
8th tutorial (June 17, 2015)

Formale Baumsprachen
Task 21 (pumping lemma for Rec)
Prove the following lemma.

Lemma. Let 𝛴 be a ranked alphabet and 𝐿 ∈ Rec(𝛴). Then there is a 𝑝 ∈ ℕ such that for
every 𝜉 ∈ 𝐿, the following implication holds:

If height(𝜉) ≥ 𝑝, then there are 𝑢, 𝑣 ∈ Cu�,1 and 𝑤 ∈ Tu� such that

(i) 𝜉 = 𝑢[𝑣[𝑤]],

(ii) height(𝑣[𝑤]) ≤ 𝑝,

(iii) height(𝑣) ≥ 2, and

(iv) for every 𝑛 ∈ ℕ, 𝑢[𝑣u�[𝑤]] ∈ 𝐿.

Task 22 (semirings)
Which of the following ring-like algebras are semirings?

(a) ([0, 1], max, ·, 0, 1),

(b) (ℕ, ⊖, ·, 0, 1),

(c) (ℤ, −, ·, 0, 1),

(d) (ℤ, +, ·, 0, 1),

(e) (ℤ, ·, +, 1, 0),

(f) (ℤ ∪ {∞}, min, +, ∞, 0),

(g) (ℝ≥0 ∪ {∞}, max, min, 0, ∞),

(h) (𝒫(𝛴∗), ∪, ∩, ∅, 𝛴∗),

(i) (𝒫(𝛴∗), ∩, ∘, 𝛴∗, {𝜀}), and

(j) (𝒫(Tu�), ∪, ·u�, ∅, {𝛼})

where 𝑎⊖𝑏 = |𝑎−𝑏| for every 𝑎, 𝑏 ∈ ℕ, ∘ is language concatenation, and ·u� is tree concatenation
for every 𝛼 ∈ 𝛴(0).

Task 23 (isomorphism between 𝒫(𝐴) and 𝔹u�)
Show that the semirings (𝒫(𝐴), ∪, ∩, ∅, 𝐴) and (𝔹u�, ∨̃, ∧̃, ̃0, ̃1) as isomorphic for every set 𝐴.

Task 24 (semiring homomorphisms)
A semiring (𝑆, +, ·, 0, 1) is called zero-sum free iff 𝑎 + 𝑏 = 0 implies 𝑎 = 0 and 𝑏 = 0 for every
𝑎, 𝑏 ∈ 𝑆. 𝑆 is called zero-divisor free iff 𝑎 · 𝑏 = 0 implies 𝑎 = 0 or 𝑏 = 0 for every 𝑎, 𝑏 ∈ 𝑆. Prove
the following lemma.

Lemma. Let (𝑆, +, ·, 0, 1) be a semiring and ℎ: 𝑆 → 𝔹 be a mapping such that for every 𝑎 ∈ 𝑆:

ℎ(𝑎) =
⎧{
⎨{⎩

0 if 𝑎 = 0

1 otherwise.

ℎ is a semiring homomorphism iff 𝑆 is zero-sum free and zero-divisor free.
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