view of Theorem 2.2 there exists

a section Qs" 2 H 0.Q";F / which extends sjC0;"
. Now observe that the connected

component W of Bc X †1 containing †2 is Stein. So there exists a strongly

pseudoconvex domain �bW such that the domain D" bounded by †2;"2
\ Bc ,

†2 \ Bc and by a part of bBc is relatively compact in �. By Theorem 5 of [19]

the section Qs" extends on � \Q. Thus s extends on Q". In order to conclude the

proof we argue as before with respect to the hypersurfaces †1;"1
and †1.

In particular, we get the extension of holomorphic functions:

Corollary 2.5. If Bc is a 1-complete space and depth Fx � 3 for every x 2 Bc ,

all holomorphic functions on C0 uniquely extend on Q.

Corollary 2.6. Let X be a Stein space. Let †1 D ¹h1 D 0º � X and †2 D

¹h2 D 0º � X be the zero set of two pluriharmonic functions, and let S be a

bounded real hypersurface ofX with boundary bS � †1[†2 such that S\†1 D

bS \†1 D bA1 and S \†2 D bS \†2 D bA2 where A1 is an open set in †1
and A2 is an open set in †2. Let D � X be the relatively compact domain

bounded by S [ A1 [ A2 and F be a coherent sheaf on a neighbourhood of D

with depth Fx � 3 for all 2 D. Then every section of F on S extends to D.

2.3 Finiteness of cohomology

Results on the cohomology of q-collars obtained in the preceding section concern

coherent sheaves defined in larger domains. For the applications that we have in

mind it is needed to study cohomology of coherent sheaves which are defined just

on collars. This can be done by the same methods used in [20] for semi q-coronae.

We briefly sketch the main points of proofs given there focusing on the case q D 1.

The extension for an arbitrary q demands only technical adjustments. Keeping the

same notations as in Section 1 let

C0 D Q \ .Bc X Ba/ D Q \ Ba;c D Q \ ¹x 2 X W a < '.x/ < cº

be an open 1-collar of a Stein space X (see Figure 1, page 1095). Q is the sub-

domain of Bc bounded by the two Levi flat hypersurfaces †1 D ¹h1 D 0º,

†2 D ¹h2 D 0º. †1 and †2 are defined on a neighbourhood of Bc where h1
and h2 are pluriharmonic functions near †1 and †2 respectively. Thus Q is a
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Stein domain. By†01,†02 we denote the parts of bC0 contained in†1 and†2, and

by F 01 , F 02 the 1-pseudoconvex and the 1-pseudoconcave part respectively. Since

Q is Stein, there exist two families of 1-pseudoconvex hypersurfaces
®
†"1

¯
,
®
†"2

¯
,

" & 0, in a neighbourhood of Q, with the following properties:

(1) †"1, †"2 bound a strip Q" � Q and †"1 ! †1, †"2 ! †2 as " & 0;

(2) defining C "0 D Q"\BaC";c�" we obtain an exhaustion
®
C "0

¯
of the collar C0.

The bump lemma and the approximation theorem hold for the closed subsets C
"

0

with the same proof as in [20, Lemma 3.3, 3.9] and this enables us to the following

results. Assume that depth Fx � 3 for x near to the pseudoconcave part of the

boundary of C0; then

(3) there exists "0 sufficiently small such that if " < "0 the cohomology spaces

H 1.C
C

" ;F / are finite dimensional;

(4) if " < "0 there exists "1 < " such that

H 1.CC
"0 ;F / ' H 1.C

C

" ;F /

for every "0 2 �"1; "Œ.

(3) and (4) have an important consequence, namely that for F Theorem A of Oka–

Cartan–Serre holds in the following form (see [20, Corollary 4.2]):

(5) if "; "0 are as in (4), for every compact subset K of CC
"0 X ¹' > c � "º there

exist sections s1; : : : ; sk 2 H 0.CC
"0 ;F / which generate Fx for every x 2 K.

As an application we get the following extension theorem for analytic subsets.

Theorem 2.7. Let X be a Stein space, C0 D Q \
�
Bc X Ba

�
�X be a complete

1-collar and Y be a closed analytic subset of C0 such that depth OY;x � 3 for x

near ¹' D aº. Then Y extends to a closed analytic subset on Q.

Proof. Taking into account (5) the proof runs as in [20, Theorem 4.3 and Corol-

lary 4.4].

3 Removable sets

The notion of removable sets was originally given with respect to holomorphic

functions and the removability problem was extensively studied (see e.g. [24, 17,

14, 9, 16], and the recent survey [18]). Here we want to study the same problem

with respect to larger classes of analytic objects, namely the classes of sections of

coherent sheaves, of cohomology classes and of analytic sets.
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Cohomology and removable subsets 1101

Let X be a complex space, D be a bounded domain. Let F be a coherent sheaf

on a neighbourhood of D. A subset L of the boundary bD of D is said to be

removable for (the sections of) F or for the cohomology classes with values in F ,

of a certain degree r , if every section s 2 �.bD X L;F / or cohomology class

! 2 H r .bD X L;F / extends by Qs 2 �.D X L;F / or by e! 2 H r .D X L;F /

respectively.

Similarly, the subset L is said to be removable for the (respectively, a given)

class of analytic subsets if every analytic subset (of a given class of analytic sub-

sets) defined on a neighbourhood of bD X L extends by an analytic subset of

D X L.

3.1 Coherent sheaves

Given a coherent sheaf F on a complex space X let us denote by Tor.F / the

torsion of F ; Tor.F / is the coherent subsheaf of F whose stalk at a point x 2 X

is

Tor.F /x D
°
sx 2 Fx W �xsx D 0 for some � 2 Ox; � ¤ 0

±
:

It can be proved (see [2]) that the topology of F is Hausdorff if and only if

F has no torsion, i.e. Tor.F / D ¹0º. We denote by T .F / the analytic subset

supp Tor.F /.

Given a bounded domain D�X let A.D/ be the algebra C 0.D/ \ O.D/ and

for every compact L�D let

bL D

²
x 2 D W jf .z/j � max

L
jf j;8f 2 A.D/

³

be the A.D/-envelope of L. We want to prove the following

Theorem 3.1. Let X be an n-dimensional manifold, D a bounded pseudoconvex

domain in X with a connected smooth boundary and L a compact subset of bD

such that bD X L is a non-empty strongly Levi convex hypersurface. Let F be a

coherent sheaf on X satisfying

(1) depth Fx � 3 for every x 2 D;

(2) dimC T .F / \D � n � 2.

Let U be an open neighborhood of D X .bL \ bD/ or of X X .D [ .bL \ bD//.

Then every section of F on U XD or U X .X XD/ uniquely extends to a section

on U X bL or D X bL. In particular, if bL D L, then L is removable for F .
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Proof. Before starting the proof, observe that D X bL � D has no relatively com-

pact (in D) connected components. Indeed, suppose K � D is a relatively com-

pact (in D) connected component of D X bL. Then bK � bL and by the maximum

principle, for every f 2 A.D/,

max
K

jf j � max
bK

jf j � max
bL

jf j D max
L

jf j;

which means K � bL, a contradiction.

The uniqueness is a consequence of the Kontinuitätsatz and of hypothesis (1).

Indeed let s1; s2 be sections of F onDX OL such that s1 � s2 near bDXL. In view

of the hypothesis (1), the support of s1 � s2 is an analytic subset A of D X bL with

no 0-dimensional irreducible component (see [5, Théorème 3.6 (a), p. 46]). Let A1
be an irreducible component of A. Since bD XL is strongly Levi convex, in view

of the Kontinuitätsatz A1 cannot touch bD X L so A1 \ bD � A1 \ L. Let

x 2 A1. Since x 62 bL, there exists f 2 A.D/ such that maxL jf j < jf .x/j.

Consider an exhaustion W1bW2b � � � by relatively open subsets of A1, x 2 W1.

By virtue of the maximum principle, for every k there exists a point xk 2 bWk
such that jf .x/j < jf .xk/j. Then (passing if necessary to a subsequence) we have

xk ! y 2 bL as k ! C1 and consequently jf .x/j � jf .y/j � maxL jf j,

a contradiction.

We now need to show the existence of the extension. In order to prove the

extension we consider just the case that U is an open neighborhood of D X L or

X X .D[L/ and � 2 F .U XD/, the proof in the other one being similar. In view

of the hypothesis (1), given a point x 2 D X bL there exists f D fx 2 A.D/,

f D uC iv, u D ux , v D vx real-valued functions, such that f .x/ D u.x/ D 1

maxL jf j < 1; in particular maxL juj < 1. Then, if " D "x > 0 is sufficiently

small and C D Cx D ¹u � 1 � "º, we have C \ L D ¿. Let V D Vx be

an open neighborhood of L such that C \ V D ¿. Since bDXL is strongly

pseudoconvex, there exists a pseudoconvex domain D1 D D1;x with a smooth

boundary satisfying the following properties:

(i) D�D1, D1 XD�U ;

(ii) bD1 \ bD � V \ bD;

(iii) bD1 is strongly pseudoconvex at the points of bD1 X bD1 \ bD.

Since D1 is Stein there exists a strongly pseudoconvex D2 D D2;x bD1 which

contains the compact subset D X .V \ D/ (hence also x 2 D2) and such that

b.D2 \D/ X bDbV (see Figure 2).

The boundary of D3 D D3;x D D2 \ D is piecewise smooth but we may

regularize it along bD2 \ bD, thus we may assume that D3 is a smooth strongly

AUTHOR’S COPY | AUTORENEXEMPLAR 

AUTHOR’S COPY | AUTORENEXEMPLAR 



Cohomology and removable subsets 1103

U
D1

D2

D

L

OL

V

Figure 2. Construction of the three domains D1, D2 and D3 D D2 \D.

pseudoconvex domain D3 D ¹% < 0º where % D %x is a strongly plurisubhar-

monic function on a neighbourhood of D3 and d%.z/ ¤ 0 along bD3. By the

approximation theorem of Kerzman (see [15]) there exists an open neighbourhood

W D Wx of D3 such that O.W / is a dense subalgebra of A.D3/. It follows that

we may assume that

(a) � 2 F .bD3 \ ¹u > 1 � "º/ where u is pluriharmonic near D3;

(b) ¹u D 1 � "º is smooth, intersects bD3 transversally, and

† D †x D ¹u D 1 � "º \D3

has a finite number of connected components †1; : : : ; †k , each of them Levi

flat.

Each †l , l D 1; : : : ; k, cuts D3 in different connected components. Since

V � ¹u < 1 � "º and u.x/ D 1, x and V lie in different connected components

of D X†. Let us call � D �x a connected component containing x but not V .

Observe that † cuts a small neigbourhood of D3 in a q-collar or a semi q-

corona. In view of the extension theorem proved in [19], there exists a unique

section �x 2 F .�/ which extends � . Hence we are able to extend � to a section

defined in x, for any x 62 OL.
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1104 A. Saracco and G. Tomassini

In order to finish the proof we have to show that if �x , �y are two such exten-

sions, defined on �x and �y respectively, then �x D �y on �x \�y .

Notice that every connected component of

†xy D ¹ux D 1 � "xº \ ¹uy D 1 � "yº

meets the boundary. Indeed, suppose not, then there is a compact component of

†xy , which implies that the pluriharmonic function ux has an inner maximum or

minimum on the Levi flat hypersurface ¹uy D 1 � "yº, which is a contradiction.

Thus �x D �y on�x \�y trivially holds if F is locally isomorphic to a subsheaf

of O
N , in particular if F is locally free.

In our situation consider the difference � D �x � �y on �x \ �y . Since F

is Hausdorff on D X T , T D T .F /, we have supp � � T . Let x 2 supp � .

If B � .�x \ �y/ is a sufficiently small Stein neighbourhood of x, we have an

exact sequence

0 ! O
pd ! � � � ! O

p1
 
! O

p0
'
! F ! 0; (3.1)

with n � d � 3 by hypothesis, and from this we derive the exact sequence

H 0.B;Op1/
 

H 0.B;Op0/
'

H 0.B;F / 0

where  , ' are defined by matrices . ij /, .'rs/ of holomorphic functions on B .

Then � D '.s/, s D .s1; : : : ; sq/ 2 H 0.B;Op0/ and '.sy/ D 0 for every

y 2 B X T ; consequently

sjBXT 2 H 0 .B X T;Ker'/ D H 0 .B X T; Im / :

Because of (3.1) we have the exact sequence

0 ! O
pd ! � � � ! O

p2 ! Ker ! 0

proving that

depth Ker x � 5 if n � 5

(Ker D 0 if n D 3 and Ker is locally free if n D 4). It follows that the first

and second local cohomology groups of Ker with support T vanish,

H 1
T .B;Ker / D H 2

T .B;Ker / D 0;

and consequently, from the local cohomology exact sequence, that

H 1.B X T;Ker / D 0:
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The exact sequence

0 Ker O
p0

 
Im 0

now implies that the homomorphism

H 0.B X T;Op1/
Ker 
���! H 0.B X T; Im /

is onto.

It follows that there exist holomorphic functions g1; : : : ; gp1
on BXT such that

s1jBXT D

p1X

jD1

 1jgj ; : : : ; sq jBXT D

p1X

jD1

 qjgj :

Since dimC T � n�2, the functions g1; : : : ; gp1
can be holomorphically extended

through T by eg1; : : : ;egp1
. This implies that s 2 H 0 .B; Im /, so s D  .eg/,

g D .g1; : : : ; gp1
/, and consequently � D .' ı  /.eg/ D 0.

The proof when U is a neighbourhood of X X .D [ L/ is similar starting by a

pseudoconvex domain D1 with a smooth boundary satisfying the following prop-

erties:

(i) D1�D, D XD1�U ;

(ii) bD1 \ bD � V \ bD;

(iii) bD1 is strongly pseudoconvex at the points of bD1 X bD1 \ bD.

Remark 3.2. In view of a theorem by Alexander and Stout [1], the connectedness

of D X bL is certainly satisfied if bL\ bD D L. Indeed, the connected components

Ai of D X OL and Bi of bD X . OL \ bD/ are in a 1-1 correspondence given by

Ai $ Bi ” bAi \ bD D Bi :

Since L D OL \ bD, and bD X L is connected, also D X OL is connected.

If L is a Stein compact we have the following

Theorem 3.3. Let X be a locally irreducible Stein space, D be a bounded domain

in X with a connected smooth boundary bD � Xreg and L � bD be a Stein

compact. Let F be a coherent sheaf on X satisfying

(1) depth Fx � 3 for every x 2 X ;

(2) dimC T .F / � n � 2.

Then every section of F on bD X L uniquely extends to a section on D X L.
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Proof. Let

p.F / D inf
x2X

depth Fx

and ¹U˛º be a fundamental system of Stein neighbourhoods of L. Then for the

compact support cohomology groups we have

H j
c .U˛;F / D 0

for j � p.F / � 1 and every ˛. Moreover, if H
j
L.X;F / denotes the j th local

cohomology group with support in L, we have the isomorphism

H
j
L.X;F / D lim

�!
U˛

H j
c .U˛;F /

(see [5, Corollaire 2.16]) hence

H
j
L.X;F / D ¹0º

for j � p.F / � 1.

From the local cohomology exact sequence

� � � ! H j .X;F / ! H j .X X L;F / ! H
jC1
L .X;F / ! � � � ;

in view of the fact that X is a Stein space, we then obtain

H j .X X L;F / D ¹0º

for 1 � j � p.F / � 2. In particular, since p.F / � 3 we have

H 1.X X L;F / D ¹0º:

Let s 2 H 0.bD XL;F /. Applying the Mayer–Vietoris sequence to the following

closed partition of X X L,

X X L D .D X L/ [ ŒX X .D [ L/�;

we get the exact sequence

H 0.D XL;F /˚H 0.X X .D[L/;F / ! H 0.bDXL;F / ! H 1.X XL;F /:

Since H 1.X X L;F / D ¹0º the first homomorphism is onto, so the section s is a

difference s D s1 � s2 of two sections

s1 2 H 0.D X L;F /; s2 2 H 0.X X .D [ L/;F /:
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Hence, in order to end our proof, we have to extend the section s2. Consider an

open Stein neighbourhood U of L. Since, by hypothesis, p.F / � 3 we have

H 1
c .U;F / D ¹0º and consequently, again from the cohomology exact sequence

H 0.X;F / ! H 0.X X U;F / ! H 1
c .U;F / ! � � � ;

we deduce that the homomorphism

H 0.X;F / ! H 0.X X U ;F /

is onto. In particular, there exists a global section Qs2 which extends s2jXXU .

If we choose a smaller Stein neighbourhood V � L, we get a second extension

Qs2;V of s2jXXU
which agrees with s2 on the bigger set X X V . The difference

Qs2 � Qs2;V is a section on X with (compact) support in U (since out of U they both

agree with s2). Hence its support S is a discrete set of points. Since p.F / � 3,

S D ¿, which means that Qs2 is actually an extension of s2. Thus, Qs D s1 � Qs2 is a

section of F on D X L which extends s. This concludes the proof.

Corollary 3.4. LetX be a locally irreducible Stein space,D be a bounded domain

in X with a connected smooth boundary bD � Xreg and L � bD be a Stein

compact. Let F be a coherent sheaf on X . Assume that

(1) depth Fx � 3 for every x 2 X ;

(2) dimC T .F / � n � 2.

Let U be an open neighbourhood of D X L. Then every section of F on U X D

uniquely extends to a section on U X L.

Proof. Define a smooth domain D0 such that U �D
0
�D and bD0 \ D D L.

Any section s of F on U XD gives a section of F on bD0 X L. Hence, applying

Theorem 3.3 to D0 and L we get the desired extension.

Theorem 3.3 can be slightly improved if X is a Stein manifold. Indeed, in that

case, under the same hypothesis forD, we are allowed to assume that F is defined

only in a neighbourhood of D. The proof uses the fact that every domain W of X

has the envelope of holomorphy bW (see [13, 7]). We recall that bW is the set of

all continuous characters � W O.W / ! C (or, equivalently, the set of all closed

maximal ideals of O.X/) equipped with the weak topology. The complex structure

on bW is such that

(i) the map j W W ! bW associating to a point x 2 W the point evaluation

f 7! ıx.f / D f .x/, f 2 O.W /, is a biholomorphism W ' j.W / such

that j� W O.bW / ! O.W / is an isomorphism of Fréchet algebras;
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(ii) if f 2 O.W /, the function bf W S.X/ ! C defined by bf .�/ D �.f / is a

holomorphic extension of f ;

(iii) the restriction map O.X/ ! O.W / gives a holomorphic map bp W bW ! X

making bW a domain over X .

Theorem 3.5. LetD be a bounded domain of a Stein manifoldX with a connected

smooth boundary andL�bD be a Stein compact. Let bp W bD ! X be the envelope

of holomorphy of D and F be a coherent sheaf on a neighbourhood W of bp.bD/
satisfying

(1) depth Fx � 3 for every x 2 W ;

(2) dimC T .F / � n � 2.

Then every section of F on bD X L uniquely extends to D X L.

Proof. Let bW be the envelope of holomorphy ofW , bp W bW ! X be the canonical

projection and j W W ! bW be the canonical open embedding of W into bW .

j � W O.bW / ! O.W / is an isomorphism. In particular bp�
F is a coherent sheaf

on bW with the same depth as F , which extends j�F . At this point we argue as in

the proof of Theorem 3.3.

3.2 Analytic sets

As for analytic sets, results of removability are obtained arguing as in the proof of

Theorem 3.1 taking into account Theorem 2.7. Precisely

Theorem 3.6. Let X be an n-dimensional manifold, D be a bounded pseudocon-

vex domain in X with a connected smooth boundary and L be a compact subset

of bD. Assume that bD X .bL \ bD/ is a non-empty strongly Levi convex hyper-

surface.

Let U be an open neighborhood of D X .bL \ bD/ and Y be a closed, analytic

subset of U XD such that depth OY;x � 3 for every x 2 U XD. Then Y extends

to an analytic subset eY of .D X bL/ [ U .

3.3 Obstructions to extension

The extension theorems proved in the above sections state that, under appropriate

conditions, analytic objects like CR-functions, sections of coherent sheaves, ana-

lytic subsets defined on bD X L (bD X L being connected) extend – uniquely –

to D X bL where bL is the envelope of L with respect to the algebra A.D/ of holo-

morphic functions continuous up to the boundary.
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Natural problems arise about minimality. In order to state the problem in all

generality, given a compact subset L of bD we fix a class C of analytic objects

and we consider the family LC of all compact subsets eL of D, partially ordered by

inclusion, satisfying the following properties:

(i) eL \ bD D L;

(ii) every analytic object of C defined on bDXL extends – uniquely – toDXeL.

Suppose that LC ¤ ¿; then there exists in LC some minimal element L0
C

. One

natural problem arises: is L0
C

unique? In general, due to polidromy phenomena,

the answer could be negative. A second observation is that, at least in the cases

already considered, if we have unicity then for the minimal compact L0
C

, we have

the inclusions

L � L0
C

� bL:
Trivial examples show that the two extremal cases may actually occur. Moreover

L0
C

heavily depends upon the class C. For instance, let D D B
n � C

n, L D

bB
n \ ¹zn�2 D � � � D zn D 0º D S

1 � ¹0ºn�1, n � 5, and C1 be the class

of holomorphic functions, and C2 be the class of analytic sets of codimension 3.

Then the minimal compacts are

L0
C1

D L ¨ bL D L0
C2
;

as shown by the fact that the analytic set

[

k2Z

²
zn�2 D zn�1 D 0; zn D

1

k

³

does not extend through bL.

4 The unbounded case

Some of the previous results extend to unbounded domains. The following is of

particular interest.

Theorem 4.1. Let X be a complex space and D be a strongly pseudoconvex un-

bounded domain with a connected boundary. Assume that there exists a sequence

¹pkº of pluriharmonic functions near D such that

(1) Dk D ¹x 2 D W pk.x/ > 0º ¨ DkC1 D ¹x 2 D W pkC1.x/ > 0º;

(2) DkbX and D D
S
k�1

Dk .
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Let F be a coherent sheaf on a neighbourhood U of D such that

(3) depth Fx � 3 for every x 2 U ;

(4) dimC T .F / � n � 2.

Then every section of F on U XD uniquely extends to a section on U .

Proof. Fix a section � of F on U X D. Consider the domain Dk . Since D

is strongly pseudoconvex, using the bump lemma we find a Stein neighbourhood

Vk�U ofDk . We may assume that the function pk is defined on Vk , so bDk\bD

is a Stein compact Lk , and we are in position to apply Theorem 3.3 and obtain a

unique section O�k of F on Vk X Lk extending � . Repeating this argument for

every k, thanks to the uniqueness of extension we get the conclusion.

Remark 4.2. If X D C
n, conditions (1) and (2) are implied by the following one:

(?) if D
1

denotes the closure of D � C
n � CP

n in CP
n, then there exists an

algebraic hypersurface V such that V \D
1

D ¿.

Under this condition the extension of analytic sets (with discrete singularities) of

dimension at least two holds, see [10].

Acknowledgments. This paper was partly written during a visit of the authors

to Seoul National University in November 2007 and was finished thanks to the

hospitality given by Scuola Normale Superiore to the first author. Thus we would

like to thank SNU and SNS for the hospitality.

The authors wish to thank the referee for his precise and useful remarks.

Bibliography

[1] H. Alexander and E. L. Stout, A note on hulls, Bull. Lond. Math. Soc. 22 (1990),

258–260.

[2] A. Andreotti, Théorèmes de dépendence algébrique des espaces pseudoconcaves,

Bull. Soc. Math. France 91 (1963), 1–38.

[3] A. Andreotti and H. Grauert, Théorèmes de finitude pour la cohomologie des espaces

complexes, Bull. Soc. Math. France 90 (1962), 193–259.

[4] A. Andreotti and G. Tomassini, A remark on the vanishing of certain cohomology

groups, Compositio Math. 21 (1969), 417–430.
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