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lECHiJICAL REPORT SUMMARV 

I 

Contract Objective 

The objective of this research progrnm is to investigate the 

practical application of the finite element method to predicting the 

behavior of underground openings in discontinuous rock, simply and 

realistically.  The scope of the program includes:  (I) literature 

surveys to evaluate the nonlinear, stress-dependent and anisotropic 

properties of rock types and discontinuities,  12) the establishment 

of modeling criteria for arbitrary excavation sequences, finite 

element meshes, rock behavior and discontinuity behavior,  (3) analyses 

of underground openings to evaluate thn effects of opening shape, 

excavation sequence, initial stress values and orientations, material 

properties and discontinuity orientation and properties,  (M analyses 

of the relative importance of the parameters investigated, and  (5) a 

case history example to demonstrate the applicability of the techniques 

presented. 

General Approach and Technical Results 

The initial studies were oriented mainly toward establishing finite 

element modeling criteria and parameters for use in subsequent analyses. 

In Chapter 2, the modeling techniques for finite element analyses of 

underground openings are presented.  In this chapter, the salient features 

and advantages of the finite element method are briefly discussed and a 

generalized procedure for incremental excavation analysis is presented and 

its general applicability is demonstrated.  A number of analyses were con- 

ducted to establish minimum criteria for the dasign of finite element meshes 

for underground openings and the results of these analyses are presented in 

the form of several typical meshes for use in subsequent analyses. 

An extensive literature survey was conducted to evaluate the properties 

of rock types for use in analyses and to examine the applicability for rock 

of simple, practical stress-strain relationships recently proposed for soil. 

The results of this study show that these relationships simulate the nonlinear, 

stress-dependent behavior of rock quite well.  The results of the literature 

survey, which included K3 values under uniaxial test conditions and 115 values 
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under triaxial test conditions, were tabulated and analyzed.  It was 

found that for certain classes of rock, material properties varied 

little and that nonlinearity and/or stress-dependency was sometimes a 

minor factor in the behavior.  Furthermore, this survey showed the 

degree and importance of anisotropy of the material properties.  Details 

of the above are included in Chapter 3- 

Chapter k  presents the results of analyses whivjh were conducted 

to investigate the importance of material properties, initial stresses, 

excavation operations and opening shapes on the final stresses and 

displacements around underground openings in homogeneous rock masses. 

Th& results of these analyses show that opening shape, initial stress 

magnitude, initial stress orientation and gra^'ty initial stresses, when 

shallow, effect the resulting stresses and displacements considerably, 

while the modulus, in a linear analysis, or the initial tangent stiffness 

and stress-dependency in a nonlinear analysis, greatly effect the dis- 

placements.  Poisson's ratio variations cause relatively small effects 

on the stresses and displacements and all other parameters cause minor, 

if any, variations.  It should be noted that in all of these analyses, 

representative strength parameters were used.  The mobilized shear 

stresses which resulted were small and subsequently no shear failures 

occurred.  Furthermore, tension zones were allowed to develop and no 

analysis modifications were made to account for tension failure. 

In Chapter 5 generalized analytical results are presented which 

evaluate the significance of discontinuity stiffness and orientation 

on the resulting stresses and displacements around underground openings 

in rock containing a single, prominent, planar discontinuity.  The 

results of these analyses show that the stress changes, i.e., load trans- 

fer, become more substantial, tension zones increase, normal and shear 

stresses on the discontinuity decrease and displacements increase as the 

discontinuity becomes softer.  These changes are very significant when 

M (discontinuity mdjlus/rock modulus) goes from 1 to 10, are fairly 

important when M gees from 10 to 100 and are small when M goes from 100 

to 1000. 
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When the planes of the discontinuity and the minimum principal 

stress ccincide, a substantial reduction occurs in the dimensionless 

Oj values, the dimensionless normal stresses on the discontinuity 

are greatest, the discontinuity compression is greatest and the inward 

displacements are least.  When the planes of the discontinuity and the 

maximum principal stress coincide, a substantial increase occurs in 

the dimensionless a. values in the discontinuity with a decrease 

adjacent to the discontinuity, the dimensionless shear stresses on the 

discontinuity are greatest, the discontinuity compression is least and 

the inward displacements are greatest.  When the discontinuity is at 

kS     to the initial principal stresses and as the discontinuity becomes 

softer, the dimensionless a. values in the discontinuity become equal 

to one and the dimensionless o_ values in the discontinuity become equal 

to K, the ratio of initial minor to major principal stresses.  All other 

changes are minor. 

An extensive literature survey was conducted to evaluate the properties 

of discontinuities which may be treated as thin (or one-dimensional) linear 

features and to examine the applicability of a simple, practical stress- 

deformation relationship for rock discontinuities.  The results of this 

study show that these relationships simulate the behavior quite well.  The 

results of the literature survey, including 32 different types of discon- 

tinuities were tabulated and analyzed and representative values of the para- 

meters were noted in Chapter 6.  It was found that many of the parameters do 

not vary over a very wide range. 

Chapter 7 presents the results of analyses which were conducted to 

evaluate the effect of variations in the normal and she.'r stiffnesses of a one- 

dimensional discontinuity on the resulting stresses and di-placements around 

underground openings in rock containing a single prominent discontinuity. 

The results of these analyses are similar to those obtained when a two- 

dimensional discontinuity was analyzed.  These results show that, as the 

discontinuity becomes softer, the stress changes (or load transfer) become 

more substantial, tension zones increase, normal and shear stresses on the 

discontinuity decrease and displacements of the opening increase. 
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These conclusions can be further amplified since the stiffness of the 

one-dimensional discontinuity is based upon independent normal and 

shear stiffnesses.  These studies show that the resulting stresses and 

displacements are affected more by the normal stiffness than by the 

shear stiffness, indicating that the stiffness component acting in the 

same direction as the initial maximum principal stress is the most 

important in determining the resulting behavior of the opening.  These 

studies further showed that the nonlinearity of the shear stiffness is 

of minor importance but that the initial stiffness and stress-dependency 

is significant in determining the stresses and displacements of the 

opening. 

To demonstrate the general applicability of the finite element 

techniques discussed in the report, four types of finite element analyses 

(1 step linear, 3 step linear, 3 step nonlinear and 3 step jointed) 

were conducted for the Edward Hyatt Powe.-plant beneath Oroville Dam. 

Based upon the results of these analyses and comparisons with the measured 

displacements of the powerplant opening, as shown in Chapter 3, it can be 

said that all of the analyses can provide reasonable representations of 

the observed behavior _i_f_ the material properties can be adequately defined. 

The 1 step linear analysis is limited because it cannot follow the ex- 

cavation sequence.  Both of the linear analyses are limited because the 

selection of material properties hinges to a large degree on the availa- 

bility of a large body of field data and a broad generalization of these 

results.  The nonlinear analysis appears to yield displacements somewhat 

lower than those measured but the values for analysis are easily and in- 

expensively obtained.  The jointed analysis appears to yield the best 

overall method of evaluating the performance of the opening.  The rock 

properties can be determined as easily as for the nonlinear analysis, but 

field data is required to define the prominent discontinuities and their 

properties.  However, if this data is available, the resulting deformations, 

stresses and stability of the rock mass may be evaluated with a reasonable degree 

of accuracy. 
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In summary it may be said that the analyses presented during the 

course of this investigation show that the finite element method, coupled 

with the analytical techniques for simulating the excavation sequence and 

the nonlinear, stress-dependent behavior of the rock and the discontinuities, 

can predict the behavior of underground openings in rock quite well. 

This approach is well-suited for practical use because the material pro- 

perties can be evaluated relatively easily and the field excavation sequence 

can be followed directly. 

For preliminary design and evaluation, the generalized results presented 

may be used very effectively to evaluate the probable range of behavior for 

a proposed opening.  For final design and evaluation, the techniques presented 

may be used to: 

(1) predict stresses and displacements around openings in rock, 

(2) assess zones of potential instability, 

(3) aid in the selection of instrument locations, and 

(k)     interpret the results obtained from field instrumentation, 

DoD Implications 

The behavior of hardened facilities sited in the earth's crust depends 

to a large extent or, the physical properties of the site media and their 

behavior.  Survivabi1ity/Vulnerabi1 ity studies for these facilities, employing 

finite element analyses, require values for the physical properties as input 

data.  This report contains tabulations of these properties for both linear 

and nonlinear rock and discontinuity behavior and also contains guidelines 

which may be followed for modeling these facilities in finite element analyses. 

This report also contains the results of a wide range of generalized analyses 

for openings in homogeneous rock and in rock containing a single, prominent, 

planar discontinuity.  Since these analyses covor the most probable range of 

stresses and material properties which may be encountered, they can provide 

an effective reference for preliminary evaluation of an underground facility. 

The applicability of the techniques and results presented are demonstrated 

through a detailed case history analysis which show that these data would be 

very useful in the design of underground facilities. 
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CHAPTEP   1 

IMTRODUCTION 

Widespread  use  of   instrumentation   in many   largo  underground openings 

in  rock during   recent years  has  shown   that  substantial   movements may occur 

even  in  the most   carefully  analyzed and designed  openings.     Even  though methods 

of construction  and   instrumentation and   techniques   for   predicting geologic 

conditions  are   rapidly   improving,   the   recent   literature  contains numerous 

case histories  of well-engineered underground opemngb   in which substantial 

movement and  breakage occurred      This movement  and  breakage  becomes of  special 

significance when   there   is  a   loss of human   life or  of  equipment, or when   it 

is  found  that   redesign of   the support  system   is  necessary  to accommodate  the 

rock mass  behavior. 

Sufficiently  general   theoretical  methods   fo -  predicting  the behavior of 

underground openings   in   rock are  virtually  non-existent-     For  this   reason, 

engineers must   rely upon experience and upon  case histories when  they design 

and attempt   to predict   the  behavior of a  proposed opening.     Therefore   it   is 

desirable  to develop  a   rational   and practical   procedure  for  predicting   the 

behavior of underground openings   in  rock       Such  a procedure could be used  to; 

(1)   predict   the  stresses  and movements   in  underground openings  prior   to 

construction,   (2)   isolate potentially  troublesome  zones  around a proposed 

opening,   (3)   study   the effects of  various   construction  sequences on  the  behavior 

of an opening,   (k)   help   in  selecting   the   types  and   locations of  proposed 

instruments  and   (5)   aid   in  the   interpretation of   the   results of   instrumentation 

studies. 

The  rapid  development  of   large capacity,   high  speed,   digital   computers   in 

the   last  decade,   coupled with  powerful   new methods of  analysis  such as   the   finite 

element method,   has  made   it   feasible   to   investigate  the  complex behavior of 

underground openings.     Since   the  finite element  method  can  be applied,   at   least 

in principle,   to  any  continuous  system and   to many  classes  of  discontinuous 

systems,   it  possesses   the  flexibility and  generality  needed  to analyze   the  behavior 

of underground openings. 

Therefore  this  study was   initiated  to   investigate  the practical   application 

of  the finite element method  to predicting opening  behavior,   simoly and   realistically, 

Approaches will   be  presented  for  simulating  actual   field  construction  sequences 

and nonlinear  material   behavior within   the  basic  context of   the  finite  element 
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method. Furthermore, guidelines and results will be presented for realistically 

modeling and treating the numerous interacimq factors influencing the resulting 

behavior of underground openings during construction. 

Geologic Factors 

Rock masses are complex media composed of three distinct, yet interacting 

components which could be described as the rock types, rock structures and dis- 

continuities.  Rock types are numerous and range from sedimentary types, formed 

by induration of sediments or chemical precipitation, to igneous types, formed 

by cooling of the magma at or beneath the surface of the earth, to metamorphic 

types, formed by alteration of the sedimentary or igneous rocks by heat, pressure 

or chemical action.  Although genetically different, many rock types perform 

similarly under load and therefore, from an engineering standpoint, the physical 

behavior of the rock must be considered,  Under these conditions, it is found 

that rock types range in behavior under load from linear, elastic and brittle 

to nonlinear. Inelastic and ductile, and from isotropic to anlsotroplc. Any 

method of analysis which models rock properties should have the capabilities 

to model this range of properties In a relatively straightforward manner and 

should be based upon parameters which can be obtained relatively easily in the 

laboratory.  Elastic, elastic-plastic, rheological, and other types of models 

have shortcomings in this sense because they are based upon limited ranges of rock 

behavior and/or upon parameters not readily obtainable in the laboratory. 

Rock structural features are of two main types: bedding and folding.  Features 

of this type are mainly geometric and could readily be treated in finite element 

analyses by introducing the appropriate geometry and material properties of the 

units Involved.  However, there jre substantial problems involved in modeling these 

features because the behavior of the bedding plane contacts must be considered 

and the initial stress field must be known in the beds as well as in the folded 

structures.  Assuming that these problems can be surmounted, realistic models 

can be established to treat these structures in analyses. 

Discontinuities play a major role in the behavior of rock masses. These 

features may range from random minute joints to larne planar features such as 

faults, any of which may have nearly any orientation within the rock mass.  Modeling 

these discontinuities is a complex problem from both engineering and geoloric 

standpoints.  Geologically, the attitude, continuity, uniformity, thickness and 
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repetitlveness of the discontinuities must be known.  From an engineering 

standpoint, the physica1 behavior must be known.  Recent studies (e.g., Goodman, 

1969) along these lines indicate that discontinuities also have a wido range 

in behavior under load.  Analytical methods should be able to incorporate 

these discontinuities and their physical properties to provide realistic 

evaluations of the  behavior of the rock masses. 

Stress systems existing in rock masses further complicate any analytical 

analyses because the stresses may be Isotropie, transversely Isotropie or 

highly anisotropie.  Furthermore the major principal stress may range from 

horizontal to vertical and may or may not coincide with the orientation of 

the discontinuities.  In any ease. It is imperative that the Initial sire^scs 

be known and that analyses be capable of modeling the initial stress conditions 

in the rock masses. 

Construction Factors 

When an underground opening Is made In a rock mass, stress changes occur 

which cause movements around the opening.  The tvpe and magnitude of stress 

changes and movements which occur are not on'y a function of the geologic 

conditions cited above, but are also a function of the sequence of construction 

operations employed to make the opening.  For example, a multiple drift sequence 

may cause undesi'able roof movements along a discontinuity in an opening while a 

full face sequence might not because of an arching mechanism maintaining the 

integrity of the roof.  If behavior such as this occurs, the support system 

required will be substantially different and the extent of overbreak may differ 

greatly.  Becaui e of these effects, it is Important to be able to predict 

beforehand the stresses and movements which may occur around an underground 

opening and to correlate these with construction sequences to be employed in the 

field. 

Need For Simple, Practical Analytical Methods and Results 

The various factors briefly discussed above indicate some of the more important 

points to be considered in analyses of underground openings in rock.  Numerous research 

studies have been conducted during recent years along these lines, but a large number 

of these studies have been "technique oriented" rather than "result oriented".  Many 

questions remain to be answered.  Among those are: (1) How nonlinear and/or 

anisotropie are rocks and how Important is this In analyses?  (2) How can the 
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nonlinearity be treated in a relatively straightforward manner?  (3) How 

important are discontinuities in the behavior of rock masses around under- 

ground openings? (4) What are the properties of discontinuities? (5) How 

important are the initial stress conditions in rock masses? and (6) How 

important are construction sequences and opening shapes upon the resulting 

behavior of an opening? 

Advances have been made intü many of these areas, but few guidelines have 

been established.  Realistic mrdels, literature surveys and finite element 

analyses can be employed to provide further guidelines.  It is hoped that 

through this study, guidelines may be provided in an effort to help to resolve 

these questions. 
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CHAPTER 2 

FINITE ELEMENT MODELING TECHNIQUES 

A number of procedures have been employed to perform analyses of 

stresses and/or movements around underground openings in rock.  These 

have included closed-'rorm elasticity solutions, finite difference 

numerical analyses, photoelastic analyses and finite element analyses. 

Examples of the first three ccn be referred to in basic Pock Mechanics 

texts (e.g., Obert and Duvall, I967), while examples of the fourth can be 

found in both the International Rock Mechanics Congresses and in geo- 

technical journals. 

Although many interesting and useful results have been obtained using 

each of these procedures, the finite element method of analysis is the most 

general and useful.  It may be used for analyses of stresses and movements 

around underground openings in nonhomogeneous, discontinuous and anisotropic 

rock and, with suitable techniques, may be used to obtain approximate solutions 

for problems involving nonlinear material properties.  Furthermore, the method 

may be used for problems in which the initial stress conditions and construc- 

tion operations should be considered.  The important characteristics of the 

finite element method as applied to analyses of underground openings in rock 

and procedures for its use are described in subsequent sections of this chapter. 

Characteristics of the Finite Element Method 

Since its introduction by Turner et al. (1956),the finite element method 

has been shown to be a very powerful procedure for stress analyses and has 

been used for many different purposes.  A number of excellent papers have 

been published on this method (notably Clough, i960, I965, and Wilson, 1963) 

as well as two textbooks (Zienkiewicz and Cheung, 196? and Desai and Abel, 1971). 

For analysis by the finite element method, the continuous body is 

represented by a set of elements which are connected at their joints or nodal 

points.  On the basis of an assumed variation of strains within elements together 

with the stress-strain characteristics of the element material, the stiffness of 

each nodal point of each element is computed.  For each noda\ point in the system, 

two equilibrium equations may be written expressing the nodal point forces in 
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terms of the nodal point displacements and stiffnesses  These equations are 

solved to determine the unknown di sp lacemrints.  With the displacements of 

all nodal points known, strains and stresses within each element may be computed. 

Analyses of realistic systems commonly requires formulation and solution of 

several hundred simultaneous equations, and the technique is only practical 

when formulated for high-speed digital computers. 

Various types of elements have bpen developed; these elements differ in 

shape, number of nodal points, and assumed mode of strain variation within 

elements.  The element used in this study is a quadrilateral consisting of two 

linear strain triangles (Felippa, I966;.  Within this element strains are 

assumed to vary linearly, but to insure compatibility between elements, the 

strains on the outside boundaries of the quadrilateral are assumed to be 

constant  Studies by Felippa (1966) have- shown that chi«5 element provides a 

good combination of efficiency and accuracy over a wide range of loading conditions. 

The analyses performed in this study are plane strain analyses of sections 

normal to the axis of the underground opening  This type of analysis represents 

a close approximation of the actual strain conditions within essentially 

homogeneous rock masses and within rock masses containing beds and discontinuities 

whose strike and dip are reasonably coincident with the trend and plunge of 

the axis of the opening.  For other cases, this type of analysis often will 

provide useful and reasonably accurate approximations of the true behavior. 

Nonlinear Material Behavior 

Two types of stress-strain behavior, linear and nonlinear, have been employed 

in the analyses to be conducted for this study.  In the linear analyses, constant 

and equal values of modulus and Polsson's ratio are assigned to all of the finite 

elements modeling the rock mass.  In the nonlinear analyses, the nonlinearity is 

approximated by assigning modulus and Poisson's ratio values to each element 

which are consistent with the stress values in the element  The analyses are 

performed using a scep-by-step or incremental analysis procedure in which successive 

stages in the excavation of an opening are simulated.  During each step or increment 

the relationship between stress and strain is assumed to be linear; nonlinearity 

is approximated in the analyses by appropriate changes in the values of modulus 

and Poisson's ratio during successive stages of the analyses.  The procedures 
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for determining the modulus and Polsson's ratio parameters required for use 

in these analyses are described in a subsequent chapter of this report. 

Incremental Excavation 

Underground openings are excavated by a number of different procedures. 

Small openings with smple shapes such as circles are commonly excavated in 

one step either by tunnelling mach.nes or by a single full face blast.  Large 

openings or open.ngs with complex shapes such as a power station opening are 

commonly excavated in several or more steps by multiple drift or head and 

bench procedures. To realistically model these variable excavation procedures, 

techniques must be employed in the analytical simulation which are capable 

of following arbitrary construction sequences.  Several procedures for 

analytically simulating excavation operations have been proposed in recent 

years (Goodman and Brown, 1963; Brown and King, 1966; Dunlop et al, 1968; 

Duncan and Goodman, 1968; Chang and Duncan, 1970; and Clough and Duncan, 1969). 

All of these procedures have been developed primarily for surface excavations 

In soil, but they have shown that excavation operations can be realistically 

simulated in finite element analyses  The most neneral of these procedures, 

that of Clough and Duncan (1969), can be readily adapted for any type of 

excavation operation. 

The basic premise in these procedures is that the soil or rock is in 

equilibrium and at rest in an initially stressed state.  The excavation is 

simulated by evaluating the stresses along the potential excavation surface, 

computing the equivalent forces at the nodes of the finite elements along 

the excavation surface, reversing the signs ofthe forces and then applying these 

forces to the finite element mesh while reducing the modulus of the "removed" 

elements to an insignificant value.  The computed stresses, strains and dis- 

placements are then added to the original values to obtain the stresses, strains 

and displacements at the end of the excavation step.  This procedure can then 

be continued for any number of excavation steps such that an excavation can be 

followed readily on a step-by-step basis. 

This approach is in contrast to those commonly employed in finite element 

analyses of underground openings in which "gravity turn-on" or relaxation 

approaches are used.  In the "gravity turn-on" approach, two analyse must be 

conducted. These two analyses are conducted by first, applying gravity to a finite 
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element mesh without the opening and secondly applying gravity to a finite 

element mesh with the opening.  The differences between the two analyses are 

the stresses, strains and displacements caused by making the opening. This 

approach suffers from several drawbacks. First, Goodman and Brown (1963), among 

others cited previously, have shown that the resulting stresses are independent 

of construction sequence only in homogeneous, isotropic, linear elastic materials. 

Second, Dunlop et al (1968) have shown that the step-by-step and "gravity turn-on" 

analyses are equivalent only when the initial stresses are directly related by 

Poisson's ratio, v, or o^ = ( jzja^,   in which o_ and o are the minimum and maximum 

principal stresses, respectively, and o. is the vertical stress. Third, the 

"gravity turn-on" analysis cannot model a construction sequence. 

in the relaxation approach, also known as the residual stress approach, 

the final geometry of the opening is usually established in the initial finite 

element mesh.  The elements representing the surrounding rock irass are initially 

stressed to some desired values which are subsequently relaxed to provide a 

final equilibrium stress state around the opening. With this approach it is 

difficult to follow a construction sequence simply and therefore to follow the 

incremental changes of the rock properties as the opening is made.  In addition, 

the relaxation is controlled exclusively by the stresses existing in the elements 

which are part of the rock mass remaining after the opening is excavated. The 

stresses existing in the elements removed during excavation are usually not 

cons idered 

On the other hand, the stress reversal approach considers the stresses 

existing In the elements on both sides of a proposed excavation boundary at any 

stage of excavation, and based upon these stresses evaluates the equivalent node 

forces to be applied along the boundary to release the stresses actually 

occurring along the boundary.  Furthermore by following the stress changes at 

each stage of excavation and subsequently changing the values of modulus and 

Poisson's ratio in accordance with the changing stress values in the elements 

the actual nonlinear behavior of the rock mass can be followed on a more rational 

basis.  Details of this approach are given below. 

Incremental Excavation Simulation 

In the finite element method, stresses are commonly determined at either 

the center of the elements or midway between two opposing nodal points, depending 
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upon the type of elements used, but excavation boundaries pass between 

elements, Therefore a technique must be employed to interpolate from the 

center stresses to the nodal or boundary stresses before the nodal point 

forces are evaluated  The approach outlined below is essentially the one used 

by Clough and Duncan (1969), with only shghr modi fi cdt ion, and is repeated 

here because the details of the method are not readily available in the 

general literature. 

To express the relationship between the known stresses at the element 

centers and the unknown stresses at the nodal points, a polynomial inter- 

polation formula of the form given below may be used: 

o = a. +a0 x+a,y+a. xy (2-1) 

in which o is the interpolated nodal stress, x and y are the nodal point 

coordinates and a., a., a_ and  a, are the interpolation coefficients.  In 

its most general form, the excavation of a quadrilateral element creates 

four excavation boundaries and Equation 2-1 is used to determine the stresses 

at the four element nodes.  By assuming a linear stress variation between the 

nodal stress values, the complete stress distribution is obtained around the 

element, as shown in Fioure 2-1.  F.quivalent nodal point forces can then be 

established from the boundary stress distribution. 

To use Equation 2-1 to determine the stresses at a nodal point of an 

excavated element, three sets of the interpolation coefficients are computed 

(one each for the x, y and xy stresses) using the known stresses in the four 

elements surrounding the nodal point, one of which is the element to be excavated, 

For a given stress a, these relationships can be expressed as: 

Xl 
x2 

X., 

Vi 

x,y, 

V/4 

(2-2) 

in which o(i) is the stress in element i 

symbolic form as follows: 

Equations 2-2 can be expressed In 

(2-3) 
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YiJ = yl-yJ 

YJK=yJ-yK 

YKL=y|<-yL 

YL^y.-y, 

NOTE: ALL   STRESSES   AND   GRADIENTS   ASSUMED  POSITIVE AS   SHOWN 

XJI   = 
«j -X| 

XKJ = XK -*4 

XLK = XL -XK 

XIL = Xl -XL 

FIG.2-1   ARBITRARY   QUADRILATERAL  ELEMENT 

AND  BOUNDARY  STRESS  DISTRIBUTION 
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in which \o\ is the known element stress matrix, Tm"! is the known coordinate 

matrix for the stress points and fa"^ is the unknown interpolation coefficient 

matrix, which can be solved for as below: 

The interpolation coefficients can then be used to evaluate the nodal point 

stresses, io V , of the element to be excavated, as shown below: 

(2-1.) 

or 

(2-5) 

(2-6) 

in which [n] is the coordinate matrix for the I, J, K, L nodal points. Equation 

2-6 therefore expresses the nodal point stresses in terms of the center stresses 

of four adjacent elements. 

Using the principle of virtual work and the stress distribution shown in 

Figure 2-1, the equivalent horizontal and vertical nod.il point forces can be 

established for each nodal point.  For example, the vertical force at J can be 

expressed as: 

1 
[ (XJl) o   + 2 ( XJI + XKJ )o  + (XKJ)ö 

yI yJ       ^ 

+ (YU) i    + 2(Y1J + YJK) a   ' + (YJK) ,        J 

(2-7) 

xy xy xy. 

This operation can then be repeated for all eight nodal point forces, cesulting 

in the following equations: 

or 

or 

{Fn}    -     [H]   [n]   W'CoJ 

(2-8) 

(2-9) 

(2-10) 
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in which [Fn} Is the 8 x I nodal force matrix, [H] is the 8 x 12 boundary 

geometry matrix,(oj  is the 12 x 1 nodal stress matrix and [n] Is the 8 x 12 

resultant matrix relating the unknown nodal forces and the known element center 

stresses. 

The manner in which this approach is implemented is to specify the 

nodal points along an excavation boundary and, for each nodal point, to 

specify the four elements surrounding the nodal point. Usually two of these 

elements are to be excavated and two are to remain as a portion of the rock mass 

However, situations arise where four elements do not surround a nodal point. 

In this case, one should se'ect the four closest elements, as long as no 

three of the four elements have centers which lie on a horizontal or vertical 

line because then the matrix [m] becomes singular (zero determinant) and no 

solution is possible. 

To test the validity of this approach and to check whether modifications 

were necessary, a simple excavation problem was considered of a laterally 

restrained column, fixed at the base,in which the top layer was excavated. 

This problem is shown In Figure 2-2.  At the left of this figure is shown the 

initial stress distribution.  First the top ten elements were excavated In 

one step and the results were compared with the closed form solution.  The 

results were identical, as Indicated to the right of the initial stress 

distribution.  Secondly a two step excavation sequence was conducted with 

five elements being removed at each step.  The resulting o  and o  values are 

shown in the respective elements and the values of r  were in the range of 
i *-» ~ 3   "H ^y 
10 ■ to 10  .  The correct values of o>< and oy are shown on the left of the 

mesh and the correct values of r^ should be zero.  It can be seen that, except 

for the oy values of the two central elements In the top layer, the difference 

between the finite element (FEM) solution and the correct closed-form solution 

are about 2% or   less.  The other two elements have errors of approximately 12*. 

in practice, a much finer finite element mesh would be used in this central 

portion where there is a stress concentration after the first step, and 

subsequently the error would be reduced to a few percent or less.  All other 

values are well within an acceptable error range, even though such a coarse 

mesh was employed. 

In an effort to determine whether the accuracy of the results could be 

improved, even with this coarse mesh, an analysis was conducted using double 
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precision  calculations.    The   results of   this   analysis were virtually   identical, 

although  substantially more  computer   time,   storage and accuracy was   involved. 

To see whether an   improved   interp( 'ation   function would   improve  the accuracy of 

the   results.   Equation  2-1,   the   interpolation   function, was  expanded  to six  terms. 

An analysis   conducted with  the   improved   interpolation  function  showed,  at  best, 

a very slight   increase   in accuracy.     Considering  the   increase   in   input  data 

required  for  a   six  term  interpolation  function,   it was   felt   that  the   improved 

interpolation   function was  not warranted.     These   results   indicate  that only  a 

finer mesh  around  zones of  stress  concentration will   lead   to more accurate   results. 

Furthermore,   during  the  course of   investigating   this  problem.   It was   found 

that   the modulus  of  the excavated elements  must  be   reduced   to at   least   10"6   times 

their value  prior   to excavation.     If  they  are   reduced by substantially   lesser 

amounts,   the  values  computed  for  the  remain inn elements  change  for  the worse. 

As  a more  general   example of   the applicability of   this  approach,   the 

problem shown   in   Flpure 2-3 was  analysed.     One,   two and  three  step excavation 

sequences,   as   shown   in  Figure  2-k,  were employed.     The  computed values of a       a 

and   txy are  shown   for  the elements   resulting  from the one and  two step construction 

sequence analyses;   the  results   from  the   three  step sequence  are essentially   the  same 

as   these  values.     This example was  selected  because   it has  a  horizontal   plane of 

symmetry,   sharp  stress  concentrations   in   the  corners of   the excavation and external 

boundaries   close   to  the excavation which will   significantly  affect   the  computed 

stress  values   during a multiple  step excavation  sequence.  As  can  be seen,   the 

computed stress   values  compare  very closely   In  all   respects.     The   largest  differences 

occur  in  the elements  near  the horizontal   faces  of  the excavation where  the  stress 

changes  are   large  and  the computed  values  are  small   and near   the excavation  corners 

where   the  stress   concentration   is  greatest.     Ordinarily,   m  solving practical 

problems,   more  elements of smaller  size would  be  used and  the  corresponding   in- 

accuracies would  be even smaller   than   in   this  example problem. 

Finite  Element  Mesh  Design 

Solutions   obtained by  finite element  analyses are only approximate  solutions 

since   the method   itself   is  based  upon a  physical   approximation of  the  actual 

system.     Because  of   this,  care must  be exercised when a  finite element mesh   is 

designed  to ensure   that   the   results  are not  being  significantly altered  because 
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FIG. 2-4     SEQUENCES   EMPLOYED IN  EXAMPLE 

EXCAVATION OF RECTANGULAR OPENING 
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the mesh is not fine enough or the boundaries are not far enough away from 

the opening.  If only one or two problems are to be investigated, perhaps five 

hundred or more elements may be used to ensure an accurate idealization. 

But when numerous problems are to be investigated, the number of elements 

must be minimized because of the large cost of computer time and plotting 

and interpreting lie results obtained from the solution, 

a)  Mesh Configuration and Size Effects 

To investigate the effects of mesh configuration and number of 

elements In the mesh, a sample problem was analyzed of a rectangular opening 

with a vertical plane of symmetry.  This problem was selected because of the 

stress concentrations which will occur in the corners-  Three meshes were 

used:  the first, shown in Figure 2-5, was a coarse mesh containing 60 rectangular 

elements of equal size; the second, shown in Figure 2-6, was a f(ne mesh 

containing 120 square elements of equal size; and the third, shown in Figure 

2-7, was a fine mesh containing 156 rectangular elements of unequal size with 

the element size increasing away from the opening.  In each case, excavation was 

conducted in a one step sequence.  The initial values of a     and o were equal to 

1.0, the modulus was equal to 1000 and Poisson's ratio was equal to 0.25 for 

all of the elements in the three different meshes. Any consistent units can be 

applied to these values. 

The results obtained from these three analyses are shown in Figures 2-8, 2-9 

and 2-10.  Contours of the vertical stress, o , are shown in Figure 2-8. They 

show that the coarse mesh Indicates tensile stresses existing in the roof of the 

opening and only a minor stress concentration near the corner of the opening. 

On the other hand, the contours resulting from the fine and the fine irregular 

meshes do not show the roof tensile zones and do show larger stress concentrations 

near the corner of the opening.  Furthermore the contours are very consistent 

with each other, the only difference being that the fine irregular mesh indicates 

somewhat better the magnitude of the stress concentration near the corner of 

the opening and the magnitude of the stress reduction mid-height of the opening 

wall.  Similar results are indicated for the horizontal stresses, a   ,   in Figure 

2-9 and for the shear stresses, t  , in Figure 2-10.  It is felt that the 

results obtained from a finer mesh would exhibit stress contours nearly the same 

as those from the fine and fine irregular meshes, but would probably define the 
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a 

maximum and minimum values a bit better.  Therefore a reasonable criterion 

for meshes would be that a minimum of 125 to 150 elements should suffice for 

analyses of simple structures in homogeneous rock where there is a plane of 

symmetry and only one-half of the system need be analyzed. 

b)  Boundary Location Effects 

Since the finite element method involves a physical approximation of 

the actual system, the location of the finite boundaries from the area of 

interest will influence the results obtained in an analysis. This effect must 

be minimized to ensure realistic results 

To investigate the magnitude of the boundary effects, a number of 

analyses were conducted with a circular opening in meshes with different 

distances to the fixed boundary,  The basic mesh employed is shown in Figure 2-11 

Different systems were obtained by varying the boundary location in this basic 

mesh.  A total of five systems were analyzed with boundary locations varying 

from 3 radii to 9 radii away from the center of the opening. 

The results obtained from these analyses are shown in Figure 2-12 for the 

nodal points along the face of the opening and for the innermost row of 

elements along the face of the opening.  It can readily be seen that the 

boundary location is quite significant and that the greatest differences occur 

between the vertical displacements at nodal point A (also equivalent to 

horizontal displacements at B), the vertical stresses in element D (also 

equivalent to horizontal stresses in element C) and the shear stresses midway 

between elements C and D  To have a perfect comparison with the closed-form 

theoretical solution, the boundaries of the finite element mesh would have to 

be at infinity-  Since this perfect comparison is impossible, it was felt that 

a mesh would be adequate if the largest difference between any one of the 

computed or theoretical stresses or displacements, on or near the opening face, 

was less than 10%. 

By re-plotting the maximum points in Figure 2-12 In the form shown in 

Figure 2-13, it can be seen that this \0%  criterion is satisfied with a boundary 

located 6 radii away from the center of the opening.  It is interesting to note 

that, for boundaries located closer to the opening, the largest percent 

difference increases rapidly while, for boundaries located further from the 

opening, the largest percent difference decreased slowly. Therefore the 6 radii 
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FIG.2-M    FINITE   ELEMENT MESH FOR   INVESTIGATION 

OF   BOUNDARY   EFFECT 
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FIG.2-12   COMPARISON  OF THEORETICAL  AND  FEM 
DISPLACEMENTS ALONG,AND STRESSES 
NEAR, THE FACE OF A CIRCULAR OPENING 
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criterion was idopted for all meshes to be employed in this investigation. 

c)  Representative Finite Element Meshes 

In accordance with the criteria established above, three finite element 

meshes were designed for use during the course of this investigation.  These 

three meshes are shown in Figures 2-]h,   2-15 and 2-16 and they satisfy both the 

element and boundary criteria.  These meshes are for a circular opening, 6 meters 

in diameter, a horseshoe opening, 5-5 meters high with a base width of 5.5 meters 

(yielding an area similar to that of the circular opening) and a power station 

opening, 30 meters high, 20 meters base width and ^5 meters wide at the base 

of the crown arch.  These openings and their dimensions were selected because 

they are both common and representative. 
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«4   ELEMENTS 
211    NOOAL POINTS 

FI6.2-!^ FINITE ELEMENT MESH FOR 
CIRCULAR OPENING  IN 
HOMOGENEOUS ROCK. 
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60    tLEMENrs 

181     NODAL  FONTS 

FIG.2-15 FINITE ELEMENT MESH  FOR 
HORSESHOE OPENING  IN 
HOMOGENEOUS ROCK. 
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FIG.2I6 FINITE ELEMENT MESH FOR 
POWER STATION OPENING IN 
HOMOGENEOUS ROCK. 
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CHA^PTER 3 

■ m    m 

STRESS-STRAIN BEHAVIOR OF ROCK 

The stress-strain behavior of many types of rock depends upon a number of 

factors including density, porosity, structure, degree of weathering, type 

and quality of cementing agent, st.-ess history, duration of loading, confining 

pressure, and shear stress.  In many cases it may be possible to take account 

of these factors by selecting rock specimens and testing conditions which simulate 

the anticipated field conditions.  But even when the rock specimens and test 

conditions are carefully selected to duplicate field conditions, it is commonly 

found that rock stress-strain behavior, over a wide range in stresses, is non- 

linear and dependent upon the magnitude of confining pressure. 

More often than not, only uniaxial compression tests are conducted and 

the values of modulus and Poisson's ratio, for use in subsequent analyses, are 

based upon the uniaxial results alone.  Therefore the studies described in this 

chapter were conducted: (1) to evaluate and summarize the available modulus and 

Poisson's ratio data for various rock types under uniaxial test conditions, 

(2) to examine the ranno of applicability, for rocks, of recently proposed 

methods of representing the nonlinear and stress-dependent values of modulus 

and Poisson's ratio of soils, (3) to evaluate and summarize the available 

nonlinear modulus and Poisson's ratio parameter values for various rock types 

under triaxial test conditions, and {k)   to provide guidelines for inter- 

relating these parameters and using them in analyses. 

Uniaxial Modulus and Poisson's Ratio Values 

In an effort to evaluate the modulus and Poisson's ratio values for rock 

types under uniaxial test conditions, an extensive literature survey was con- 

ducted to isolate these data.  The literature searched included the major rock 

mechanics journals, the international rock mechanics congresses, the U.S. and 

Canadian rock mechanics symposia, major Ph.D. dissertations and the reports of U.S. 

government agencies involved in rock mechanics work.  While this survey cannot be 

expected to be all-inclusive, it is felt that a very substantial percentage of 

the available data are included.  Furthermore, since data of this type are rarely 

presented it graphical form, it is unknown in most cases whether the modulus and 

Poisson's ratio values are initial tangent values, secant values or "best-fit" values 
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Fortunately, many types of rocks exhibit nearly linear behavior under uniaxial 

conditions to greater than 50% of failure, in which case the initial tangent, 

secant and "best-fit" values are identical. 

In all, data for uniaxial conditions alone were available for 154 

different types of rocks; inclusion of several conditions for a given rock 

type yielded a total of 163 values.  These data were grouped together genetically 

and were tabulated as shown in Tables 3-1 through 3-5.  Whenever sufficient data 

were available, the full description, density, specific gravity, porosity, 

modulus, Poisson's ratio, compressive strength and tensile strength were included. 

As can be seen, all of these data were not available for all of the rock types. 

On first impression it appears that there is a very wide scatter in the values 

of modulus and Poisson's ratio for these rock types.  Yet as shown in the 

summary in Table 3-6, the range is not that great.  Typically the maximum modulus 

values are in the range of 80 x I06 KN/m2 (116 x 106 psi) to 100 x 106 KN/m2 

(14.5 x 10 psi) while the minimum modulus values are in the ra-.ge of 1 x 10^ 

KN/m2  (0.14 x 106 psi) to 10 x I06 KN/m2 (1,45 x I06 psi).  The average values 

are in the range of 20 x 106KN/m2 (2,9 x 106 psi) to 60 x 106KN/m2 (8.7 x 106 psi) 

while the overall average for the 163 tests is 43-4 x 106KN/m2 (6.3 x 106 psi). 

Similarly, the maximum values of Poisson's ratio vary from 0.32 to 0.73 

(0.46 if the one dilatant value is excluded) while the minimum values vary from 

0.02 to 0.09.  The average values range only from 0.15 to 0.26 while the overall 

average for the 141 tests is 0.20. 

Little data were available on anisotropic properties under uniaxial conditions. 

The available data on two sandstones (SCU-7 and SCU-8) and one shale (SCU-24), 

however, indicate that anisotropy is relatively unimportant.  In fact, these 

values are close enough so that they are well within the range of material 

variation and test scatter. 

Nonlinear Stress-Dependent Modulus Relationship 

Recently, Duncan and Chang (1970) proposed a simple, practical stress-strain 

relationship for soils and demonstrated its applicability in use for a deep 

excavation in soil (Chang and Duncan, 1970).  This relationship was formulated 

from empirical nonlinear and stress-dependent relationships proposed previously 

and only includes parameters readily obtainable from conventional laboratory shear 

tests.  It is interesting to note that work presently near completion at 
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Note;  IKN/M . 1/100 BAR; 1/100 ATMOSPHERE; 1/100 TON/FT2; 1/100 KG/CM2; 1/7 PS I 

A - Test Results at 50S; of Failure 

TABLE 3-1     UNIAXIAL STRESS-STRAIN PARAMETERS FOR 

IGNEOUS (PLUTONIC) ROCK TYPES 
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A - Ti st Results at 50- of Failure 

TABLE 3-2 UNIAXIAL STRESS-STRAIN PARAMETERS FOR 

IGNEOUS (VOLCANIC) ROCK TYPES AND FOR 

METAMORPHIC (NON-FOLIATED) ROCK TYPES 
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ROCK 

NUMBER DESCRlPiION 

r   z » 
rsj ci m 

3D Z 
- m w» 

3   Z - 
sjci r- 

REFERENCE 

MFU-I 
MFU-2 
MFU-3 
MFU-'l 
HFU-5 
MFU-6 
HFU-7 
MFU-8 

HFU-9 
HFU-10 
HFU-11 

MFU-:2 
HFU-13 
MFU-U 
MFU-15 

MFU-16 

-16a 
-lob 

MFU-17 

HFU-18 

HFU-)9 

MFU-20 

MFU-21 

MFU-22 

MFU-23 

MFU-2'( 

MFU-25 

MFU-26 

MFU-27 

MFU-28 

EUCLIDE5 DA CUNHA 0AM GNEISS 
GRAHINHA DAM GNEISS 
C.T.A. QUARRY GNEISS 
JAGUARE OUARRY GNEISS 
CAMARUEIRO QUARRY GNEISS 
GNEISS 
GNEISS 
DWORSHAK GNEISS 
(MEDIUM TO FINE-GRAINED) 
(FOLIATION AT l<S0  TO CORE AXIS) 

D.E.R. OUARRY GRANITIC GNEISS 
EUCLIDES DA CUNHA DAM GRANITIC GNt(5S 
MONTEZUMA TUNNEL DIORITE GNEISS 
(HARD,MEDIUM TO COARSE-GRAINED) 

HIGMATITE 
MIGMATITE 
SCHIST 
FREMONT CANYON SCHIST 
(DENSE,VERY FINE-GRAINED) 

LUTHER FALLS SCHIST 
(MICACEOUS FOLIATION) 
(FOLIATION X TO CORE AXIS) 
(FOLIATION // TO CORE AXIS) 

MORROW POINT DAM QUARTZ MICA AUGEN SCHIST 
(HARD,MEDIUM-GRAINED) 

MORROW POINT DAM QUARTZ MICA SCHIST 
(MEDIUM TO COARSE-GRAINED) 

MORROW POINT DAM MUSCOVITE BIOTITE SCHIST 
(COARSE-GRAINED) 

MONTEZUMA TUNNEL BIOTITE SCHIST 
(HARD,MIXTURE OF SCHIST C PEGMATITE) 

MONTEZUMA TUNNEL BlOTITE-CHLORITE SCHIST 
(HARD,FINE-GRAINED) 

MONTEZUMA TUNNEL BIOTITE-SILLIMANITE SCHIST 
(MODERATELY HARD,MEDIUM TO FINE-GRAINED, 
SLIGHTLY ALTERED) 

MONTEZUMA TUNNEL BIOTITE-SILLI MAN ITE SCHIST 
(SOFT TO MODERATELY HARD,OUARTZ INJECTIONS) 

SLY PARK DAM QUARTZOSE SERICITE SCHIST 
("OROUS,MEDIUM-GRAINED) 

MORROW POINT DAM HORNBLENDE SCHIST 
(MEDIUM-GRAINED) 

SLY PARK DAM GRAPHITIC PHYLLITE 
(POROUS,FINE-GRAINED,SLIGHTLY TO MODERATELY 
WEATHERED) 

SLY PARK DAM QUARTZOSE PHYLLITE 
(POROUS,FINE-GRAINED,SLIGHTLY WEATHERED) 

SLY PARK OAM SERICITE PHYLLITE 
(POROUS,FINL-GRAI NED,MODERATELY WEATHERED) 
(FOLIATION AT 30° TO CORE AXIS) 

2.75 
2.63 
2.62 
2.70 
2.60 

2.79 
2.68 
2.65 

2.7'. 

2.81 
2.82 

2.79 
2.73 
2.70 
2.73 
2.63 

2.7't 
2.68 

2.86 

2.80 

2.72 

i.n 
2.83 

2.70 

2.71 

2.72 

2.71 

2.47 

2.7't 

2.35 

2.18 

2.3^ 

3.7 
3.1 
1.1 

2.2 
I.I 

3.7 

0.7 

2.0 

1.7 

0.8 

0.8 

1.0 

2.8 

II.« 

O.^ 

15.3 

22.»i 

17.^ 

78.1* 
76.3 
52.7 
78.3 
1)8.8 
M.\ 
n.h 

53.6A 

1)6.6 
81.7 

bSA 
80.0 
80.0 
3M 

69.0 

20.7* 
58.1A 

28.5 

8,20 

5.93 

39.8 

66.9 

21.2 

23.3 

8.62 

61.0 

9.1)5 

8.62 

17.3 

0.22 
0.27 
0.19 
0.21) 
O.iiO 
0.19 
0.19 

0,34' 
0.23 

0.09 
0.22 
0.17 
0.11 

0.19 

0.31 
0.18' 

0.06 

O.Ol) 

0.02 

0.05 

0.18 

0.09 

0.06 

O.ll) 

0.02 

132.4 
165.0 
105.6 
137.1 
93.6 

162.0 
88.8 
151.0 

81.. 5 

50.3 

6.89 

17.4 

55.2 
82.7 

107.5 

^.O 

24.9 

68.1 

78.3 

21.0 

19.9 

15.0 

198.7 

6.69 

9.38 

9.80 

0.55 
5.24 

IKN/M 1/100 BAR; 1/100 ATMOSPHERE; 1/100 TON/FT2; 1/100 KG/CM2; 1/7 P5I 

A - Test Results at 50^ of Failure 

TABLE 3-3     UNIAXIAL STRESS-STRAIN PARAMETERS FOR 

METAMORPHIC (FOLIATED) ROCK TYPES 

RUIZ (1966) 
RUIZ (1966) 
RUIZ (1966) 
RUIZ (1966) 
RUIZ (1966) 
GEYER t,  MYUNG (1970) 
GEYER 6 MYUNG (1970) 

MILLER (1965) 
RUIZ (1966) 
RUIZ (1966) 

BALMER (1953) 
GEYER 6 MYUNG (1970) 
GEYER 6 MYUNG (1970) 
JUDO (1969) 

NESBITT (I960) 

MILLER (1965) 

USBR (1965) 

USBR (1965) 

USBR (1965) 

BALMER (1953) 

BALMER (1953) 

BALMER (1953) 

BALMER (1953) 

BALMER (1953) 

USBR (1965) 

BALMER (1953) 

BALMER (1953) 

BALMER (1953) 
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ROCK 

NUMBER DESCRIPTION 

n m 
3 z 
O  — 

d C/l 

j» m 
< n 

-< — 
o 

o 
.—^ 30 
M O 

H 
■< 

? ig 
Z  O > 
^. C LO 
II 1 
NJ e — 

X  -Ö 
> o 
-i — 
— 1/) 
O i/> 
o 
z 

C
O
M
P
R
E
S
S
 

S
T
R
E
N
G
T
H
 

(KN/M
2
xll 

T
E
N
S
I
L
E
 

S
T
R
E
N
G
T
H
 

  ON 

u     — 
i   <: i 

Ul 
REFERENCE 

scu-i 
SCU-2 

BRECCIA 
CONGLOMERATE 

2.66 2.71 U.2 14.7 - 110.3 - JUDO (1969) 
SCll-3 SANDSTONE 

2.72 - 13.0 0.15 226.0 - JI'JD (1969) 
SCU-»! LONCMONT SANDSTONE 

2.22 
2.35 
2.32 

2.32 21.14 5.0 O.U 62.7 1.93 JUDD (1969) 

SCU-5 
SCU-6a 

B01UCATU SANDSTONE 
BUNTER SANDSTONE 

2.W 5.0 
16.6 

31.2 
22.8 

0.08 
0.11 

169.8 
76.1 : H05KINS 6 HORINO (1969) 

RUIZ (1966) 
-6b " 12.1 0.20 - - MORGENSTERN 6 PHUKAN (1966) 
-6c 
-6d 

- - 12.0 12.6 0.21 - _ 
- - 10.0 23.1 0.15 - - 

SCU-7 W.A.C. BENNETT N't SANDSTONE 
(HARD.CHERTY) 

15.3 12.5 0.18 " ■ 

-7a 
-7b 
-7c 

SCU-8 

(ALONG STRIKE) 
(ALONG DIP) 
(NORMAL TO BEDDING) 

W.A.C. BENNETT N5 SANDSTONE 
CiARO.CHERTY) 

- - - 
17.9 
16.5 
15.9 - 

136.5 
133.0 
122.0 - 

IMRIE S JORY (1968) 

-oa (ALONG STRIKE) 
-8b 
-8c 

SCU-9 

(ALONG DIP) 
(NORMAL TO BEDDING) 

BEREA SANDSTONE 

- - 
17.2 
15.2 
17.9 

- 
113.0 
129.6 
HO.O 

IMRIE t JORY (1968) 

SCU-10 
(MASSIVE,FINE-GRAINED,SLIGHTLY POROUS) 

CRAB ORCHARD SANDSTONE 
2.18 - - 19.3A 0.38A 73.8 1.17 MILLER (1965) 

scu-n 
(DENSE,FINE-GRAINED) 

NAVAJO SANDSTONE 
2.53 - - 39.2A 0.i,6A 2I1(.0 8.14 MILLER (1965) 

SCU-12 
(POROUS,MEDIUM TO FINE-GRAINED) 

ALCOVA POWER PLANT TENSLEEP SANDSTONE 
2.0? - - 15.3A 0.3IA 1(3.»1 1.2^ MILLER (1965) 

SCU-13 
scu-u 

(POROUS,FINE-GRAINED) 
SILTSTONE 
HACKENSACK SILTSTONE 

2.15 
2.33 
2.67 

13.8 
16.6 

19.1 
32.8 

0.11 
0.23 

72.4 
108.2 . 

BALMER (1953) 
JUDD (1969) 

SCU-15 
(DENSE,MASSIVE,CLAYEY,CEMENTED) 

MONTI CELLO DAM SILTSTONE 
2.59 - - 26.2A 0.22A 122.7 2.96 MILLER (1965) 

5CU-I6 
"■OROUS,FINE-GRAINED) 

GRAYWACKE 
- 2,50 

2.1(6 
2.66 

10.3 13.1 0.09 24.1 BALMER (1953) 
SCU-I7 
SCU-18 

SUBGRAYWACKE 
MONTICELLO DAM SUBGRAYWACKE 

- 
9.2 
3.3 

20.1 
33.1 

0.08 
0.08 

79.3 
80.0 

' JUDD (1969) 
JUDD (1969) 

SCU-19 
(POROUS,MASSIVE,COARSE-GRAINED) 

MONTICELLO DAM SUBGRAYWACKE 
- 2.l<6 10.3 11.1( 0.05 5^.5 - BALMER (1953) 

ISCU-20 
(POROUS,COARSE-GRAINED,SLIGHTLY WEATHERED) 

MONTICELLO DAM SUBGRAYWACKE 
- 2.itS 9.7 9.52 0.08 30.6 - BALMER (1953) 

SCU-21 
(POROUS,MASSIVE,FINE-GRAINED) 

MONTICELLO DAM SUBGRAYWACKE 
- 2.1(1 12.0 II.1| 0.07 ^8.3 - BALMER (1953) 

SCU-22 
(POROUS,MASSIVE,MEDIUM-GRAINED) 

MONTICELLO DAM SUBGRAYWACKE 
- 2,W 11.5 12.3 0.06 1(8.8 - BALMER (1953) 

5CU-23 
SCU-2'( 

(POROUS,MASSIVE,MEDIUM TO COARSE-GRAINED) 
SHALE 
W.A.C. BENNETT N5 SHALE 
(SILTY,RELATIVELY SOFT) 

2.21 
2.1(9 
2.59 

9.7 
16.2 

9.93 
21.9 

0.05 
0.18 

50.7 
67.6 2.1(1 

BALMER (1953) 
JUDD (1969) 

-ma 
-2kb 

(ALONG STRIKE) 
(ALONG DIP) 

- - - 38.6 
30.k 
36.5 

- 5li.lt 

81.3 
112.3 

- IMRIE C  JORY (1968) 

-lUc (NORMAL TO BEDDING) _ _ . 
SCU-25 MARBLE CANYON DAM CALCAREOUS SHALE 

i SCU-26 
(HARD,FINE-GRAINED) 

MARBLE CANYON DAM QUART20SE SHALE 
" 2.67 1.8 13.7 0.03 36.0 - BALMER (1953) 

i (HARD,LAMINATED) * 2.69 6.6 15.0 0.07 122.5 - BALMER (1953) 

Lote:  1KN/M = 1/100 BAR; 1/100 ATMOSPHERE; 1/100 IQNi'FT2; 1/100 KG/CM2; 1/7 PSI 

A - Test Results at 50^ of Failure 

TABLE 3-4     UNIAXIAL STRESS-STRAIN PARAMETERS FOR 

SEDIMENTARY (CLASTIC) ROCK TYPES 
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ROCK 

NUMBER DESCRIPTION 

o m 

r> — 
3  H 
w -< 

O to 

> m 
o 

*? O 
« l/l 

-i 

E
L
A
S
T
I
C
 

M
O
D
U
L
U
S
 

(
K
N
/
M
2
X
I
C
'
 

3D -a 
> o 
H — 
- tn 
o i/i o z 

iA 

T
E
N
S
I
L
E
 

S
T
R
E
N
G
T
H
 

(
K
N
/
H
2
x
l
O
'
 

C
O
M
P
R
E
S
S
H
 

S
T
R
E
N
G
T
H
 

(
K
N
/
M
2
x
l
O
'
 

REFERENCE 

5CHU-1 

c* w m Ul 

SOLENHOFEN LIMESTONE 
63.8A 0.29A (MASSIVE,VERY FINE-GRAINED) 2.62 - - 21,5.0 4.00 MILLER (1965) 

SCHU-2 LIMESTONE 2.67 2.90 11.5 ik.i 0.22 75.1 - JUDD (1969) 

5CHU-3 KANSAS LIMESTONE 2.10 - - 25.7 0.20 50.6 - H0SKIN5 t,  HORINO (1969) 

SCHU-1( TAQUARU5SU QUARRY LIMESTONE 2.7'» 2.79 2.0 82.4 0.33 90.7 - RUIZ (1966) 

5CHU-5 PERUS nUARRY LIMESTONE 2.72 2.75 1.2 hk.i, 0.23 62.9 - RUI7 (1969) 
SCHU-6 PIRAPORINHA QUARRY LIMESTONE 2.71 2.73 0.1. 90.0 0.28 67.6 - RUIZ (1969) 

SCHU-7 AEC NEVADA SITE LIMESTONE 

77.^ 0.26A (DENSE,FINE-GRAINED,STYLOLITE SEAMS) 2.70 2.72 0.5 77.1 8.34 STOWE (1969) 
5CHU-8 BEDFORD LIMESTONE 

28.5A 0.29A (POROUS,OOLITIC) 2.21 - - 51.0 1.58 MILLER (1965) 
SCHU-9 OZARK TAVERNALLE LIMESTONE 

55.6A 0.30A (DENSE,FINE-GRAINED) 2 65 - - 97.9 3.92 MILLER (1965) 
SCHU- 10 MARBLE CANYON DAM LIMESTONE 

(FINE-GRAINED,SLIGHTLY POROUS) - 2.71 J.ft 67.5 0.25 80.4 - BALMER (1953) 
scHu-n MARBLE CANYON DAM LIMESTONE 

(MEDIUM-GRAINED,MODERATELY POROUS) - 2.68 U 34.3 0.20 127.4 - BALMER (1953) 
SCHU-12 MARBLE CANYON DAM LIMESTONE 

(HIGHLY POROUS) 2.M 13.9 18.7 0.19 133.2 - BALMER (1953) 

SCHU-13 MARBLE CANYON DAM CHALCEDONIC LIMESTONE 
(HARD,FINE-GRAINED) - 2.60 S.h 57.9 0.21 107.4 - BALMER (1953) 

SCHU-H MARBLE CANYON DAM OOLITIC LIMESTONE 
(HARD,MEDIUM TO FINE-GRAINED) - 2.67 1.6 1(7.3 0.18 99.4 - BALMER (1953) 

5CHU-I5 MARBLE CANYON DAM STYLOLITIC LIMESTONE 

(MEDIUM TO FINE-GRAINED) - 2.73 3.9 1(1.6 0.16 79.6 - BALMER (1953) 
5CHU-I6 ENIWETOK REEF BRECCIA LIMESTONE 

(HARD,VERY POROUS,FINE-GRAINED) - 2.30 15.3 37.8 0.1b 34.2 - BALMER (1953) 

SCHU-17 ENIWETOK REEF BRECCIA LIMESTONE 

(VERY POROUS.FRIABLE) - 1.82 32.7 7.72 0.12 5.93 - BALMER (1953) 

|SCHU-l8 ENIWETOK REEF HEAD LIMESTONE 
(VERY POROUS,FRIABLE) - 1.79 36.0 20.2 0.24 21.2 - BALMER (1953) 

SCHU-19 MARLSTONE - 2.22 2.9 19.3 0.04 114.1« - JUDD (1969) 
SCHU-20 DOLOMITE - 2.62 5.8 It6,3 - 96.5 - JUDD (1969) 
;SCHU-2I CACUPE QUARRY DOLOMITE 2.83 2.81» 0.3 67.2 o. 14 102.9 - RUIZ (1966) 

ISCHU-22 DOLOMITE - 78.5 0.30 - - GEYER 6 MYUNG (1970) 

|5CHU-23 ONEOTA DOLOMITE 

'»B.S* 0.34A | (POROUS,MASSIVE,FINE-GRAINED) 2.115 - - 86.9 4.Ill MILLER (1965) 

JL-HU-2't LOCKPORT DOLOMITE 
(POROUS,MASSIVE,GRANULAR.VERY FINE- 

51.0A 0.34A GRAINED) 2.58 - - 90.3 3-03 MILLER (1965) 

SCHU-25 BONNE TERRE DOLOMITE 
66.2A 0.35A (DENSE,FINE-GRAINED) 2.6I( - - 151.7 5.03 MILLER (1965) 

lSCHII-26 ANHYDRITE - - - 75.8 0.27 - - GEYER t MYUNG (1970) 

.SCHU-27 DOMINION ROCK SALT - 2,20 - 4.65 35.6 - MUIR t COCHRANE (1966) 

SCHU-28 DOMINION ROCK SALT - 2.90 - 51.5 - 157.0 - MUIR 6 COCHRANE (1966) 

SCHU-29 DOMINION ROCK SALT - 2.71 - kk.J - 103.7 - MUIR t COCHRANE (1966) 

SCHU-30 DIAMOND CRYSTAL ROCK SALT 
itV 0.73* 1 

1 
(MASSIVE,COARSE-GRAINED) ^.16 - - 21.4 0.83 MILLER (1965) 

Itnte:     1KN/M2 •   1/100  BAR;   1/100 ATMOSPHERE;   1/100 TON/FT2;     1/100 KG/CM2;   1/7 PSI 

A - Test  Results  at  50'i of  Failure 

TABLE 3-5     UNIAXIAL STRESS-STRAIN PARAMETERS FOR 

SEDIMENTARY (CHEMICAL) ROCK TYPES 
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^~~\^   ROCK TYPE IGNEOUS HETAMORPHIC SEDIMENTARY 

1 

PARAMETER PLUTONIC VOLCANIC NON-FOLIATED FOLIATED CLASTIC CHEMICAL 

ALL 

NO. VALUES 20 111 9 11 10 |t| 78 
DENSITY 

(CH/CM3) 

MAXIMUM 3.06 2.92 2.71 2.82 2.66 2.83 3.06 
MINIMUM 2.35 1.60 2,58 2.60 2.02 2.10 1.60 
AVERAGE 2.71 2.1(0 2.67 2.71 2.32 2,56 2.57 

NO. VALUES 22 10 l| 21 17 20 9k 
SPECIFIC MAXIMUM 3.0»! 3.00 2.82 2.86 2.72 2.90 3.0l( 
CAVITY MINIMUM 2.50 \M 2.63 2.18 2.32 1.79 1.1(5 

AVERAGE 2.68 2.61 2.72 2.66 2.53 2.56 2.62 

NO. VALUES 22 10 1( 21 20 17 91( 
POROSITY MAXIMUM 9.6 1(2.5 1.9 22.1( 21.1( 36.0 1(2.5 

MINIMUM 0.3 2.7 0.9 O.A 1.8 0.3 0.3 
AVERAGE 2.3 10.6 1.3 M 11.3 8.3 6.6 

C0MPRE5SIVE NO. VALUES 31 17 9 21( 31 28 UO 
STRENGTH 

(KN/H2xl0'3) 

MAXIMUM 32^.0 355.0 320.0 198.7 226.0 21(5.0 355.0 
MINIMUM 1(8.8 3.65 62.0 6.69 2i|.1 5.93 3.65 
AVERAGE \k6.k 123.9 150.0 79.6 96.3 88.1 109.7 

NO. VALUES 10 6 5 ti 6 8 TENSILE 39 
STRENGTH MAXIMUM 12.2 IM 11.8 \7>k 8.1i( 1.3* 17.l( 

(KN/M2xl0"3) 
MINIMUM 2.6 1.17 1.17 0.55 1.17 0.83 0.55 
AVERAGE 9.1 9.0 5.6 7.5 3.0 3.9 6.5 

ELASTIC NO. VALUES <|0 17 12 29 35 30 163 
MODULUS, E 

(KN/M2xlO"6) 

MAXIMUM 9M 83.8 88.« 81.7 39.2 90.0 99.1( 
MINIMUM 7.8 1.2 35.9 5.9 5.0 k.C 1.2 
AVERAGE 56.6 38.1 59.6 1(7.0 19.3 «7.0 1(3.!( 

NO. VALUES 36 17 12 25 25 26 m 
POISSON'S MAXIMUM 0.39 0.32 0.1(0 0.1(0 0.1(6 0.73 0.73 

RATIO, v MINIMUM 0.05 0.09 0.08 0.02 0.03 O.OU 0.02 
AVERAGE 0.20 0.20 0.21 0.17 P.IS 0.26 0.20 

Note:  1 KN/M2 « 1/100 BAR; 1/100 ATMOSPHERE; 1/100 TON/FT2; 1/10U KG/CM2; 1/7 PS I 

TABLE 3-6     SUMMARY OF UNIAXIAL STRESS-STRAIN PARAMETERS 
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Duke University (Clough, 1971) has shown that this relationship very well 

models the stress-strain behavior of soils over virtually all stress and 

strain conditions to at least about 75%  of failure.  On the other hand, 

this same study showed that many other stress-strain relationships (i.e., 

non-linear elastic, elasto - plastic, empirical, etc.) had limited range of 

applicability.  Justification for these conclusions was obtained from 

controlled triaxial and plane strain shear tests, numerical analyses and 

X-ray observations of actual material behavior during shear.  Since soil 

and rock usually has similar stress-strain characteristics, it is expected 

that the same conclusions would hold for rock as well as for soil.  In the 

following sections, this stress-strain relationship is reviewed and its 

applicability to rock is discussed. 

a) Nonlineari ty 

The nonlinearity of the stress-strain curves was simulated using a 

hyperbolic relationship proposed by Kondner and his co-workers (Kondner, 1963; 

Kondner and Zelasko, 1963a and 1963b; Kondner and Horner, 1965).  In their 

approach, a nonlinear stress-strain curve is represented by a hyperbola of the 

form: 

(ai " ö3) ="i-rbr (3-1) 

in which   (a,   - o,)   is  the deviator  stress,   E     is  the axial   strain,  and a and b 

are parameters whose values are determined empirically.     A;   shown   in  Figure  3"1» 

these parameters are  the  reciprocals of  the  initial   slope   (initial   tangent 

modulus)   and   the asymptote  to  the stress-strain  curve. 

For  purposes  of  determining  the  values  of  the parameters a  and  b   't   is 

convenient  to  transform Equation  3-1   into  the  following   linear  form: 

(0|   - a.) 
= a + be (3-2) 

As shown in Figure 3-1, when the relationship is represented in this trans- 

formed manner, the parameters a and b are, respectively, the intercept and 

the slope of the straight line. 

The value of the asymptotic deviator stress, (a, - o.,)  , is always somewhat 

larger than the compressive strength or deviator stress at failure, (a, - o_),. 
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TYPICAL HYPERBOLIC STRESS-STRAIN CURVE 

ASYMPTOTE = ( Of-o^,, = l/b 

AXIAL  STRAIN,  €a 

i 

> 

TRANSFORMED   LINEAR   HYPERBOLIC  PLOT 

AXIAL   STRAIN, 

FIG. 3-1     TYPICAL HYPERBOLIC STRESS-STRAIN 
CURVE AND TRANSFORMED LINEAR 
HYPERBOLIC  PLOT, 
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These two values may be related as follows: 

(öl " Vf = Rf(ol " ^ult (3-3) 

in which Rf is a correlation factor called the "failure ratio", which always 

has a value less than unity.  The value of Rf, which is determined empirically 

by comparing the values of (o, - a^)f  and (a, - oj^, is a measure of how nearly 

the shape of the stress-strain curve may be approximated by a hyperbola.  Values 

of R^. equal to unity correspond to stress-strain curves of precisely hyperbolic 

shape, and smaller values to stress-strain curves of other shapes.  Values of 

R^ for a variety of different rocks have been found to be essentially independent 

of confining pressure. 

The curves shown in Figure 3-2 demonstrate the usefulness of this simole 

hyperbolic representation lor Cedar City Tonal ite.  The average value of the 

failure ratio for this rock is very low (0.32) indicating that the actual stress- 

strain curves are not close to hyperbolic in shape.  The hyperbolic curves, 

shown as dotted lines in Figure 3-2, would continue to much greater values of 

deviator stress than the actual compressive strength.  As further shown in Figure 

3-2, the hyperbolic representation is not employed for values of deviator 

stress exceeding the compressive strength; at larger strains, the curves are 

represented by nearly horizontal straight lines.  Because of numerical 

difficulties it is not possible at die present time to simulate a reduction 

in deviatbr stress beyond the peak in incremental finite element analyses of 

the type described herein.  However, it may be noted that the hyperbolae and 

straight lines provide a reasonable approximation of the stress-strain curves for 

the tonalite even though the failure ratio is very low.  Studies of the stress- 

strain curves for 115 different rock types and test orientations described in 

subsequent sections have demonstrated the suitability of this relationship for 

a wide range of rock types. 

b)  Stress-Dependency 

The stress-strain characteristics of rock commonly depends on the 

confining pressure.  As shown in Figure 3-2, the steer ess of the initial 

po-tion of the stress-strain curves and the strength values both increase with 

increasing magnitude of the confining pressure employed in the tests.  The 

influence of confining pressure on the stress-strain characteristics may be 

incorporated in the stress-strain relationship by relating the values of the 
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initial tangent modulus and strength with confining pressure. 

The variation of initial tangent modulus with confining pressure may 

be expressed very conveniently in the following form, suggested by Janbu (1963) 

E. - Kp (-^\ 
a ^ Pa ' 

(3-4) 

in which E. is the initial tangent modulus, o, is the minimum principal 

stress, p  it atmospheric pressure expressed in the same units as E. and 

a,, K is the modulus number, and n is the exponent determining the rate of 

variation of E. with a_: both K and n are pure numbers.  Values of the 
i      3 r 

parameters K and n may be determined readily from the results of a series 

of tests by plotting the values of E against o, on log-log scales and fitting 

a straight line to the data, as shown in Figure 3-3« The data shown in 

Figure 3-3 represent tests conducted on three different types of rock and in 

each case these data can be represented to a reasonable degree of accuracy by 

a straight line on a log-log plot. 

The relationship between compressive strength and confining pressure 

may be expressed in terms of the Mohr-Coulomb failure criterion as follows: 

(ol ■ ^f = 
2c coscj) + 2ö- sinq 

- sine 
(3-5) 

in which c and $ are the Mohi-Coulomb strength parameters. 

Equations 3-k  and 3-5.in combination with the previously described 

hyperbolic relationship, provide a means for relating stress to strain by 

means of the 5 parameters, K, n, c, $,   and R,. 

c) Tangent Modulus 

The nonlinear, stress-dependent stress-strain relationship discussed 

previously may be used very conveniently in incremental stress analyses, 

because it is possible to determine from this relationship the value of 

tangent modulus corresponding to any point on the stress-strain curve.  If the 

value of o, is assumed to be constant, the tangent modulus may be expressed 

in the form: 

Et = 

3 (o, -o3) 

3 E 

(3-6) 
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Performing the indicated differentiation on Equation 3-1 and substituting 

the parameters discussed previously, the tangent modulus may be expressed as: 

|V ^vj 
(3-7) 

Although this expression for the tangent modulus value could be employed 

in incremental stress analyses, it has one significant shortcoming: the value 

of tangent modulus, E , is related to the strain, which has a completely 

arbitrary reference state.  Because the reference state for strain is arbitrary, 

and because stresses may be calculated more accurately than strains in many 

rock mechanics problems, it seems logical to eliminate strain and express the 

tangent modulus in terms of the deviator stress.  The resulting equation for 

the tangent modulus is: 

Et = KPa e" o-^ Rc{]   -  sin<))) (o. 

2 c cost + 2a_ sln(Ji n* i 

(3-0) 

The usefulness of Equation 3-8 results from its simplicity with regard 

to two factors: 

(1) Because thr tangent modulus is expressed in terms of stresses 

only, and not strains, it may be employed for analyses of 

problems involving arbitrary initial stress conditions without 

any complications. 

(2) The parameters involved in this relationship may be determined 

readily from the results of conventional laboratory tests.  The 

amount of effort required to determine values of the parameters 

K, n, and Rf is not much greater than that required to determine 

values of c and ((>. 

To study the appl icabi 1 i t1) of this stress-strain relationship to various 

types of rock, and to determine values of the required parameters for these 

materials, a review of published stress-strain information has been made. The 
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results of this review are summarized in the following sections. 

Nonlinear Modulus Parameters Under Triaxia!  ondi tions 

In a manner similar to that discussed previously, an extensive literature 

survey was conducted to locate data on rock properties under triaxial test 

conditions.  In all, data were available for 87 different types of rocks; 

consideration of the data available for one rock type tested at several 

orientations yielded a total of 115 modulus values.  Since several stress-strain 

curves were analyzed to obtain each set of nonlinear modulus parameters, it can 

be seen that at least several hundred stress-strain curves were analyzed; in 

all cases, the empirical fit was good.  It should be noted that a least squares 

fit was employed in obtaining these values. 

These data were grouped together genetically and were tabulated as shown 

in Tables 3-7 through 3-10.  Whenever sufficient data were available, the 

full description, density, specific gravity, porosity, modulus number (K), 

exponent (n) , failure ratio (Rf) , cohesion (c), angle of friction U) and range 

of confining pressure were included.  As can be seen, all of these data were 

not available for all of the rock types- 

Examination of these data, a summary of which is shown In Table 3-11 

Indicates a number of general trends for the modulus parameters K, n and R : 

(1) Hard, crystalline or homogeneous rocks of low porosity tend to 

have high values of K and low values of n and Rf.  The low n 

value  indicates that the modulus is little affected by confining 

pressure while the low R, value indicates stress-strain curves 

which are close to being linear. 

(2) Porous, clastic or closely jointed rocks tend to have relatively 

low values of K and relatively high values of n and Rf, indicating 

substantial stress-dependency and nonlinearlty. 

(3) Anisotropie properties tend to be governed primarily by the value 

of K  while, for the most part, the values of n, Rf., c and 4,   tend 

to be quite consistent. 

(*0  Based upon the average values shown in Table 3-11, it can be seen 

that the average values of n and R, are fairly consistent with each 

other, while there is substantial variation in the K values. 
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o S O U-i ■D ^ Z 1  m-" 

x m c Z 1.1 
I'OCK 3 -. -i -n 

— oi o c; I  s/> -i m 3E  t/i - m 

NUMBER DESCRIPTION o H -< 1   v> z 
70 

X  0 — z 0 - 
1 0 

0 0 X      » — 0 
— m 2: -n 
0   tr> REFERENCE 

IPT-1 INADA BIOT1TE GRANITE 

IPT-2 
inT-3 

(MEDIUM-GRAINED) 
WESTERLY GRANITE 
STONE MT. GRANITE 

2.61 
2.61 

0.1. 988. 
5'.'.. 

0 
0.03 

0.72 55.2 "(7.7 0.1-98 
0.1-100. 

MOGI (liM.) 
BIRCH (1966) 

1 
1 IPT-I) 

(MEDIUM-GRAINED) 
AEC NEVADA SITE GRANITE 

2.61 2.66 0.2 63.2 11.19 0.18 55.1 51.0 0-68.9 SCHWARTZ (1961.) 

, IPT-5 
I 

(DENSE,COARSE-GRAINED.UNWEATHEREO) 
QUARTZ MONZONITE 

IMEDIliM-GRAINED.PORPHYRITIC) 

2.69 2.69 0.3 691.. 0.01 0.19 22.1 52.0 0-27.6 5T0WE (1969) 

l   -Db   (MUTUALLY PCHPEIIDICULAR AXES) 
-5c 

2.68 
2.69 

2.70 
2.69 

0.2 
0.2 

789. 
881.. 

0.01 
0.01 

0.26 
0.29 

36.9 
1.0.3 

53.0 
53.0 

0-20.7 
0-20.7 

OEKLOTZ 6 HECK (1965) 

2.68 2.68 0.2 878. 0.01 0.27 36.2 56.0 0-27.7 
1.0-9.3 

1 IPT-6  ACC NE'.MDA SITE QUARTZ HONZONITE 
1 IPT-7   UKICANE DIORITE 

2.66 - 0.2 822. -0.01 27.6 56.0 CORDING (1967) 

(VERY DENSE,ME0IUH-ORAINE0) 
IPT-a | ORIKAHf fJUARTZ DIORITE 

3.09 - 0.2 1101. 0 0.70 56.2 1.1.5 0.1-9R. MOGI (1961.) 

(FINE-CRAIIIEO) 
1 IPT-9   IWÜE-ISHI HÜRNBLCUDC PERIDOTITE 

2.78 - O.d 166.7 O.li. 0.62 176.0 23.8 18.-250. MOGI (1965) 

(MEDIUM-GRAINED) 
1 IPT-10 ' CEDAR CITY TONALITE 

3.16 - 0.02 690. 0  ,0.1.8 
i 

63.O 57.6 '8.-250. MOGI (1965) 

1 
1 

l 
i 

IPT-II 

  

(FRIABLE,MEDIUM TO FINE-GRAINED) 
OMEGA OIABASI 

* 2.60 
3.01. 

k.5 21.2. 
1027. 

0.03 
0.01 

0.32 
16.5 
88.2 

1.5.0 
31.0 | 

O-69. 
69.-2116 
0.1-100. 

SAUCIER (1969) 
BIRCH (1966) 

IVT-I 
IVT-2 

IVT-3 

IVT-« 

HOWARD PRAIRIE DAM BASALT 
■.EC NEVADA SITE BASALT 
(DENSE,FINE-GRAINED,UNUEATHERED) 

PANCUMA ANDESITE 
(CLOSELY JOINTEPI 

HONKOMfTSU AUOITE ANOESITE 

2.70 

2.82 

2.83 M 

756. 

286. 

1.7 

0.01 

0.0C 

1.15 

0.39 

0.68 

27.k 
66.2 

0 
3.72 

6V0 
31.0 
36.6 

33.1. 

0.1 - 100. 
0-3.1. 
3.'.-31..5 
0-6.5 
6.5-1.1.1. 

OIRCH (1966) 

5T0WE (1969) 

JAEGER (1969) 

1 

IVT-5 
1 IVT-6 
|IVT-7 

(DENSE,COARSE TO FINE-GRAINED) 
SHIROCHCÖA PYROXENE ANDESITE 
ShIROCMOBA PYÄOXENE ANDESITE 
SHINKOMATSU PYROXENE ANDESITE 

2.23 
2.08 
2.1.5 - 

9.9 
5.1 
5.1 

151..0 
269. 
23.2 

0 
0.03 
0.1.0 

0.80 
0.65 

0.27 

20.6 
36 1 
35.0 

28.2 

35.3 
39.5 

0.1-11.5. 
0.1-11.7. 
28.-130. 

MOGI (196M 
MOGI (1961.) 
MOGI (1965) 

IVT-fl 
(VERY PORIUS) 

MIZUHO TRACHYTE 
2.17 - 12.6 388. 0 0.55 72.'. 0 13.-100. MOGI (1965) 

I\;T-9 
(MA^SIVE.HOLOCRYSTALLINE) 

MIZUHO TRACHYTE 
2.24 - 8.5 1.3.0 0.26 0.55 56.0 18.'. 15.-200. MOGI (1965) 

i IVT-IO 
(MASSIVE,HOLOCRYSTALLINE) 

SAKU-ISHI ANDESITIC WELDED TUFF 
2.21. - 1.7 165.8 0.02 0.79 ?7.'. 27.7 0.1-11.7. MOGI (1961.) 

,  (POROUS) 
•  IVT-11  AO-ISHI DACITE PUMICE TUFF 

1.95 - 21.6 100.1. 0 0.23 25.0 0 10.-50. MOGI (1965) 

|  (DENSE,FJNELY LAMINATED) 
IVT-12 , TATSUYAMA DACITE PUMICE TUFF 

2.00 - 21..0 33.5 0 U.51. 176 IM 0.1-11.7. MCGI (1961.) 

. IVT-13 
(DENSE) 

OOYA-I5HI DACITE PUMICE TUFF 
2.23 - 11.2 21.1. o 0.62 38.7 28.5 0.1-11.7. MOGI (1961.) 

1 
; IVT-U 

(MASSIVE,SLIGHTLY ALTERED) 
TATSUYAMA DACITE PUMICE TUFF 

1.45 - 30.0 20.2 -0.08 0.57 2.6 15.5 0.1-11.7. MOGI (1961.) 

1IVT-15 
(DENSE,LAMINATED) 

AO-ISHI TUFF 
2.26 - 10.2 271.. 0 0.1.2 77.« 19.5 28.-200. MOGI (1965) 

iVT-16 
(MASSIVE,FINELY LAMINATED) 

AEC NEVADA SITE TUFF 
2.01 - 17.3 110.6 0.07 0.51 38.0 0.0 6.5-200. MOGI (1965) 

(FAIRLY WEI DED ASH,W-21.\%) 1.92 2.39 19.8 36.0 0.08 0.26 3.75 22.5 0-10.3 STOWE (1969) 

NotR: 1 KN/M    1/100 BAR; 1/100 ATMOSPHERE; 1/100 TON/FT2; 1/100 KG/CM2; 1/7 PSI 

TABLE 3-7     TRIAXIAL STRESS-STRAIN PARAMETERS FOR 

IGNEOUS (PLUTONIC AND VOLCANIC) ROCK TYPES 
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z ;TJ 0 J. 
N m z r 
t u> -n 0 

t  Nj 1^ — m 
K  C Z 
— 30 — 0 
0 n z -n REFERENCE 

^^ 0 M 

MFT-1   SCHI .1PSE GNEI55 
j (FINE-GRAINED) 
1 (XTO FOLIATION) 

MFT-,"  | SiHISTOSE GNEISS 
2.79 2.fiO 0.5 113I1. O.Oli 0.'l7 

20.7 
'16.9 

1(3.0 
28.0 

0-20.7 
20.7-70. DEKLOTZ ET AL (1965) 

| (30r 10 FOLIATION) 
MFT-3  MtTTAWEt SLATE 

- 2.75 1.9 281. 0.02 O.liO 14.8 27.6 0-69. DEKLOTZ ET AL (1966a) 

(FINE-GRAINED) 
(XTO FOLIATION) 

- - - J2.7 0.17 0.55 46.6 47.6 0-203. HANDIN t HAGER (1957) 

MFT-A TEXAJ SLATE 
(FINE-GRAINED) 

-lie 
-db 
•lit 
-ki 

-<(f 

-Ah 
-'.i 

-«j ■ 

(// TO FOLIATION) 
(10° TO FOLIATION) 
(20° TO FOLIATION) 
(30" TO FOLIATION) 
(1)0° TO FO .1 ATI Or,) 
(JO" TO FOLIATIOI ) 
(GO" TO FOLIATION) 
(70' TO FOLIATION) 
(80° TO FOLIATION) 
( X TO FOLIATION) 

_ 

: 

- 

 1 

166.2 
25«. 0 

15.1 
98.6 
116.6 
95.8 
50.5 
23.8 
50.6 
70.2 

0.17 
0.09 
O.S'i 
0.18 
0.\k 
0.18 
0.26 
0.36 
0.27 
0.28 

0.18 

0.33 
0.35 
0.68 
0.5.; 
0.-8 

0.59 
0.50 
0.46 
0.61 

60.7 

51.7 
29.0 
25.2 
35.2 
52.11 
53.8 
64.1 
67.0 
70.3 

J3.5 
23.5 
25.0 
21.0 
19.0 

15.0 
20.0 
22.5 
2'..7 
26.9 

S1-.5-276. 
34.5-276. 
34.5-276. 
34.5-276, 
34.5-276. 
34.5-276, 
34.5-276. 
34,5-276. 
34,5-276. 
3'-.5-276. 

McLAMORE (1966) 

MNFT-I SIOUX QUAITZITE 

j 
(FIME-GRAINED) 

HNfT-2  VAMADUCHI MARBLE 
- - - 360. 0.P6 0.57 70.6 48.0 0-203. HANDIN 6 HAGER (1957) 

MHFT-3 
(PURE.FII.E-GRAINED) 

MITO MARBLE 
2.62 - 0.3 538. 0 0.9i JO.4 29.2 0.1-147 MOGI (1964) 

1 
min-'i 

(LITTLE OUARTZ,MEDIUM-GRAINED) 
VAMAGUCm MARBLE 

2.69 - 0.2 730. 0 0.84 22.R 30.6 0.1-147, MOGI (1964) 

' HNFT-5 
(PURE,COARSE-GRAINED) 

WOHBEVAN MARBLE 
2.1.8! - 

1 
0.1 2 72. 0 0.83 22.2 27.8 0 1-147, MOGI (1964) 

(COAPSE-GRAIIIED) 
, MNrT-6  CARRARA MARBLE 
1 MNFT-7 1 CEOTGIA MARBLE 

(CALCITIC.VERY CENSE) 
MNFT-8 1 VDLE M/IRRLE 

2.69 2.76 0.3 

3*8, 
1173. 

39.5 

0 
0 

o.n 0.1)3 
0 

21.2 
60.0 

25.3 

0-100. 
0-320. 
0-5.6 

5.6-68.9 

PATERSON (1958) 
HEARD (1967) 

SCHWARTZ (1964) 

(MEDIUM-ORAINED) 
"NrT-3  YUIE MARBLE 

- - - 2^0. 0 - - - 0.1-1013. GRIGGS (1936) 

1  (MEDIUM-GRAINED) 

i    -9.1 
-9b 

MNFT-IO 

Hotel 

(XTO FOLIATION) 
(// TO FOUATlUN) 

CABRAMURRA SERPENTINE - 
- - 

512. 
287. 
585. 

0 
0 
0 

0.67 
0.92 

1.12 
14.6 

35.3 
36.4 

1-101. 

0-203. 
100.-500.j 

HANDIN f, HAGER (1957) 
HANOIN 6 HAGER (1957) 
RALEIGH c PATERSON (1965) 

1 PN/M2 > 1/100 BAR; 1/iOO ATMOSPH IRE; l MOO T( )N/FT ! ; 1/10 0 KG/CM 2; 1/7 PSI 

TABLE 3-8     TRIAXIAL STRESS-STRAIN PARAMETERS FOR 

METAMORPHIC (FOLIATED AND NON-FOLIATED) 

ROCK TYPES 
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3  H H -n -» 1 so c; ä - » X   — 

—  0 ö 0 > c: z 
— JO  — 0 

0 -< " -, 3D 0  z z -n O  m n -n 
1  0 REFERENCE 

•-'        O 

STOCKTOli SHALE BRECCIA 
  

(WAXY TO EARTHV) 2.1.8 - - 19.Jl 0.26 - 1.1)5 36-50 0. 1-12.14 OEKLOTZ ET AL (1966b) 
liCREA SANOSTCIIE 
(MEDlUM-GRAINEO,WELL-CEMENTED) - 2.66 18.2 '13.6 0.25 0.73 27.2 27.8 0-200. HANDIN ET AL (1963) 

WEEK'S ISLAND SANDSTONE 
(MASSIVE,HARD,FRIABLE,FINE- 
GRAINED,UEIL-CEHENTFO) - - 5.96 0.39 0.66 55.2 27.5 0-203. HANOIN t HAGER (1957) 

OIL CREEK SANDSTONE . 
(MASSIVE,VERY HARD,VERY FINE- 
GRAINED.ULLL-CEMENTEO) - - 161.8 0.07 O.lti 22.1 1)1).5 0-203. HANOIN t HAGER (1957) 

BARTLESVILLE SANDSTONE 
(MASSIVE,FINE-GRAINED,WELL-CEMENTED) - - 58.6 0.27 0.6<r 8.0 37.2 0-203. HANOIN t HAGER (1957) 

POTTSVILLE SANDSTONE 
(UNWEATHERED,/>LHOST PUPE SILICA) 2.28 2.6I| U.O 106.0 0.07 0.25 |l).9 1.5.2 0-68.9 SCHWARTZ (1961)) 

HOI St SANOSTONi 
(WtLL-CEMENTLD) 1.90 27.0 73.6 0. .2 . - . 1 .l)-3i).l) KING (1968) 

MA5E SANDSTONE 
(UNIFORM,MEDIUM-GRAINED) 2.69 0.9 135.'« 0.08 0.62 1)1.9 1)1.5 0.1-150. HOSHINO 6 KOIDE (1970) 

MUTENBERG SANDSTONE - 127.0 0.07 - - - 0-21,3. HEARD (1967) 
BARNES SANDSTONE 
(MASSIVE,FINE-GRAINED,WELL-CEMENTED) 
(// TO BEDDING) - M.O 0.07 0.60 P.6 ik.O 0-203. HANDIN C HAGER (1957) 
(J.TO BEDDING) - 62.1, 0.10 0.52 £.2 3l).0 0-203. 

REPETTO SILTSTONE 
(HARD,FISSILE,DRY) - 2.58 5.6 76.8 0 0.55 31).7 32.1 51.-203. HANOIN 6 HAGER (1957) 

REPETTO SILTSTONE 
(HARD,FISSILE,SATURATED) - 2.53 5.6 25.8 0. 16 0.72 3'). 7 32.1 0-200. HAND IN ET AL (1963)     1 

STOCKTON NORTHVIEW SHALE 
(DENSE,SILTY,FINE-GRAINED) 2.V/ - - 2.07 0.23 0.69 21.0 0.8-1).1 OEKLOTZ ET AL (1966b) 

STOCKTON SHALE 
(SOFT,WAXY) 2.38 - - ll.Ofi 0.08 - 0.3I) 22.0 0.8-1).1 DEKLOTZ ET AL (1966bl    1 

MUDDY SHALE 
(HARD,FliE-GRAIHED,DRY) - 2.67 4.7 3.57 0.1)3 O.36 35.1, 55.5 0-203. HANDIN t HAGER (1957) 

MUDDY SHALE 
(HARD,FINE-GRAINED,SATURATED) - 2.67 <i.7 85.6 0.01 O.36 38.1) II).1) 0-200. HANDIN ET AL (1963) 

'■5900 FOOT SANDS FORMATION" SHALE 
(HARD,FISSILE) - - - 9I1.6 0.12 0.78 21).7 23.8 0-203. HANOIN t HAGER (1957) 

EDMONTON CLAY SHALE 
(W-20/) " - - 0.18 0.80 0.55 0.1 28.0 0.1-0.8 SINCLAIR C BROOKER (1967) 

EDMONTON BENTONITIC SHALE j 
(W»30») _ - - 0.22 0.68 0.78 0.3 7.5 0.1-3.1 SINCLAIR E BROOKER (1967) 

GREEN RIVER SHALE 
(HARD,CALCAREOUS) 
(// TO BEDDING) - - 0.06 1.22 0.81) 0 46.6 0-203. HANDIN £, HAGER (1957) 
(J.TO BEDDING) - - 5^.9 0.11 0.81 21).9 22.6 0-203. 

GREEN RIVER 5HALE-I 1 
(F INE-CRAI NEC , BRITTLE,CALCI TIC f. 1 
DOH.HITIC,INTCRBEDDCD WITH KEROGEN) 

(// TO BEDDING) 
!I50 TO BEDDING) 

- - _ 131.2 

92.5 
0.10 0.66 
0.15 . O.fili 

73.1 
62.0 

29.0 
30.0 

6.9-172. 
6.9-172. 

HcLAMORF (1966) 

(20" TO BEDDING) - - 115.6 0.08 0.1)6 53.8 30.0 6.9-172. 
(30° TC BEDDING) - - - 85.0 0. U 0.50 l,l).l 30.5 6.9-172. 
CtS" TO BEDDING) - - . 97.9 0.12 0.57 55.8 30.5 6.9-172. 
(60" TO BEDDING) - - - 117.0 0.11 0.1)9 59.3 30.0 6.9-172. 
(75U TO BEDDING) - - - 61.8 0.21 0,1)5 59.3 30.5 6,9-172. 1 
(XTO BEDDING) - - 05.6 0.13 O.38 62.7 30.5 6.9-172. 

GREEN RIVER SHALE-2 
(FINE-GRAINE ),PLAST 1C,CALC1T1C t 
DOLOMITICINTERBEDOEO WITH KEROGEN) 
(// TO BEDDING) - - - 50.3 O.n: Q.6l( 1)1). 5 21.0 6.9-172. McLAMORE (1966) 
(10° TO BEDDING) - - - 67.3 O.Oli 0.7I) 1)1.1) 20.5 6.9-172. 
(20° TO BEDDING) - - - 56.5 0.07 0.75 3l).5 19.9 6.9-172. 
(30° TO BEDDING) - - - 29.9 0,11 0.63 29.0 18.0 6.9-172. i 
(W0 TO BEDDING) - - - 27.9 0.15 0.65 31.7 19.0 6.9-17:. 
(60° TO BEDDING) - - - 13.9 0.25 0.69 36.5 20.6 6.9-172. 
(XTO BEDDING) - - - 78.9 0.03 0.80 38.6 20.7 6.9-172. 

., J ..-   — . — . 

„nte:  I KN/M  ■ 1/100 BAR; 1/100 ATMOSPHERE: 1/100 TON/FT2; 1/100 KG/CM2, 1/7 PSI 

TABLE 3-9     TRIAXIAL STRESS-STRAIN PARAMETERS FOR 

SEDIMENTARY (CLASTIC) ROCK TYPES 

 — —- 
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 ___ 

ROCK 

IIUhBlH DESCRIPTION 

5CHT- 

5CHT- 

SCHT" 

SCHT- 

5CHT- 

SCHT-' 

5CHT- 

5CHT-; 

5CHT-1 

SCHT- 

SCHT 
SCHT 

u 
12 

SCHT 13 

SCHT- U 

SCHT- 15 

5CHT- 16 

5CHT- 17 

SCHT- 18 

I8,i 
-18b 

SCHT-19 

SCHT-20 

SCHT-21 

SCHT-22 I 

SCHT-23 I 

SCHT-2l| j 

DEVONIAN LIMESTONE 

(HETCROGENEOUS,COARSE-GRAINED) 
FUSSELMAN LIMESTONE 

(HETEROGENEOUS,COARSE-GRAINED) 
WOLF CAMP LIMESTONE 

(HETEROGENEOUS,FINE-GRAINED) 
MARIANNA LIMESTONE 
(MASSIVE,FRIABLE,DRV) 

MARIANNA LIMESTONE 

(MASSIVE.FRIABLE,SATURATED) 
WELLS STATION LIMESTONE 

(HETEROGENEOUS,FINE-GRAINED) 
SOLENHOFEN LIMESTONE 
(HOMOGENEOUS) 

SOLENHOFEN LIMESTONE 
(HOMOGENEOUS,AT 25° C ) 

LIMESTONE 
INDIANA LIMESTONE 

I  (OOLITIC) 

| CROWN POINT LIMESTONE 
AEC NEVADA SITE LIMESTONE 

,  (DENSE,FINE-GRAINED) 
' BLAIR DOLOMITE 

(HOMOGENEOUS,FINE-GRAINED) 
CLEAR FORK DOLOMITE 
(COARSE TO FINE-GRAINED) 

' FUSSELMAN DOLOMITE 

I  (HETEROGENEOUS,FINE-GRAINED,CALCITIC) 
CLORIETA DOLOMITE 

j  (HETEROGENEOUS,MEDIÜM-GRAINED,CALCITI 
I LUNING DOLOMITE 

(FINE-GRAINED,CALCITIC) 
] HAIMARK DOl 1MITE 

, (HOMOGENEOu-,DRV,COARSE-GRAINED) 
j  (// TO FOLIATION) 
I  (XTO FOLIATION) 
j HASMARK DOLOMITE 

(HOMOGENEOUS,COARSE-GRAINED,SATURATED 
STOCKTON DOLOMITE 6 DOLOMITE BRECCIA 
(CALCAREOUS,MEDIUM TO FINE-CRAINEO) 

STOCKTON DOLOMITE WITH SHALE SEAMS 
(LAMINATED) 

STOCKTON DOLOMITE WITH STVLOLITE5 
(CLAV-FILLED) 

CHALK (95* CaCO,) 

BLAINE ANHVORITE 
(FINE-GRAINED) 

2.20 

2.70 

2.56 

2.% 

2.56 
1.62 

3J T) 
> m 
< r» 

2.70 

2.70 

2.61. 

2.70 

2.72 

2.91 

2.91 

2.91 

2.72 

13.0 

13.0 

19.11 

0.5 

3.5 
3.5 

3.5 

1*0.0 

Z 2 ^ c o 
X   3 O 
—  03 C 

123.1 

63.3 

77.8 

107.5 

59.9 

'.55. 

315. 
5'.'.. 

M.S 

52.1 

7'.2. 

168.6 

196.5 

86.9 

60.5 

101.3 I 

176.2 
153.6 

88.0 

231.0 

56.6 

68.9 

0.13 

93.2 

0.12 

0.20 

0.28 

0 

0.09 

0 

0 

0.06 
0.02 

0.18 

0.25 

0.0 

0.16 

0.22 

0.26 

0.29 

0.21 

0.11 

0.13 

0.17 

0.02 

0.27 

0.32 
0.67 

0.10 

0.96 

0.60 

0.63 

0.1l< 

0.80 

20.6 

II.I 

23.6 

26.8 

12.6 

3 > 
— n 
r> r- 

0.5(. 

0.58 

0.33 

0.50 

0.39 

0.60 

O.T< 

0.88 

0.86 
0.81 

O.fil 

O.W 

0.78 

6.72 
29.6 
86.0 

l<i.5 

35.9 

73.1 

Ii8.li 

125.8 

[.3,, 

23.1 
».5.6 

22.8 

3.1.5 

0.69 

0.76 
0 

33.6 

32.7 

31.. 8 

26.1. 

37.6 

1.2.0 
7.0 

21.3 

W.O 

39-0 

35.0 

39.5 

35.0 

ik,0 

32.1 
30.6 

35.5 

61.0 

51.0 

56.0 
31.5 

23.k 

*   w -n ci 
^J iA — m 

x c: z 
— » — 0 
o m z -n REFERENCE 

0-203. 

0-203. 

0-203. 

0-203. 

0.3-'..'. 

20.6-98. 

0.1-1013 

0-500. 
0.1-100. 

0-9.6 
9.6-68.9 
20.-180. 

0-27.6 

0-203. 

0-203. 

0-203. 

0-203. 

0-203. 

101.-203 
0-203. 

0.8-5.9 

0.05-12.« 

O.li-n.l. 

O.8-I1.I 
10.-';0. 

HANDIN t HAC R (1957) 

HANDIN t HAGER (1957) 

HANDIN t HAGER (1957) 

HANDIN t HAGER (1957) 

HANOIN ET AL (1963) 

PATERSON (1958) 

GRIGGS (1936) 

HEARD (I960) 
BIRCH (1966) 

SCHWARTZ (196'.) 

OONATH (1970) 

STOWE (1969) 

HANOIN t HAGER (1957) 

HANDIN S HAGER (1957) 

HANOIN 6 HAGER (I957) 

HANOIN t HAGER (1957) 

HANOIN t   HAGER (1957) 

HANDIN t HAGER (1957) 

HANDIN ET AL (1963) 

DEKL0T2 ET AL (1966b) 

DEKL0T2 ET AL (1966b) 

DEKL0T2 ' T AL (1966b) 
OAVRE ET ,L (1970) 

0-203.    HANDIN t HAGER (1957) 

N0t«l  I KN/H    1/100 BAR; 1/100 ATMOSPHERE; 1/100 TON/FT2; 1/100 KG/CM2; 1/7 

TABLE 3-10     TRIAXIAL STRESS-STRAIN PARAMETERS FOR 

SEDIMENTARY (CHEMICAL) ROCK TYPES 
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^\^  ROCK TYPE IGNEOUS METAMORPHIC SEDIMENTARY 

ALL 

PARAMETER ^^^^ PLUTONIC VOLCANIC NON-FOLIATED FOLIATED CLASTIC CHEHICAL 

NO. VALUES 10 (8) 14 4 1 5 5 41 (39) 
DENSITY MAXIMUM 3.16 2.70 2.69 - 2.59 2.70 3.16 
(GM/CM3) MINIMUM 2.61 MB 2.48 - l,SO 1.62 1.45 

AVERAGE 2.76 2.I* 2.62 2.79 2.37 2.37 2.45 

SPECIFIC 

GRAVITY 

NO. VALUES 

MAX 1 MUH 

HIN!MUH 

8 (6) 

3.014 

2.60 

3 

2.83 

2.39 

' 2 

2.80 
, 75 

6 

2.67 

2.58 

9 (8) 

2.91 

2.64 

29 (26) 

3.04 

2.39 
AVERAGE 2.71 2.68 2.76 ^.78 2.63 2.77 2.72 

NO. VALUES 11 (9) U 4 2 8 8 (7) 47 (44) 

POROSITY 
HAXIHUH 

MINIMUM 

M 
0.02 

30.0 

I..6 

0.3 

0.1 

1.9 

0.5 

27.0 

0.9 

40.0 

0.5 

40.0 

0.02 

AVERAGE 0.7 13.5 0.2 1.2 10.1 12.0 8.0 

1 COHESION, c 

(KN/M2xl0'3) 

NO. VALUES 

MAXIMUM 

MINIMUM 

12 (9) 

176.0 

15.5 

17 (15) 

0.0 

8 (6) 

70.6 

0.0 

14 (4) 

70.3 

14.8 

35 (20) 

73.1 

0.0 

22 (20) 

85.0 

0.0 

108 (74) 

176.0 

0.0 

AVERAGE 56.1 32.2 22.9 45.7 31.7 26.3 34.5 

NO. VALUES 12 (9) 17 (15) 8 (6) 14 (4) 35 (20) 22 (20) 108 (7'*) 
ANGLE OF HAXIHUH 56.0 64.0 60.0 47.6 55.5 51.0 64.0 

FRICTION, ♦ MINIHUH 23.8 0.0 25.3 15.0 7.5 7.0 0.0 
AVERAGE <(5.6 24.7 36.6 27.3 29.2 35.9 32.0 

MODULUS NO. VALUES 13 (11) 16 11 (10) 13 (4) 37 (22) 25 (24) 115 (87) 
NUMBER, K HAXIHUH 1)01.0 756.0 730.0 434.0 161.8 742.0 1101.0 

( x I0"3 ) MINIMUM 63.2 1,4 39.5 23.8 0.1 1.0 0.1 
AVERAGE 683.9 181.4 398.5 134.9 62.2 185.4 216.5 

i NO. VALUES 13 (ID 16 11 (10) 13 (4) 37 (22) 25 (24) 115 (87) 

EXPONENT, n HAXIHUH 0.19 1.15 0.14 0.35 1.22 0.67 1.22 

MINIHUH -0.01 -0.08 0.00 0.02 0.00 0.00 -0.08 

AVERAGE 0.03 0.12 0.02 0.19 0.20 0.17 0.14 

NO. VALUES 10 (B) 15 7 (e) 13 (4) 32 (17) 18 (17) 95 (67) 

FAILURE HAXIHUH 0.72 0.80 0.92 0.6B 0.84 0.96 0.96 

; RATIO, R. MINIMUM 0.18 0.23 0.43 0.18 0.25 0.33 0.18 

AVERAGE 0.1)0 0.52 0.74 0.49 0.57 0.54 0.56 

Note:  I KN/H2 > I/IOO BAR; 1/100 ATMOSPHERE; 1/100 TON/FT2; 1/100 KG/CM2; 1/7 PSI 

Numbers in parentheses indicate number of different rock types. 

TABLE 3-11     SUMMARY OF TRIAXIAL STRESS-STRAIN PARAMETERS 
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These general relationships and trends may provide a useful context for 

interpreting the results of tests on other types of rocks and the average 

values of the parameters may be useful for generalized studies or for 

studies of a preliminary nature.  For example, since the average n and R^ 

values are fairly consistent, one could approximate the nonlinear, stress- 

dependent behavior of a given rock type for preliminary purposes with 

these vplues and the uniaxial modulus since the modulus at one atmosphere 

is equal to Kpa.  However, in view of the wide variation in the values 

of the stress-strain parameters, it may be concluded that values of these 

parameters for use in accurate analyses should be determined by conducting 

the appropriate tests on suitably selected and prepared rock specimens. 

Nonlinear Stress-Dependent Poisson's Ratio Relationship 

In a manner consistent with the definition of tangent modulus discussed 

previously, the tangent Poisson's ratio may be defined as the rate of variation 

of radial strain with axial strain under axial compression or: 

BE 
vt = 

(3-9) 
3 e 

in which vt is the tangent Poisson's ratio, E  is the radial strain and e 
i    • i r a 

is the axial strain.  Commonly it is found that the value of the tangent 

Poisson's ratio is nonlinear as well as stress-dependent.  Recently Kulhawy 

et al (1969) proposed a simple, practical Poisson's ratio relationship for 

soils and demonstrated its appiicabi1ity in soil mechanics problems. This 

relationship was also formulated from empirical nonlinear and stress-dependent 

relationships and only includes parameters readily obtainable from conventional 

laboratory shear tests with either radial or volumetric strain measurements. 

in the following sections, this relationship is reviewed and its applicability 

to rock is discussed. 

a)  Nonli neari ty 

Nonlinear relationships between axial and radial strains may be approximated 

by an empirical hyperbolic equation of the form: 

e 

Ca   f + de (3-10) 
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in which f and d are parameters whose values are determined empirically, 

if Equation 3-10 is rewritten as: 

— = f + de 
e
a 

(3-11) 

it may be noted that the parameter f is the value of the ratio e /e  at 
r a 

zero strain.  Thus the parameter f is equal to the value of tangent Poisson's 

ratio at zero strain, which herein is called the initial tangent Poisson's 

ratio, v..  The parameter d is the slope of the line represented by Equation 

3-11. 

A study of the behavior of a variety of rock types conducted during the 

course of this investigation has shown that the volume change characteristics 

of rocks may be represented to a reasonable degree of accuracy by the 

empirical relationship shown above.  For example, data derived from tests 

on Cedar City Tonalite are shown in Figure 3~h.     It should be noted that all 

of the curves for the different confining pressures are not presented in 

this figure because many were close to each other and overlapped. Neverthe- 

less, it can be seen that the hyperbolic and experimental curves are in good 

agreement. 

Although the empirical hyperbolic relationship may be used for any values 

of Poisson's ratio, conventional finite element analyses may presently only 

be performed for materials having values of Poisson's ratio less than one- 

half. Therefore, if the value of Poisson's ratio determined from the laboratory 

test results is greater than or equal to one-half, it Is necessary to assign 

a value slightly less than one-half for purposes of analysis. 

b)  Stress-Dependency 

As shown in Figure 3-h,   the variations of radial strain with axial strain 

depend on the value of confining pressure as well as the value of strain. 

Kulhawy et al (1969) found that the value of v. (initial tangent Poisson's ratio) 

tended to decrease with Increasing confining pressure, with the value of v 
. i 

being approximately linear with logarithm of confining pressure as shown below: 

o. 
v = G - F log  MO 

1 Pa 
(3-12) 
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——— 

in which G is the value of v. at a confining pressure of one atmosphere, 

a. is the minimum principal stress or confining pressure, p  is atmospheric 

pressure expressed in the same units as a.,, and F is a parameter whose 

value is determined empirically and which represents the rate of change of 

v. with increasing confining pressure.  Figure 3~5 shows th's variation 

for two types of rock, a sandstone and a basalt, from which it can be seen 

that these data can be represented to a reasonable degree of accuracy by a 

straight line. 

c)  Tangent Poisson's Ratio 

The relationships expressing nonlinearity and stress-dependency may be 

used to define a value of tangent Poisson's ratio for any state of stress. 

According to Equation 3-9, which defines the tangent Poisson's ratio: 

3e 
(3-13) 

dt 

By performing   the   indicated  differentiation on  Equation   3-10,   the   tangent 

Poisson's   ratio may be expressed as: 

vt = TT^dTP (3-1^) 

As  shown  previously,   the parameter  f   is  equal   to v.,   the  value of  tangent 

Poisson's   ratio at  zero strain,  which   is   related  to confining pressure as 

shown  by Equation  3-12.   Substituting  Equation  3-12 into Equation  3-1^  results 

i.i  the  following expression: 

R  -   F   log   (03/pa) 
(3-15) 

(I d^' 

The axial strain may be eliminated from Equation 3-15 by expressing this 

strain in terms of the stresses and stress-strain parameters, using 

Equation 3"I as follows: 
(o. 03) 

Kpa(-1) 
ra 

[,       Rf(0l   ' 0 

|_ 2c  cos + 

) (I   -  sincfi )' 
(3-16) 

2o-  si nif 
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When   this  equation   is   substituted   into  Equation   3-15,   the   tangent  Poisson's 

ratio may be expressed as: 

G  - 

dT^ 

F   log   (o3/pa) 

03T ■^ (3-17) 

0,    nr         R   (o.   -  a   ) (1   -  sincf)) 
KpJ-1)     ||--LJ 3 1 

This expression contains eight parameters:  The five modulus parameters K, 

n, c, <K and Rf; and three additional parameters G, F, and d. The values of 

all of these parameters may be determined from the results of a series 

of triaxial or plane strain compression tests with volume change or radial 

strain measurements.  Studies conducted to determine value., of these para- 

meters for various rock types are described in the following section. 

Nonlinear Poisson's Ratio Parameters Under Triaxial Conditions 

Very little data were available in the literature which could be 

employed to obtain the t.onlinear and stress-dependent Poisson's ratio para- 

meters discussed above. Table 3-12 shows these parameters for the eight rock 

types available.  Since one of these rock types had data available for three 

test orientations, a total of 10 sets of parameters were obtained. Maximum, 

minimum and average values of these parameters are shown in Table 3-13. 

Analysis of these limited data shows that the variation in the values of d 

are relatively small, indicating that the rate of increase of Poisson's ratio 

with strain or stress level is similar for these rock types. The values of F 

rangt from -0.05 to 0.05 indicating that the initial tangent Poisson's 

ratio values may either decrease or increase 0.05 per log cycle of stress  a 

factor which may or may not be significant depending upon the magnitude of 

stress changes in a given field problem.  However, six of the ten values 

showed that there is little, if any, change of Poisson's ratio with confining 

pressure. The largest and most significant variations occurred in the values 

of G, the initial tangent Poisson's ratio at one atmosphere. These values 

varied from 0.11 to 0.30, but it is interesting to note that the average of 

these values, 0.20, is the same average obtained for Poisson's ratio under 

uniaxial test conditions.  Furthermore the data for the quartz monzonite 

indicates that, at least for this rock, anisotropy of the Poisson's ratio para- 

meters is relatively insignificant. 
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NUMBER 
PARAMETER OF 

VALUES 
MAXIMUM MINIMUM AVERAGE 

G 10 0.30 0.11 0.20 

F 10 0.05 -0.05 0.00 

d 9 194. 62. 115. 

TABLE 3-13     SUMMARY OF NONLINEAR TRIAXIAL 
POISSON'S RATIO PARAMETERS 
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CHAPTER k 

ANALYSIS OF OPENINGS IN HOMOGENEOUS ROCK MASSES 

Some types of rock masses may be treated as homogeneous cont.nua from the 

standpoint of analyzing the response of the mass caused by making an underground 

opening.  The rock masses commonly in this category are those composed of massive, 

competent units in which prominent discontinuities are infrequent and do not inter- 

sect the opening or pass near it. and, on occasion, those masses which are intensely 

fractured to the extent that they may be statistically homogeneous. The response 

of rock masses falling into these categories may be adequately evaluated in many 

cases by using any of a number of closed form mathematical solutions covered in 

many textbooks.  (For example, see Obert and Duvall, 196?).  Virtually all of 

these solutions are based upon linear elasticity and, because of mathematical com- 

plexities, are for smooth opening shapes in which there are no corners and for 

initial stresses which are constant with depth.  Because of these limitations, 

other opening shapes or in-situ conditions must be analyzed by methods such as 

photo-elastic experimental methods or finite element numerical methods. 

Therefore, the studies presented in this chapter were conducted to evaluate 

the behavior of underground openings in homogeneous rock masses for conditions 

generally unavailable in closed form, to identify the significance of the key 

parameters controlling the behavior of an opening, and to provide a reference 

base for later comparison of the behavior of openings in homogeneous rock with 

those in rock containing a single planar discontinuity. 

Finite Element Idealization 

The finite element meshes employed in the studies conducted for this chapter 

are shown in Figures If-l and k-1  and in Figures 2-\k   through 2-16 shown previously. 

All of these meshes satisfy the criteria for mesh design discussed in Chapter 2. 

Quarter, half and full meshes were used for the circular opening analyses depending 

upon the symmetry of the cases analyzed.  Somewhat more detailed results were sub- 

sequently obtained for the quarter mesh analyses than the half mesh analyses which 

in turn were more detailed than the full mesh analyses. 

Excavations were mainly simulated in .ne step in these analyses although two 

forms of three step excavation, as shown in Figure ^-3, were simulated as well. 

Slight variations from straight lines were made in the three step excavation meshes 

to facilitate mesh design.  Unless otherwise noted, the results to be discussed sub- 

sequently in this chapter are based upon one step excavation. 
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30  ELEMENTS 
154  NODAL   POINTS 

~      Drcr0   0   t   ö   6   6—6 6- o i 

FIG. 4-1  FINITE   ELEMENT MESH   FOP 
CIRCULAR  OPENING  IN 
HOMOGENEOUS   ROCK • QUARTER   MESH 
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272    ELEMENTS 

285   NODAL   POINTS 

FIG. 4-2 FINITE ELEMENT MESH FOR CIRCULAR OPENING 
IN HOMOGENEOUS ROCK - FULL MESH 
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I    STEP 

EXCAVATION 

3    STEP 

HORIZONTAL 

EXCAVATION 

3   STEP 

VERTICAL 

EXCAVATION 

FI6.  4-3   EXCAVATION  SEQUENCES EMPLOYED 
FOR ANALYSES OF CIRCULAR 0PENIN3 
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Linear Material   Properties 

The theoretical   solutions  show that  the stresses occurring around an opening 

are   independent of Poisson's  ratio,  but  in the finite element method,  the stresses 

are dependent upon Poisson's  ratio.     To evaluate  the magnitude of  these effects, 

analyses were conducted with constant   initial   stresses and with  Poisson's  ratio 

varying  from 0.10 to O.kQ,  the  typical   bounding values  found   in  Chapter 3.    No 

analyses were conducted  to evaluate modulus effects  because  the displacements are 

inversely proportional   to the modulus. 

The stresses computed  for  these  two bounding cases are  shown   in  Figures k-k 

and  k-S,  plotted on a dimensionless  basis with  rc'pect  to the   initial  maximum 

principal   stress   (a..).     In  these  and  subsequent  figures,   K represents the  initial 

principal   stress  ratio, -fl   and  9  represents the orientation of  the  initial  mini- 

mum principal   stress,  o.,  measured  counterclockwise  from horizontal.     Figure k-k 

shows  that  the maximum principal   stresses which  result are   little affected by 

variations   in Poisson's  ratio.     Around  the opening,   the stresses  are virtually 

unaffected;  at  some depth beyond  the opening the values with v = 0.1  are 5% to  ]0% 

higher  than those with v = O.k.     Figure 4-5 shows  that  the minimu , principal 

stresses are consistently  lowe- when a higher value of Poisson's  ratio  is used. 

These  results occur because  the  changes   In minimum principal   stress caused by 

excavation are greater with a higher value of Poisson's  ratio,   resulting  in  lower 

final   stress values.    Although  there are differencfts,   it  should  be noted that   in 

all   cases the differences are  relatively small,  particularly around the opening. 

The displacements of t|ie opening  face are  shown   in  Figure  ^-6  ♦•'or these two 

cases  along with  those  from an   intermediate value of Poisson's   ratio equal  to 0.25. 

These values have been made dimensionless with  respect  to the modulus   (E), opening 

radius   (R),  and   initial  maximum principal   stress   (a..)   for ea;e   in comparison. 

This  figure shows  that  the  largest  crown and  invert movements occur with the 

smallest value of Poisson's  ratio,   but  that  the differences   in  the three cases 

analyzed are quite small.     Springline movements differ more  and   range from movemant 

towaM  the opening center with a  high value of Poisson's  ratio  to movement away  from 

the opening center with a  low value of Poisson's  ratio.    This  form of movement 

occurs  because there   is more horizontal   stress  release from excavation for higher 

values of Poisson's  ratio and  subsequently the springline movements will  be greater 

while  the crown and   invert movements will   be  less. 

*  -  K values   representing  the stress   ratio are always  S|. 
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INITIAL  STRESSES 
cr,, = 3.45 MN/m2 

(«500 psi) 

o-3i= 1.15 MN/m" 

v = 0.1 

v = 0.4 

FI6. 4-4 CONTOURS OF op/^   FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK. K« 1/3,G-O0 

(VARIABLE POISSON'S RATIO) 
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TRESSES 
= 3.45 MN/m2 

(-500 psi) 

—)    or3i= 1.15 MN/m2 

v = 0.1 

1/ = 0.4 

FIG. 4-5 CONTOURS OF oj/o^  FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK , K« 1/3,G-O' 
(VARIABLE POISSON'S RATIO) 
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ORIGINAL OPENING SHAPE 

INITIAL   STRESSES 
cr..= 3.45MN/m2 

(«500 psi) 

-^-|    <r3.= |.l5MN/m2 

DISPLACEMENT   SCALE 

0       I       2    _li. 
oj.R 

v =0.10 

j/=0.25 

v=0.40 —+—+- 

FI6. 4-6    DISPLACEMENTS OF CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK,K« 1/3,9«0° 
(VARIABLE POISSON'S RATIO) 
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The   results of these cases  indicate  that, although  the Poisson effects 

are  relatively small,  any analyses  should  be conducted with  representative 

values of Poisson's  ratio;  these values may be estimated from those  presented 

in Chapter  3.     For purposes of subsequent  analyses,  the   intermediate  value of 

v = C.25 was  selected,  but   it should  be  remembered  that  the results  are not 

independent of variations   in Poisson's  ratio. 

Gravity  Stresses 

The available  theoretical   solutions  are based u^on a  rock mass   in which 

the  initial   stresses are constant with depth.    This  stress state   is  compatible 

with deep openings,  but not with shallow openings.    To evaluate  the  depth effect, 

several   analyses were conducted simulating  the  initial   stress conditions   in  the 

center of  the opening for depths  ranging  from  100  feet  to 1000 feet.     Gravity 

loading  vertically was  taken  to be at   the equivalent  rate of one  psi   per foot of 

depth and  Poisson's  ratio of 0.25 was  used.     To minimize the parameters   to be 

compared,   the   initial  minimum principal   stresses were set equal   to zero so that 

only the   initial  maximum principal   stresses would vary significantly with depth. 

The computed dimensionless ^1/0^   values are shown   in Figures k-7  through 

^4-10.     These  figures  show that  the  stresses  along  the opening boundary are  little 

affected  by variations   in  the  initial   gravity stress conditions.     But  at more 

than about one  radius,  the  stress distribution   is greatly affected with  sub- 

stantially  higher stresses   in the  region  below the opening.    Comparing  these 

figures with  Figure 4-11,   in which  the   initial   stresses  are constant with depth, 

it can  be  seen  that  the values of 0.   for  gravity  loading are very  similar and 

differ  by   less  than  10% for depths greater  than about  500 feet.    At  depths 

shallower  than  this,  the values differ  by  progressively  larger amount?,   indicating 

that gravity   initial   stresses should  be   included   in the analysis. 

Figures  4-12 and 4-13 show the dimensionless o./a..   values  for gravity and 

constant   initial   stresses  from which   it can  be seen that  the final   o  /a.     values 
3     1 1 

are essentially the same when  K = 0.     It  should be noted  that  Figure 4-12   is 

representative of the  results  from the  four gravity stress solutions. 

Figure 4-14 shows  the dimensionless  displacements  for the gravity  and constant 

initial   stress  solutions and   it can  be  seen  that  the displacements  are essentially 

the same at  depths greater than about  500  feet. 
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MID - HEIGHT 
INITIAL STRESSES 

o;. = 0.69 MN/hfi2 

(«100 psi) 

^|    (r3i-0.0 

VARIABLE   WITH   DEPTH 

v* 0.25 

y= 0.0226 MN/m3 

(«Ipsi/ft) 

RG. 4-7    CONTOURS OF or/or,  FO« CIRCULAR OPENIMG ii 
IN HOMOGENEOUS LINEAR ROCK . K=0 . 9=0° 
(GRAVITY STRESSES, 100 FOOT DEEP) 
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MID-HEIGHT 
INITIAL STRESSES 

o:, = 2.07 MN/m2 

(«300psi) 

—1    <y»i= 0.0 

VARIABLE    WITH   DEPTH 

= 0.25 

= 0.0226 MN/m3 

(~l psi/ft) 

FI6. 4-8 CONTOURS OF O; /O^ FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK , K »0 , 9 «0° 
(GRAVITY STRESSES.300 FOOT DEEP) 
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MID-HEIGHT 
INITIAL STRESSES 

or,. = 3.45 MN/m2 

(«500 psi) 

-)   wo.o 

VARIABLE WITH  DEPTH 

0.25 
0.0226 MN/m» 
(^ I psl/ft) 

FI6. 4-9    CONTOURS OF or/a, FOR CIRCULAR OPENING u 
IN HOMOGENEOUS LINEAR ROCK, K>0 .O'O0 

(GRAVITY STRESSES, 500 FOOT DEEP) 
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MID-HEIGHT 
INITIAL STRESSES 

^ = 6.90 MN/m« 
(»1000 psi) 

(r3|. o.o 

VARIABLC WITH  DEPTH 

0.25 

0.0226 MN/m5 

(ÄlpsJ/ft) 

06.4-10 CONTOURS OF a;/a{l FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK, K«0 , 9-0° 
(GRAVITY STRESSES, 1000 FOOT DEEP) 
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INITIAL STRESSES 
^,= 3.45 MN/m8 

(sSOOpsi) 

l/= 0.25 

RG. 4-11 CONTOURS OFC^/Ofj FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK v K-O ,6-0° 
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MID-HEIGHT 
INITIAL STRESSES 

% = 3.45 MN/m* 
(a»500psi) 

OTj. = 0.0 

VARIABLE  WITH   DEPTH 

V  = 0.25 

X = 0.0226 MN/m5 

Mpsi/ft) 

TO. 4-12 CONTOURS OFcg/ofj FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK, K«0 , e>0* 
(GRAVITY STRESSES, 500 FOOT DEEP) 
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-0.6 

STRESSES 

= 3.45 MN/m2 

NSOOpsi) 

^ = o.o 

v = 0.25 

FIG. 4-13    CONTOURS OF^A^ FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK,K«0 .G-O0 
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ORIGINAL OPENING  SHAPE 

MID-HEIGHT 
INITIAL  STRESSES 

^i 

VARIES   WITH   DEPTH 
FOR   CASES    2-5 

y =0.0226 MN/mi3 

(*lpsl/ft) 

1/ =0.25 

DISPLACEMENT  SCALE 

SE 

I I I 
oi.R 

CASE 1 2 3 4         1          5 
SYMBOL — ♦ — ♦ —   APPROX. EQUAL TO 1 
DEPTH   (FEET) ALL 100 300 500 1000 

a;,     (MN/m2) ALL 0.69 2.07 3.45 6.90 
«r3i    (MN/m2) 0.0 0.0 0.0 0.0 0.0 

FI6. 4-14   DISPLACEMENTS OF CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCKtK-0,e>Oa 

(GRAVITY AND CONSTANT INITIAL STRESSES) 
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Varying Initial Stresses and Orientations 

The magn'tudes and orientations of the in-situ stresses found in rock 

masses vary over a wide range.  In columnar basalts, the lateral stresses may 

approach zero while in major tectonic belts the lateral stresses may be two or 

more times the vertical stresses. To investigate the effect of these variable 

initial stress conditions, several analyses were conducted in which the ratio 

of horizontal to vertical initial stress varied from zero to two; the vertical 

stresses were held constant at 3.^5 MN/m2 («500 psl) and a Poisson's ratio of 

0.25 was used. 

Figures k-\5  through 4-18 show the results of these solutions. Since the 

initial stresses are constant with depth, two symmetry planes develop and sub- 

sequently it is only necessary to show a quarter circle representation of the 

stresses.  These figures show that, except for the Isotropie case, the dimension- 

less a, contours are similar in form, but that the maximum stress concentration 

occurs in the same plane as the initial minimum principal stress, a  ..  These 

figures also show that slightly greater stress concentrations occur with lower 

K values. 

The variations in the dimensionless a^  contours are much more pronounced. 

The resulting values range from large tension values to relatively high com- 

pression values, with the largest compression values occurring for the highest 

K values.  It can be seen that tension only occurs when the K value is less than 

1/3, a value less than that which is normally found in-situ. 

The dimensionless displacements for these four cases are shown on Figure 

4-19 which shows that face movements are greatly affected by the initial stress 

values. The inward movements of the crown and Invert increase proportionately 

as the ratio of horizontal to vertical stresses decreases. Wall movements vary 

in an inverse manner, with the greatest inward movement occurring when the hori- 

zontal stresses are greatest.  Essentially no wall movement occurs when 0H/a = 

1/3 and outward movement occurs when 0H/a  is less than 1/3. 

When the initial stresses are oriented at angles other than horizontal or 

vertical, the solutions just presented can be used by rotating the axes to 

correspond to the orientation of the oblique initial stresses.  However, this 

procedure is only applicable when homogeneous, linear, elastic, Isotropie 

materials are considered and when the initial stresses are constant with depth. 

For other conditions an appropriate analysis must be conducted.  It should be 
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^/^i 

^/^i 

INITIAL  STRESSES 
o;, = 3.45 MN/m2 

©(«SOOpsi) 

—1   <vo.o 

»^ = 0.^5 

F». 4-85    STRESS CONTOURS  FOR   CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR  ROCK .K'O ,9-0° 
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(r/a. 

Ol^i 

STRESSES 
. = 3.45 MN/m2 

(«500 psi) 

— |    0-3.= 1.15 MN/m2 

v = 0.25 

RG. 4-16   STRESS CONTOURS FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK t K-1/3 »O-O0 
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Oj/o;, 

Oi/OT. 

STRESSES 

3.45 MN/m2 

(»500 pti) 

<T3is 3.45 MN/m2 

V =0.25 

FI6.4-I7   STRESS  CONTOURS  FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR   ROCK, K-l te«0o 
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«TT/O:, 

^/^•i 

STRESSES 
3.45 MN/m2 

(»SOOpsi) 

O'ii = 6.90 MN/m2 

^ = 0.25 

F». 4-18   STRESS CONTOURS FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK,K-l/2,e«90» 
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ORIGINAL OPENING  SHAPE 

INITIAL  STRESSES 

o-v = 3.45MN/m2 

©t=500p8i) 

v =0.25 

DISPLACEMENT  SCALE 

8E 
5^ 

CASE 1 2 3 4 

SYMBOL — . — — — + — + — -*—x — 

VOv 0 1/3 1 2 

FIG. 4-19 DISPLACEMENTS OF CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK 
(VARIABLE INITIAL STRESSES) 
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noted that, in terms of finite element analyses, when the initial stresses 

are oblique, a full circular mesh such as that shown in Figure h-2  must be 

employed.  If a half circle mesh such as that shown in Figure 2-U is used, 

the results will be in error because the modeled system is unsymmetrical with 

regard to the initial stresses and subsequently the boundary conditions will 

adversely affect the results. 

A typical example showing the results when the initial stresses are 

oriented at hS0  is shown in Figures k-2Q  and ^-21.  This solution is com- 

parable to that shown in Figure ^-16 with the only difference being the initial 

stress orientation.  The contours obtained from the full mesh are slightly 

different because the full mesh has 272 elements while the quarter mesh has 

130 elements, or an equivalent 520 element full mesh; subsequently the full 

mesh accuracy is slightly less than that for the quarter mesh. 

To determine whether the 500 foot depth criteria for gravity and constant 

initial stress compatibility would still be applicable for oblique initial 

stress orientations, an analysis was conducted under gravity loading for the 

same case shown in Figures 4-20 and k-2].     Figures 4-22 and 4-23 show the results 

of this analysis. Comparison of the two cases shows that the stresses are 

essentially the same around the opening, but that there are small differences at 

more than about two to three radii from the opening center.  However, these 

differences are generally less than ]0%  so it may be said that, from a practical 

standpoint, the 500 foot depth compatibility criteria is also applicable for 

oblique initial stress orientations. 

Opening Shape 

To determine the effect of opening shape on the resulting stresses and 

displacements, a series of analyses were conducted on typical horseshoe and power 

station opening shapes.  The horseshoe opening is 5.5 meters high with a base of 

5.5 meters and the power station opening is 30 meters high, 20 meters base width 

and 25 meters wide at the base of the crown arch.  The finite element meshes for 

these two openings are shown in Figures 2-15 and 2-16.  The values used in these 

analyses were: Poisson's ratio = 0.25, initial vertical stress = 3.45 MN/m2, and 

initial horizontal stresses = 1/3, 1 and 2 times the initial vertical stress, 

a)  Horseshoe Opening 

Figures 4-24 through 4-26 show the dimensionless a, values for the horseshoe 

opening with the three Initial stress conditions.  These figures show that the 
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INITIAL  STRESSES 
o-. = 3.45 MN/m2 

/C^ 
(»500psi) 

N. ^?|   cr5i= l.l5MN/m2 

1/ =0.25 

FIG. 4-20 CONTOURS OF (J{/au FOR  CIRCULAR OPENING 
IN HOMOGENEOUS UNEAR R0CKlK-l/3ie«45# 
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INITIAL   STRESSES 

a-.. = 3.45 MN/m' 
"    (*500psi) 

/^ o-3i= I.ISMNAn* 

^=0.25 

FI6. 4-21    CONTOURS OF Cr3/o-H FOR  CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK,K» 1/3,6MS1 
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MID-HEIGHT 
INITIAL   STRESSES 

<TI: = 3.45 MN/m2 

(«500 psi) 

^ $1    o-3i= 1.15MN/m2 

VARIABLE    WITH    DEPTH 

v =0.25 
y =0.0226 MN/m3 

(*lpsl/ft) 

FI6.4-22   CONTOURS OF Of/Of, FOR  CIRCULAR OPENING 

IN HOMOGENEOUS LINEAR ROCK,K« 1/3,6^S' 
(GRAVITY STRESSES, 500 FOOT   DEEP) 
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MID-HEIGHT 
INITIAL  STRESSES 

(T = 3.45 MN/m2 

"    (*500p8i) 

\& 0-3.= 1.15 MN/m* 

VARIABLE   WITH   DEPTH 

v =0.25 
X =0.0226 MN/m3 

(«I psi/ft) 

FIG. 4-23 CONTOURS OP cr3/crn FOR CIRCULAR OPENING 
IN HOMOGENEOUS LINEAR ROCK,K» 1/3,6«45° 
(GRAVITY STRESSES, 500 FOOT  DEEP) 
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INITIAL  STRESSES 
0;, = 3.45 MN/m2 

0(*5OOpsi) 

(r3r 115 MN/m2 

^=0.25 

FK3. 4-24  CONTOURS OF Cf /oj. FOR HORSESHOE 
IN  HOMOGENEOUS LINEAR ROCK,K-l/3.9*0° 
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INITIAL STRESSES 

ffj. = 3.42 MN/m2 

O^SOOpsi) 

OVi« 3.45 MN/m2 

v  =0.25 

FIG. 4-25    CONTOURS OF  cr/a;, FOR HORSESHOE 
IN HOMOGENEOUS LINEAR ROCK. K> 1.9-0° 
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INI^AL  STRESSES 

0-3.= 3.45 MN/m2 

^—s.    ^=500 psi) 

f     I   /\      0-,! = 6,90MN/m2 

1/ =0.25 

FIG. 4-26   CONTOURS OF OT/a, FOR  HORSESHOE l# ^(i 

IN HOMOGENEOUS LINEAR ROCK .K« 1/2, e»90o 
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resulting stresses are very similar to those for the circular opening, except 

within about one equivalent "radius" of the opening face.  Within this zone, 

a stress concentration is developed at the lower horseshoe corner, with the 

largest value occurring under Isotropie initial stresses and the lowest value 

occurring when the horizontal stresses are twice as great as the vertical. 

The crown stresses follow the same pattern as those for the circular opening, 

i.e., the stresses increase as the initial lateral stresses increase. 

Figures k-27  through 4-29 show the dimensionless o, values for the same 

three cases. The resulting stresses are again very similar to those for the 

circular opening, except within about one equivalent "radius" of the opening 

face.  A stress concentration is developed at the lower horseshoe corner, with 

the values increasing as the initial horizontal stresses decrease.  It is inter- 

esting to note that, regardless of initial stress values, a small tension zone 

develops at the invert, indicating that this shape causes substantial load 

transfer to occur. 

The horseshoe displacements, shown in Figure 4-30, also display patterns 

similar to the circul ir opening.  The inward movements of the crown and invert 

increase as the initial horizontal stresses decrease, while the inward wall 

movements increase as the initial horizontal stresses increase. 

b)  Power Station Opening 

Figures 4-31 through 4-33 show the dimensionless a. values for the power 

station opening with the three initial stress conditions. Comparing these ' 

figures with the comparable figures for the circular and horseshoe openings, 

it can be seen that the same general pattern of stress contours develops, except 

for immediately around the opening.  Within this area the stresses are markedly 

affected because of the three geometric corners defining the opening, i.e., 

those at the base of the crown arch, top of the wall and bottom of the wall. 

The highest stress concentration always occurs at the intersection of the 

wall and floor, regardless of the initial stresses.  As with the horseshoe 

opening, the highest value occurs under Isotropie initial stresses while the 

lowest value occurs when the initial horizontal stresses are twice the vertical 

stresses.  Furthermore, the stress concentrations are greater than those at the 

base of the horseshoe opening, for the same stress condition. 

At the base of the crown arch, another stress concentration develops which 

is of minor importance when the initial horizontal stresses are large but becomes 

very important as the initial horizontal stresses decrease until when K= 1/3, it 
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INITIAL  STRESSES 
o;. = 3.45MN/m2 

(      —j    ^31= 115 MN/m 

i/=0.25 

FIG. 4-27 CONTOURS OFo^/oj.  FOR HORSESHOE 
IN  HOMOGENEOUS LINEAR ROCK .K« 173,8-0° 
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INITIAL STRESSES 

©■„s 3.45 MN/m2 

(-SOOpsi) 

'__\      <r3i= 3.45 MN/m2 

v =0.25 

FI6. 4-28   CONTOURS OF   c^/c^FOR  HORSESHOE 
IN HOMOGENEOUS LINEAR ROCK,K-1,8»0° 
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INITIAL   STRESSES 

a-y= 3.45 MN/m2 

(«500 psi) 

—-1      CTj.r 6.90MN/m£ 

v  =0.25 

FI6.4-29   CONTOURS OF a/cr,, FOR HORSESHOE 
IN HOMOGENEOUS LINEAR ROCK , K>l/2,e>90o 
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ORIGINAL  OPENING  SHAPE 

5.5m 

INITIAL   STRESSES 

o- = 3.45 MN/m2 

^.        («SOOpsi) 

v =0.25 

CASE 1 2 3 

SYMBOL    — —+- 
(rH/(rv 1/3 1 2 

DISPLACEMENT  SCALE 

0        I        2 

I I I 
SE 

0^i"avg 

R0Vfl-2.49m 

FIG. 4-30   DISPLACEMENTS OF HORSESHOE 
IN HOMOGENEOUS LINEAR ROCK 
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INITIAL  STRESSES 
a. = 3.45 MN/m2 

O«500psi) 

—)     cr3.= |.l5MN/m£ 

1/ =0.25 

FIG. 4-31    CONTOURS OF o;/^  FOR POWER  STATION 
IN HOMOGENEOUS LINEAR ROCK»K-1/3,6-0* 
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INITIAL   STRESSES 

(T,, = 3.45 MN/m2 

(»500 psi) 

—1     ^sr 3-45 MN/m2 

1/ =0.25 

FI6. 4-32   CONTOURS OF O/cr,, FOR POWER STATION 
IN  HOMOGENEOUS   LINEAR ROCK, K-1 .6-0° 
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INITIAL STRESSES 

cr3.* 3.45MN/mz 

(»500 ps I) 

—1     «r,:* 6.90MN/m2 

V =0.25 

FIG. 4-33   CONTOURS OF cr/cr,, FOR POWER STATION 
IN HOMOGENEOUS LINEAR ROCK, K« 1/2,0=90° 
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becomes as large as the stress concentration at the base of the wall. The 

mid-crown stresses are also affected by shape with the values from the power 

station all less than those developing with the horseshoe opening.  Further- 

more, the mid-crown stresses vary with the initial stresses, with larger values 

developing as the horizontal stresses increase. 

Perhaps the most significant effect of the power station opening shape is 

thau of stress relief in the wall.  In all three cases the stresses are reduced 

to small values, especially at the top of the wall, and the smallest values 

occur when the initial horizontal stresses are highest.  In addition the wall 

stresses are all less than those develop ng in the wall of the horseshoe opening. 

Figures ^-3^ through 4-36 show the dimensionless o values for the power 

station opening with the three initial stress conditions.  Patterns similar to 

those of the horseshoe opening also develop.  Stress concentrations develop at 

the intersection of the wall and floor, with the largest occurring under Iso- 

tropie initial stresses and the smallest occurring with K = 1/3.  Comparing 

these values   to those from the horseshoe opening, it can be seen that the 

values are slightly less for the power station when K = 1/3, but are greater 

for the other two cases.  Stress concentrations also occur at the base of the 

crown arch and become larger as the initial horizontal stresses decrease. 

However, the most important aspect of the power station shape is the large 

amount of tension which develops.  In all three cases, a large portion of the 

wall is in tension.  Furthermore, with low initial horizontal stresses, both 

the mid-crown and mid-floor are in tension; with Isotropie initial stresses, 

a portion of the floor is in tension; and with high initial horizontal stresses, 

neither the floor nor crown is in tension.  This large variation in tensile zone 

development clearly demonstrates the importance of initial stresses in evaluating 

the stability of power station openings. 

The power station displacements, shown in Figure 4-37, also display patterns 

similar to those of the circular and horseshoe openings. The inward movements 

of the crown and invert increase as the initial horizontal stresses decrease, 

while the inward wall movements increase as the initial horizontal stresses 

increase.  While most of the dimensionless displacements for the three opening 

shapes are of the same order of magnitude, it should be noted that when K = 1/3, 

the dlmensioniess inward movements of the power station opening are substantially 

greater than those of the horseshoe opening which in turn are substantially 

greater than those of the circular opening. 
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INITIAL  STRESSES 
Oj. = 3.45 MN/m2 

O(«500p8i) 

a
3l= 1.15 MN/m2 

1/ =0.25 

FIG. 4-34 CONTOURS OF 0-3/q;  FOR POWER STATION 
IN  HOMOGENEOUS LINEAR ROCK.K-l/S.e'O9 

- 101 - 

j , .  .^.      -    ----.i  iMiiMi     .   -. ^^.    --   '    -■      • >     



m "■""■ 
1     ■■■■■' .w,!!»!^!!!   •«■ iiiKumMa^wii^ "-"'-•"■■'■■'w 

INITIAL   STRESSES 

o-,j= 3.45 MN/m2 

(«500 psi) 

,   \      o-3r 3.45 MN/m2 

i' =0.25 

FIG. 4-35    CONTOURS OF o;/^ FOR POWER STATION 
IN HOMOGENEOUS LINEAR ROCK, K-l .G-O1 
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BHMIHMIBHi 

INITIAL  STRESSES 

<r3i = 3.45 MN/m2 

(«500 psl) 

—1     or. = 6.90 MN/m2 

>* =0.25 

RG. 4-36  CONTOURS OF Oj/On FOR POWER  STATION 
IN  HOMOGENEOUS LINEAR ROCK , K-l/a.e-SO0 
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ORIGINAL OPENING  SHAPE 

30 m 4 

INITIAL  STRESSES 
o-v = 3.45 MN/m2 

(«500 psi) o ^H 

10m 

(Rmin) 

v =0.25 

CASE 1 2 3 

SYMBOL   — . — —— ■+  mmmm 

o-H/(rv 1/3 1 2 

DISPLACEMENT  SCALE 

0        I        2 

I I I 

SE 

^i Rmin 

Rmin= 10 m 

'mm 

FI6.4-37   DISPLACEMENTS OF POWER STATION 
IN HOMOGENEOUS LINEAR ROCK 
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Nonlinear Material Properties 

The studies presented in Chapter 3 have shown that many rock types are non- 

linear and stress-dependent with respect to both the modulus and Poisson's ratio 

and that most rock types can be reasonably well represented by empirical equations 

in which the nonlinearity is represented by a hyperbolic equation and the stress- 

dependency is represented by a straight line variation with the confining pressure 

on a log-log plot for the modulus and on a semi-log plot for the Poisson's ratio. 

In addition to the strength parameters, c and $, the modulus variations are defined 

with three additional parameters.  The modulus parameters are: modulus number, K, 

defining the initial tangent modulus; exponent, n, defining the modulus variation 

with confining pressure; and failure ratio, R , defining the nonlinearity of the 

stress-strain curve (See Equation 3-8.).  The Poisson's ratio parameters are: G, 

defining the initial tangent Poisson's ratio; F, defining the Poisson's ratio 

variation with confining pressure; and d, defining the nonlinearity of the axial 

strain-radial strain curve (See Equation 3-17.). 

To investigate the effects of these variations in material properties on 

the resulting stresses and displacements and, because of these variations, to 

investigate the effects of number of excavation steps as well as excavation 

sequence, a number of analyses were conducted.  To limit the number of variables, 

the following analysis parameters were maintained constant:  circular opening, 

initial vertical stress (a..) = 3./*5 MN/m2, initial horizontal stress (a,.) = 
2 2 31 

1.15 MN/m , cohesion (c) = 15 MN/m and angle of friction ($) = 35°.  It should 

be noted that in all of the following analyses, the developed shear stresses were 

small and the rock mass was not stressed even close to failure. 

a)  Modulus Parameter Variations 

Several analyses were conducted to investigate the effect of modulus para- 

meter variations.  In these analyses, a three step horizontal excavation sequence 

was employed (See Figure b-l.),  a  constant Poisson's ratio = 0.25 was used and 

the modulus number, K, was taken as 100,000 since it was found that K doesn't 

effect the stresses and can be included as a factor when defining the dimension- 

less displacements.  The values of n were varied from 0.0 to O.k  and the values 

of R^. were varied from 0.25 to 0.75. The values were selected to cover the range 

of these parameters found for most of the rock types discussed in Chapter 3. 

Figure ^-38 shows the dimensionless a. values obtained for n = 0.0 and R, = 

0.25. This figure is representative of all values of n and R, investigated since 

virtually no differences were found for the analyses conducted.  Comparing this 
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INITIAL STRESSES 
o;. = 3.45 MN/m2 

"     («500 psi) 

O^s |.|5 MN/m2 

Rf =0.25 K^O"    n=0.0 
c =l5MN/m2     <^ =35 
U-0.Z5 

3  STEP   EXCAVATION 

RG. 4-38 CONTOURS OF Of /Oft FOR CIRCULAR OPENING 
IN   NONLINEAR ROCK t K« 1/3 , 0=0° 
(NONLINEAR MODULUS) 

- 105 

fcw.. - JMlMHtiinai iimriwtMii   ■■■miliMi —'^^—'—»^—^—^—"^—^« 



<!W"«^IPiPB»y» J^WW«^>a-ili , i. . 1 MUJWi^WWHWPT^" 

figure with Figure 4-16, it can be seen that for all practical purposes the 

a, values are the same regardless of whether the modulus is linear or is non- 

linear and stress-dependent. 

Figure 4-39 shows the dimensionless a^  values obtained for n = 0.0 and 

Rf = 0.25, which is also representative of all n and Rf values investigated. 

Comparing this figure with Figure h-hO,   the linear analysis, it can be seen 

that small variations occur in the stress contours, but these vacations 

occur at excavation levels and are very small so it is felt that these vari- 

ations are insignificant and are a function of variations caused by the rela- 

tively coarse mesh employed in these analyses. 

The displacements for the cases investigated are shown in Figure k-k]. 

This figure shows that variations in displacements caused by nonlin^arity, 

represented by Rf, are very small but that variations in displacements caused 

by stress-dependency, represented by n, are significant and should be included 

in analyses of underground openings because larger n values, or greater stress- 

dependencies, cause less displacements to occur. 

b)  Poisson's Ratio Parameter Variations 

Several analyses were conducted to investigate the effect of Poisson's ratio 

parameter variations.  In these analyses, a three step horizontal excavation 

sequence was also employed and the modulus parameters were held constant at 

K = 100.00, n = 0.2 and Rf = 0.5.  The value of d was held constant at 100.0 

since the results shown in Chapter 3 indicated that d variations were small and 

also because analysis of the data presented in Chapter 3 showed that nonlinearity 

of Poisson's ratio is less than that of the modulus, the effect of which has 

already been shown to be very small. The values of G were varied from 0.1 to 0.3 

and the values of F were varied from -0.05 to +0.05.  These values were selected 

to cover the range of these parameters found for most of the rock types discussed 

in Chapter 3. 

The dimensionless o]   values obtained from these analyses were essentially 

the same as each other as well as those obtained for the modulus variations 

shown in Figure 4-38.  The dimensionless a3 contours varied to a small degree and 

the bounding variations are shown in Figures 4-42 and 4-43, which show that the 

variations are small and do not differ by more than 10^ or so. 

The bounding displacements for these cases of Poisson's ratio parameter vari- 

ations are shown in Figure 4-44. This figure shows that, regardless of variations 
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INITIAL STRESSES 
a,. = 3.45 MlV/m2 

(«500 psi) 

-   I    or3,s 1.15 MN/m2 

K = I0      n=0.0     Rf = 0.25 
c =15 MN/m2     </) = 35° 
i/ = 0.25 

3  STEP   EXCAVATION 

R6. 4-39   CONTOURS OF aj/pft FOR CIRCULAR OPENING 
IN  NONLINEAR ROCK , K« 1/3 f e«00 

(NONLINEAR MODULUS) 
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INITIAL STRESSES 
3.45 MN/m' 
(^SOOpsi) 

a-,.= 1.15 MN/m2 

= 0.25 

FIG. 4-40   CONTOURS OF O^ FOR CIRCULAR OPENING 
IN  HOMOGENEOUS LINEAR  ROCK,K«1/3te«Oa 
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ORIGINAL OPENING SHAPE 

INITIAL  STRESSES 

(t. = 3.45 MN/m2 

(«500 psi) 

o-3i= 1.15 MN/m2 

v =0.25 
c   =\5m/n? 
(ji =35° 

DISPLACEMENT  SCALE 

8KP0 

L-^ 
3 STEP  EXCAVATION 

1 J        W 

CASE 

SYMBOL 

n 

Rf 

1 2 

0.0 

0.75 

3 

0.4 

0.25 

4 

0.4 

0.75 

5 
—x —x — 

0.0 

LINEAR 

0.0 

0.25 

FIG. 4-4!    DISPLACEMENTS OF CIRCULAR OPENING 
IN NONUNEAR ROCK,K« 1/3,9«O* 
(NONLINEAR MODULUS) 
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INITIAL STRESSES 
= 3.45 MN/m2 

(»500 psi) 

a-3i= l.l5MN/hr 

K = Kr    n=0,2     Rf=0.5 
c =l5MN/m2     <p = 35° 

G = 0.l      F = 0.0     d =100.0 

3  STEP  EXCAVATION 

FIG. 4-42 CONTOURS OF O^/Cft FOR CIRCULAR OPENING 

IN  NONLINEAR ROCK,K-1/3,e»0o 

(NONLINEAR MODULUS AND POISSON'S RATIO) 
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INITIAL STRESSES 

= 3.45 MN/m2 

(~500psi) 

—j    cr3i= |.I5 MN/m* 

K = IO      n=0.2     Rf=0.5 
c =15 MN/m2     $ - 35° 
G = 0.3     F = 0.0     d =100.0 

3 STEP   EXCAVATION 

FI6. 4-43   CONTOURS ©FOj/pfj FOR CIRCULAR OPENING 
IN  NONLINEAR ROCK . K« 1/3 f G-O0 

(NONLINEAR MODULUS AND POISSON'S RATIO) 
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ORIGINAL  OPENING  SHAPE 

INITIAL  STRESSES 

0;,= 3.45 MN/m2 

(sSOOpsi) 

© o*,^ 1.15 MN/m2 

c = l5 MN/m2 

(/>=350 

n=0.2 

Rf=0.5 

d =100 

DISPLACEMENT  SCALE 

I I I 
SKP0 

3  STEP EXCAVATION 
G=O.OI ,   F = -0.05       +- 

(APPROX. EQUAL TO   F=0) 
G=0.03 , F = 0.05   

(APPROX. EQUAL TO  F =0) 

FI6. 4-44   DISPLACEMENTS OF CIRCULAR OPENING 
IN NONLINEAR ROCK, K« 1/3 .O-O0 

(NONLINEAR MODULUS AND POISSON'S RATIO) 
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in the Poisson's ratio parameters, the dimension less displacements will be 

vi rtually the same. 

Excavation Step and Sequence Variation 

A number of analyses were conducted to investigate the effects of number 

of excavation steps and excavation sequence on the resulting stresses and dis- 

placements of an underground opening.  One step, three step horizontal and 

three step vertical excavation sequences were employed (See Figure h-"}.).     The 

results of these studies showed that, regardless of excavation sequence, number 

of excavation steps or material property variations, the results were essentially 

the same as those presented previously. Furthermore, it should be noted that, 

in all of the cases analyzed, no shear failure occurred anywhere within the 

modeled rock mass, leading to the conclusion that excavation operations have 

little, if any, significant effect on the resulting stresses and displacements 

around underground openings in homogeneous Isotropie rock. 

Summary 

The analyses presented in this chapter we-e conducted to investigate the 

importance of material properties, initial stresses, excavation operations and 

opening shapes on the final stresses and displacements around underground 

openings in homogeneous rock masses The results of these analyses showed that 

opening shape, initial stress magnitude, initial stress orientation and gravity 

initial stresses, when shallow, effect the resulting stresses and displacements 

considerably, while the modulus, in a linear analysis, or the initial tangent 

stiffness and stress-dependency in a nonlinear analysis, greatly effect the dis- 

placements. Poisson's ratio variations cause relatively small effects on the 

stresses and displacements and all other paTameters cause minor, if any, variations. 

It should be noted that in all of these analyses, representative strength parameters 

were used. The mobilized shear stresses which resulted were small and subsequently 

no shear failures occurred.  Furthermore, tension zones were allowed to develop 

and no analysis modifications were made to account for tension failure. 
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CHAPTER 5 

ANALYSIS OF OPENINGS IN ROCK CONTAINING A SINGLE PLANAR 

TWO-DIMENSIONAL DISCONTINUITY 

Many types of rock masses cannot be treated as honogeneous continue 

because of natural discontinuities which pervade the mass.  Foremost among 

these are faults, seams, sheared zones and crushed zones which are all 

nearly linear features of finite width composed of material substantially 

different in physical properties from the parent rock mainly because of 

alteration or weathering.  The discontinuity is in effect a weakness 

plane which may substontial 1 y alter the stress and displacement pattern 

around an underground opening in rock.  Therefore the studies presented 

in this chapter were conducted to evaluate the effect of a single prominent 

discontinuity on the resulting stress and displacement around underground 

openings in rock. 

Finite Element Idealization 

In this Chapter, all of the analyses were conducted using a circular 

opening with a three meter radius and a discontinuity with a width of 2/3 

meter.  This was the minimum width which could be used in the mesh selected 

so that the length to width ratio of the elements would not exceed five. 

Discontinuity orientations analyzed were horizontal, vertical and at ^5 

counterclockwise from horizontal. The term a was used to denote the orien- 

tation on the figures.  The finite element meshes used are shown in Figures 

5-1 and 5-2; Figure 5-1 is also representative of the vertical discontinuity 

mesh by rotating the axes 90 . All analyses were conducted using a one step 

excavation sequence. 

The initial stresses were constant with depth and in all cases the initial 
2 

vertical stresses were equal to 3.^5 MN/m («500 psi) while the initial hori- 

zontal stresses were varied at 1/3, 1 and 2 times the vertical.  A Poisson's 

ratio value of 0.25 was used for both the intact rock and the discontinuity. 

Different discontinuity stiffnesses were modeled by varying the ratio of rock 
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143   ELEMENTS 

168   NODAL  POINTS 

FIG. 5-1 FINITE ELEMENT MESH FOR 
CIRCULAR OPENING IN ROCK 
WITH  A   PLANAR DISCONTINUITY 
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272    ELEMENTS 

285    NODAL   POINTS 

DISCONTINUITY 

FIG. 5-2 FINITE ELEMENT MESH FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY AT 45° 
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modulus to discontinuity modulus,  denoted by M on the figures.  The values 

of M were used 10, 100 and 1000 such that a low M would indicate a relatively 

stiff discontinuity, while a high M value would indicate a relatively soft 

discont/nuity.  The cases comparable to M = I (no discontinuity) were discussed 

in Chapter ^ and were shown in Figures 4-16 through 4-18. 

Stresses Around Opening 

Analysis of the 27 cases in which the initial stresses, discontinuity 

orientations and modulus ratios were varied, and the three comparable cases 

with no discontinuities (M = I) showed that several points were common in all 

comparisons.  These were:  (1) as the discontinuity becomes softer, i.e., 

larger M values, the stresses change markedly with the largest changes 

occurring near and along the discontinuities,  (2) the stress changes are sub- 

stantial when M goes from 1 to 10, are fairly important when M goes from 10 to 

100 and are minor when M goes from 100 to 1000, and  (3) tension zones develop 

around the intersection of the discontinuity and the opening face as M increases. 

Individual comparisons, discussed below, vary depending upon the case but the 

above effects were noted in all cases. 

a)  Initial Horizontal Stresses Equal to One-Third the Vertical Stresses 

Figures 5-3 through SS  show the stress contours for the horizontal 

discontinuity.  It can be seen that a substantial reduction occurs in the spring- 

line stress concentration factor, from more than 2.4 when M = 1 to less than 

1.0 when M = 1000, and also occurs in the dimensionless o. values near and in 

the discontinuity.  Changes in the dimensionless a_ contours are small with a 

general tendency toward a reduction in values as M increases. 

Figures 5-6 through 5-8 show the stress contours for the vertical dis- 

continuity.  The resulting pattern with the dimensionless a. contours is 

different because the springline stress concentration factors do not vary signi- 

ficantly, but the a. values increase substantially within the discontinuity while 

a decrease occurs adjacent to the discontinuity near the opening face.  The 

.^neral pattern with the a, contours is of the same form as for the horizontal 

discontinuity, i.e., a small reduction as M increases. 

Figures SS  through 5-12 show the stress contours for the 45° discontinuity. 

The M = 100 contours are not shown because the M = 10 and M = 1000 contours are 

not materially different. The same pattern develops for the other initial stress 
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cry/(Txs 

O^/^i 

FI6. 5-3 

STRESSES 

3.49 MN/m2 

(»500 pti) 

o-j^ 1.15 MN/mz 

V =0 25 

STRESS  CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-I^.e-O-,   oc-O0 ,   M»IO 
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o;/crn 

<r*/°-* 

INITIAL   STRESSES 

o;. = 3.45 MN/m* 
(»500 pti) 

— )    <r3is|.l5MN/nr? 

V =0.25 

FI6. 5-4 STRESS CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K«|/3f e«oo, «*■©*,  M« 100 
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<VOn 
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FI6. 5-5 

INITIAL   STRESSES 

a, - 3.45 MN/m* 
(»500 psi) 

— )    0-3is 1.15 MN/m2 

1/ =0.25 

STRESS  CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-I/S.e-O0,   ä:«0O  ,   M«I000 
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FI6. 5-6 

INITIAL   STRESSES 

a,, - 3.45 MN/m2 

(»500 psi) 

— I    <r3.= 1.15 MN/m2 

v =0.25 

STRESS CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l/3, e»Op ,  o<-900 , M«IO 
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a;/Of, 

^/^i 

FIG. 5-7 

STRESSES 

3.45 MN/m2 

(»500 psi) 

o-  = 1.15 MN/m2 

V =0.25 

STRESS CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A  PLANAR DISCONTINUITY 
K-I/S.e-O0,   oc-go» ,  M>IOO 
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Oi/Of, 

<V^ 

INITIAL   STRESSES 

3.45 MN/m2 

(»500 pti) 

— 1    <r3i" 1,15 MN/m2 

v =0.25 

FIG. 5-8     STRESS CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K»!/3te«0o

t   ^-SO0,   M-IOOO 
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INITIAL   STRESSES 
er,, = 3.45 MN/m2 

©(«500psi) 

0^, = 1.15  MN/m2 

FIG. 5-9 CONTOURS OF 0^ FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
KH/3, e«0o ,  a-46# .M-IO 
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INITIAL   STRESSES 
0;, = 3.45 MN/m2 

(«500 psi) 

♦^    ^3,8 us MN/m2 

FI6. 5-10 CONTOURS OF ^/^ FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K«l/3t e«0o , cr-45# tM«IO 
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INITIAL   STRESSES 
oil = 3.45 MN/m2 

(«500 psi) 

15  MN/m' 

FIG. 5-11 CONTOURS OF o;/crn FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l/3. e«oo  t  a»45* , M-IOOO 
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INITIAL   STRESSES 
0-,,= 3.45 MN/m2 

©(«500psi) 

ojjM.IS MN/m2 

FI6. 5-12 CONTOURS OF 05/^1 FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-I/S.e-O*   t  cr-45#

tM«IOOO 
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conditions as well, so the M = 100 contours have not been included for any 

of the solutions with a ^5° discontinuity.  For both the dimensionless a. 

and a3 contours, the changes are generally small, with a decrease in the 

crown and spring)ine stresses as M increases.  The stresses within the dis- 

continuity show a decrease in a. and o as M increases, 

b)  Initial Horizontal Stresses Equal to the Vertical Stresses 

The stress contours for the horizontal discontinuity are shown in 

Figures 5-13 through 5-15. These figures show that for a., the crown stresses 

decrease slightly while the discontinuity stresses decrease greatly as M in- 

creases.  For a3 the crown stresses decrease slightly while the discontinuity 

stresses increase greatly as M increases.  When the discontinuity is vertical, 

as shown in Figures 5-16 through 5-18, the results are the same as the horizontal 

with the axes shifted by 90°. 

When the discontinuity is oriented at 45°, as shown in Figures 5-19 

through 5-22, the dimensionless a, values decrease in general with large de- 

creases in the discontinuity.  The max/mum stress concentration decreases 

slightly as well.  The o^  values decrease in most areas but increase substantially 

within the discontinuity.  It is interesting to note that, in these cases, the 

maximum stress concentration is located perpendicular to the discontinuity where 

normally it would be located at either the crown or springline depending upon 

the initial stress magnitude. 

c)  Initial Horizontal Stresses Equal to Twice the Vertical Stresses 

Figures 5-23 through 5-25 show the stress contours for the horizontal 

discontinuity.  The resulting pattern with the dimensionless a, contours shows 

that the crown stress concentration does not vary significantly, but the o 

values increase substantially within the discontinuity while a decrease occurs 

adjacent to the discontinuity near the opening face. Changes in the dimensionless 

o3 contours are small with a general tendency toward a reduction in values as M 

increases. 

The stress contours for the vertical discontinuity are shown in Figures 5-26 

through 5-28.  It can be seen that a substantial reduction occurs in the crown 

stress concentration factor, from more than 2.3 when M = 1 to less than 1.0 when 

M = 1000, and in the dimensionless c^ values near and in the discontinuity. 
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o;/^ 

^/^i 

FI6. 5-13 

INITIAL   STRESSES 
a., = 3.45 MN/m* 

(»500 pti) 

— 1    0-3.s 3.45 MN/m2 

v =0.25 

STRESS CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K»l  ,   e-o0,  <x- 0° , M-IO 
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Oj/o;, 

Oi/^ 

INITIAL   STRESSES 
or,. = 3.45 MN/m2 

(»500 psl) 

*— )    o-3,» 3.45 MN/m2 

V =0.25 

FI6. 5H4 STRESS  CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K»l   ,   e-00,   oc-O0 t   M«IOO 
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INITIAL   STRESSES 

a,.. - 3.45 MN/m* 
(»500 pti) 

*—)    0-3,8 3.45 MN/m2 

V =0.25 

FI& 5-15 STRESS CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l   ,   e-O0 ,   oc-O0  ,   M-IOOO 
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Oi/Of, 

<V^ 

INITIAL   STRESSES 

a;. = 3.45 MN/m2 

(»500 psi) 

— )    <r3i= 3.45 MN/m2 

v =0.25 

FI6. 5-16 STRESS CONTOURS   FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K»l   ,   e-00,   CKMSQC 9  M.|0 
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(VOf, 
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Fia 5-17 

INITIAL   STRESSES 
«r.. = 3.45 MN/m2 

(»SOOpsi) 

v =0.25 

STRESS CONTOURS  FOR CIRCULAR 0PENIN6 
IN ROCK WITH A PLANAR DISCONTINUITY 
K«l   ,   e«0p ,   oc-90o ,  M«I00 
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Or,/^ 

O-s^i 

INITIAL   STRESSES 

0",, = 3.45 MN/m2 

(»900 psi) 

v =0.25 

FI6.5-I8 STRESS CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K«l   t   9-0° ,   CK-SO* , M-1000 
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INITIAL   STRESSES 
a,., = 3.45 MN/m2 

(«500 psi) 

031-3.45 MN/m2 

FI6. 5-19   CONTOURS OF o;/<rn FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l    , e-0o ,  Ct»45* tM«IO 
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INITIAL   STRESSES 

a-,, = 3.45 MN/m2 

(«500 psl) 

a-,;-3.45 MN/m' 

FI6. 5-20  CONTOURS OF o^ FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l    , e»0e ,  a-45» ,M"I0 
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INITIAL   STRESSES 
er,, »3.45 MN/m2 

©(«SOOpsi) 

Oj,--3.45 MN/m2 

FI6. 5-21 CONTOURS OF o;/^ FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K«|    t e«0o ,  «■45* f M-1000 
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INITIAL   STRESSES 

o-,, = 3.45 MN/m' 
(«500 psi) 

0-3,-3.45 MN/m£ 

FI6. 5-22  CONTOURS OF ^/^ FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K" I    , e-00,   0:>45* , M"IOOO 

L_ 
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Crja rwii 

o-,/^, 

STRESSES 
3.45 MN/m* 
(»SOOpti) 

— )    9tt*  6.90 MN/m2 

V =0.25 

FI6. 5-23   STRESS  CONTOURS  FOR CIRCULAR 0PENIN6 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l/2 t e-SO0,**^0  ,   M-IO 
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oi/or, 

INITIAL   STRESSES 

<r = 3.45 MN/m* 
(»500 p«i) 

— )    «r s 6.90 MN/m2 

1» =0 25 

FI6. 5-24 STRESS  CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR  DISCONTINUITY 
K-l/2, e-900, oc.o« t   M-IOO 
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o-,/^ 

STRESSES 
3.45 MN/m* 
(=«500 pt// 

•*-)   (r,. = e.gOMN/m2 

v =0.25 

FI6. 5-25   STRESS  CONTOURS  FOR CIRCULAR OPENINQ 
IN ROCK WITH A PLANAR DISCONTINUITY 
K«l/2 t e-SO0, oc-O0 ,   M-IOOO 
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FIR 5-26 

INITIAL   STRESSES 
IT,,» 3.49 MN/m! 

^—^   («900 psi) 

'       '—1    <r, =6.90MN/m! 

v =0.29 

STRESS  CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR  DISCONTINUITY 
K" 1/2 , e-900, «x • 90° , M > 10 
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Os^ 

INITIAL   STRESSES 

cr3|a 3.45 MN/m* 
(»500 ptl) 

— )    «, « 6.90 MN/m2 

V =0.25 

FIG. 5-27 STRESS CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l/2 t e-900, oc.90* t M-800 
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FI6. 5-28 

STRESSES 

3.4ff MN/m2 

l»roo pti) 

— 1    r, = 6.90 MN/m2 

v =0.25 

STRESS  CONTOURS  FOR CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l/2, e«90o

f oc.900, M-I000 
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Changes in the d'mensionless a. contours are small with a general tendency 

toward a reduction in values as M increases. 

Figures 5-29 through 5-32 show the stress contours for the kS0  discontinuity. 

For both the dimension less o. and o, contours, the changes are generally small, 

with a decrease in the crown and springline stresses.  The stresses within the 

discontinuity show a decrease in o. and in o_ as M increases. 

Discontinuity Stresses 

a) Normal Stresses 

A further way of assessing the relative importance of discontinuities in 

rock masses is to evaluate the normal and shear stresses in the discontinuity 

as a result of excavation.  The normal stresses on the discontinuity for the 27 

cases analyzed are shown in Figures 5-33 through 5-35.  These values were made 

dimensionless by dividing by the initial normal stress on the discontinuity. 

In all of these cases it can be seen that the normal stresses are greater 

for stiffer discontinuities but that the normal stresses return to their original 

values within three radii of the opening face.  When the initial minimum principal 

stress acts in the plane of the discontinuity, the normal stresses are greatest 

and generally increase toward the opening face. When the initial maximum principal 

stress acts in the plane of the discontinuity, the normal stresses are least and 

are very small at the opening face.  Furthermore as the initial principal stress 

ratio increases, the normal stresses at the face either increase or decrease 

further depending on the orientation of the discontinuity.  When the initial stresses 

are Isotropie, intermediate values are obtained. 

When the discontinuity is at ^5° to the initial principal stresses, the 

resulting normal stresses do not vary significantly even though the values are 

slightly higher with lower M values.  Furthermore in all cases the normal stresses 

are smallest at the opening face. 

b) Shear Stresses 

Figures 5*36 through 5-38 show the shear stresses along the discontinuity for 

the cases analyzed.  These values were also mjide dimensionless by dividing by the 

initial normal stress on the discontinuity even though it would be better to use 

the initial shear stress but, because of obvious difficulties such as the initial 

shear stresses equal to zero in many cases, this could not be used. The results 

should be interpreted with this in mind. 
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INITIAL   STRESSES 

3.45 Mr 
(«500 psi) 

0-3!= 3.45 MN/m2 

[       —-)    ^i, r6.90MN/m2 

FIG. 5-29   CONTOURS OF o;/^ FOR   CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l/2. e-900,   cr-46# t M-IO 
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INITIAL  STRESSES 
031= 3.45 MN/m2 

^_^   («500 psi) 

f    '^_\    an =6.90 MN/m2 

FI6. 5- 30 CONTOURS OF Oj/Of, FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
KH/Z.e-SO0,  Ct.45tlM»IO 
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INITIAL   STRESSES 
03,= 3.45 MN/m2 

©(«SOOpsi) 

aru -6.90MN/m2 

FI6. 5-31 CONTOURS OF 0^ FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K-l/2, e«90o,   «■45,,M-I000 
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INITIAL  STRESSES 
3.45 m 
(«500 psi) 

c^s 3.45 MN/m2 
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FI6. 5-32   CONTOURS OF ^/^ FOR  CIRCULAR OPENING 
IN ROCK WITH A PLANAR DISCONTINUITY 
K«l/2, e«90o,   a-45• , M-IOOO 
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In all of these cases it can be seen that the shear stresses are slightly 

greater for stiffer discontinuities, but for all practical purposes, the shear 

stresses are about the same regardless of stiffness.  It can also be seen that 

the shear stresses are only effective within a very short distance of the opening 

face, typically within one radius, at which point they return to their original 

values. 

When the initial maximum principal ^tr-^ss acts in the plane of the dis- 

continuity, the dimensionless shear stresses are greatest and increase with 

increasing principal stress ratio, while when the initial minimum principal stress 

acts in the plane of the discontinuity, the dimensionless shear stresses are 

least.  Intermediate values are obtained when the initial stresses are Isotropie. 

It is interesting to note that when the initial stresses are anisotropic for the 

h5    discontinuity, the resultant shear stresses arc not very different from the 

initial sh'^ar stresses. 

Opening Displacements 

Figures fj-39 through 5-Al show the opening displacements for the horizontal 

discontinuity and Figures 5-/t2 through 5-AA show the opening displacements for the 

vertical discontinuity.  In all of these figures it can be seen that the dis- 

placements increase as the M value increases, with the greatest, increases occurring 

when the plane of the discontinuity and the initial minimum principal stress coincide. 

When the plane of the discontinuity and the plane of the initial maximum 

principal stress coincide, the amount of compression is small but the movement inward 

toward the opening center is large.  At an offset of 90°, the movement is inward 

and small and becomes smaller as the initial principal stress ratio increases. When 

the plane of the discontinuity and the plane of the initial minimum principal stress 

coincide, the amount of comprt-ssion is large but the Inward or outward movement is 

small.  At an offset of 90 , the movement is inward and large and is larger when 

the initial principal stress ratio is smaller. When the initial stresses are Iso- 

tropie, intermediate results are obtained. 

When the discontinuity is at ^5 , as shown in Figures 5-^5 through 5"^7i 

it is again found that the displacements increase as the M value increases and 

that the largest inward movements occur in th plane of the initial maximum 

principal stress while the smallest inward movements occur in the plane of the 

initial minimum principal stress.  It can also be seen that when the initial 

maximum principal stress is vertical, the discontinuity movement is down and 

inward but when it is horizontal, the movement is up and inward. 
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Sumfnary 

The analyses presented in this chapter were conducted to evaluate the 

significance of discontinuity stiffness and orientation on the resultinq stresses 

and displacements around underground openings in rock containing a single, prominent, 

planar discontinuity.  The results of these analyses showed that the stress changes, 

i.e., load transfer, become more substantial, tension zones increase, normal and 

shear stresses on the discontinuity decrease and displacements increase as the dis- 

continuity becomes softer.  These charoes are very significant when M goes from 

1 to 10, are fairly important when M noes from 10 to 100 and are small when M goes 

from 100 to 1000. 

When the planes of the discontinuity and the minimum principal stress coincide, 

a substantial reduction occurs in the dimensionless a    values, the dimensionless 

normal stresses on the discontinuity are greatest, the discontinuity compression is 

greatest and the inward displacements ore least. 

When the planes of the discontinuity and the maximum principal stress coincide, 

a substantial increase occurs in the dimensionless o. values in the discontinuity 

with a decrease adjacent to the discontinuity, the dimensionless shear stresses on 

the discontinuity are greatest, the discontinuity compression is least and the 

inward displacements are greatest. 

When the discontinuity is at ^»5° to the initial principal stresses and as 

the discontinuitv becomes softer, the dImensionless o. values in the discontinuity 

become equal to one and the dImensIon I ess o. values In the discontinuity become 

equal to K, the ratio of initial minimum to maximum principal stresses. 

All other changes are minor. 
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CHAPTER 6 

STRESS-DEFORMATION BEHAVIOR OF PLANAR DISCONTINUITIES 

Rock masses normally contain natural planar discontinuities which may 

be joints, sheared zones, crushed zones, seams, faults, cleavage planes, 

bedding planes or openings along schistosity or foliation.  The stress- 

deformation behavior of these discontinuities depends upon a number of factors 

including the density, porosity, structure, degree of weathering, type and 

quality of cementing agent, stress history, duration of loading, normal 

stiess and shear stress.  In many cases it may be possible to account for 

these factors by selecting specimens and test conditions which simulate the 

anticipated field conditions, but even when this is done, it is commonly found 

that the stress-deformation behavior of the discontinuity is nonlinear and 

dependent upon the magnitude of the normal stresses.  Because of these variations, 

the studies described in this chapter were conducted to summarize the available 

data on the properties of discontinuities and to evaluate the manner in which 

these properties can be modeled in finite element solutions. 

One-Dimensional Element 

Goodman et al (I968) developed a one-dimensional finite element (i.e., no 

width) for simulating the behavior of rock discontinuities.  A typical element is 

shown in Figure 6-1 ^ilong with its possible modes of behavior; extension, com- 

pression, shear and their combinations.  The properties defining the discontinuity 

are the normal stiffness, Kn, and the shear stiffness. K^ which relate the average 

stresses to the average displacements of the discontinuity, as shown below: 

and 

o. = K 6 
J   n n 

r . = K  6 
J    S  s 

(6-1) 

(6-2) 

in whicn 0.   and 1.   are the average normal and shear stresses on the discontinuity 

plane and -^ and ^ are the average normal and shear displacements of the dis- 

cont i nu i ty. 

The earlier analyses with this type of element assumed linear stress-displacement 

behavior for Kn and Ks, except when either tension or shear failure developed, at 

which point these parameters would be adjusted to other values.  Heuze'et al (1971) 
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modified this approach by using an iterative "perturbation" solution in 

which the stiffness values would vary with the stress and displacement states. 

Secant stiffness were therefore used and several iterations would be required 

to achieve a solution. 

Clough and Duncan '196y), in their studies of interface behavior between 

soil and concrete, developed a different approach for accommodating stiffness 

variations by developing a nonlinear, stress-dependent relationship which can 

evaluate the tangent shear stiffness for any level of shear stress up to failure 

and for anv normal stress.  The normal stiffness was assumed to be constant. 

Ttieir relationship was based upon a hyperbolic relationship of the form: 

(6-3) 

in which i = shear stress, i = shear displacement, a = constant (reciprocal 

of initial tangent shear stiffness) and b = constant (reciprocal of ultimate 

shear strength). 

Following a development similar to that shown in Chapter 3 for the modulus 

and Poisson's ratio, they obtained the following equation: 

K  = K .   (1 - 
St    SI 

1 *<> 

c.   + 
J 

o     tan 
n J 

(6-M 

in which K . - i.angent shear stiffness, K . = initial tangent  shear stiffness, 
st si 

i = mobilized shear stress, Rr. = failure ratio similar to that described in 

Chapter 3. o = discontinuity angle of friction, c. = discontinuity cohesion and 

dj, = discontinuity angle o^ friction. 
J 

They further noted that K . varies linearly with a on a loq-loq basis and 
si '      n       3  ^ 

this led to the following equation: 

si   j  w  P   J 

a 
(6-5) 
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in which K. = stiffness number, n. = stiffness exponent, p = atmospheric 

pressure and y    = unit weight of water.  The y and p terms were introduced 
w - w    Ka 

to make the K. term dimensionless for ease in comparison between different 

types of discontinuities.  In an analysis, the values of v and p are introduced 
w    a 

in units consistent with those for o  and K .. 
n     s i 

By substituting Equation (6-5) into Equation (6-^), it is found that: 

K       =   K.y      ( -H )nj  ( 1 
st   J w  p   J 

Rr. 

c . + o  tan 4 . 
J   n    'j 

(6-6) 

which is the final equation for tangent shear stiffness as a function of mobilized 

shear stress and normal stress.  If the stress-deformation curve is 'inear, (U. can 
fj 

be set equol to zero and if the stiffness is not stress-dependent, n. can be set 

equal to zero.  All of the parameters can be simply evaluated in a manner simila.' to 

that discussed in Chapter 3.  The advantages of this relationship are that it is 

a simple, practical relationship for describing the nonlinearity and stress- 

dependency of the shear stiffness for a discontinuity, and that it is well-suited 

for excavation analyses which are made on a stage basis because the properties can 

be simply and accurately evaluated at each stage. 

Properties of Discontinuities 

The stiffness values can be determined from direct shear tests on rock 

samples containing discontinuities by applying normal and shear stresses to 

the discontinuity plane and measuring the corresponding displacements.  The 

equipment to conduct these tests on nature' discontinuities is rather elaborate 

and is discussed in some detail by Goodman (yS(>3) . 

Figure 6-2 shows the typical stress-deformation behavior which has been 

observed for discontinuities. Types 1 and 2 display little, if any, nonlinearity 

while Types 3 and k  display progressively more nonlinearity. All four types dis- 

play stress-dependency to varying degrees. 

A study was made of the literature to summarize the available data on the 

properties of discontinuities.  It was found that very little data were available 

and that most of the data which were available had been included in a report by 
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Goodmati (1968).  The data were analyzed further and il was found that both the 

si ress-tlopcndency and nonlinearity components of  Eqiic-ition 6-6 reasonably well 

described the data.  The results of this study are shown in Table 6-1, which is 

.1 compilation of the properties of discontinuities for both linear and nonlinear 

condition,.  Il cm be seen that very little data were available for normal 

stillnesses, but a reasonable amount of data were available for the linear secant 

shear stiffness, K , evaluated at both the yield and peak points of the stress- 

deformation curves.  From these values it was possible to determine the stress- 

dependent parameters, K. and n., for the yield and peak points as well as the 

Strength parameters at the peak (maximum) and in the post-peak residual slate. 

Since the original stress-deformation curves were not available for most of the 

data, the initial K. and n. could only be established for three data sets 

{Dl-3,^ ,\'j)   and these three showed very similar values.  While the yield and peak 

values of K. and n, cannot be directly used in the nonlinear analyses, they at 

least serve as a reference bast- to establish the appropriate order of magnitude 

which may he expected for the initial K. and n. values. 
J     J 

fguivalence of One-Dii lensionaI and Two-Dimensional flement Properties 

The properties of one-dimensional and two-dimensional elements representing 

discontinuities may be nrade equivalent under certain conditions.  For the one- 

dimensional clement, the stresses are given by Equations 6-1 and 6-2.  For the 

two-dimensional element representing a long thin discontinuity, the stresses may 

be qiven by the following expression: 

^ E 
n 

(6-7) 

and 
6 G 
s 

(6-8) 

in which 0 and r are the normal and shear stresses, 6 and 6 are the normal and 
n     s 

shear displacements, E is the elastic modulus, G is the shear modulus, and T is 

the thickness of the two-dimensional element representing the discontinuity.  By 

equating the stresses in Equations 6-7 and 6-8 with those in Equations 6-1 and 

6-2, it can be seen that the properties of the two types of elements representing 

the discontinuities can be interrelated as below: 

K = 
n (6-9) 
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nnd 
T 2   (l + v)T 

(6-10) 

in which «= Poisson's ratio.  Furthorr';ore it can be c.onn that, if the stiffnesses 

of the one-dinensional element are directly related to equivalent clastic para- 

meters, then they must be related to each other as below: 

K 

2(l+v) 
(6-11) 

Since Poisson's ratio can ränge from 0.0 to 0.0, then K must ranqe from 1/3 to 

1/2 of the value of K . 
n 

However, even though it Is always possible to establish equivalent 

discontinuity stiffnesses for two-dimensional elements, it may not be possible 

to establish equivalent clastic properties for one-dimensional elements since 

there are no restrictions on the interrelationship between K and K .  A one- 1 n     s 
dimensional e'ement nay be ri-jid in compression and yet have a small shear 

resistance or vice versa.  For example, the ratios of K /K for the cour cases of 
s  n 

K shown in Table 6-1 ranqe from 0.0^4 to 1.20 which clearly shows that, even 
n - ' 
though the two types of elements may be mathematically equated, there is no re- 

striction which can make them equivalent in many physical cases». 
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CHAPTER 7 

ANALYSIS OF OPEWINCS IN ROCK COHTAIMING A SIM^IF Pi ..,.» 

ONE-DIHEKSIOWAI DISCOWTINUiTV 

Rock „asses frequently contain natural discontinuities which are 

Planar features of virtually no „idth.  These discontinuities include relatively 

weathered joints and fracture surfaces, cleavage and beddin9 planes, and 

open.ngs along schistosity or foliation.  The analysis of rock „,asses containin, 

ese features is different from that discussed in Chapter 5, „here discontinuities 

fnlta width were considered, because the normal and shear stiffnesses of the 

one-dlroenSional discontinuities do not have to he related to each other, as dis- 

cussed in Chapter C.     Since the stiffnesses „ay vary independently, the studies 

presented in this chapter were conducted to evaluate the effect of stiffness 

vanations on the resulting stress and displaceraent pattern around underground 

openmgs In rock containing a single prominent discontinuity. 

Finite Element Idealization 

with a'th'^5 ChaPter' a" ^ the ana'ySeS Were ^""^ "^ '  =1-1" "P-ino 
w th a three meter radius and a horiZonta, discontinuity of rero width.  The finit'e 
element mesh used is shorn in Fioure 7-1  Th. • •.• ,                    "nite 
depth in all „f th    , ^ 7 '■  The 'nit Ia' ^"ses „ere constant wi th 

00        t    ^ ""' the Vert'Cal StreSSeS ^ " 3.«5 «N/m2 
- 0 ps,) an  the horizontal stresses egual to 1.15 nN/m

2.  m al, cases a three 

step hor.zonta, excavation seguence, as shown in Figure .-3, was followed. 

to 50,000 HN/m for the modulus and 0.25 for Poisson's ratio.  For the discontinuity 
he no    st ffnesse  v ^^^ ^^ 250| 25oo ^ 25i0oo      ^ n ,ty, 

o Kn shown ,n Chapter 6 indicate that this range is possihle.  A nonlinear, 

I" P        rl Shear Stiff"CSS' K-' aS de"Cribed '" "»'^ *■  -s use 
n th s analyses.  The ranges in values of the parameters .0 evaluate K  were 

se acted to cover reasonably well the variations as summarized in Table 6-1  The 

values used in the analyses „ere: („ 30,000 and ,50,000 for the stiffness dumber, 

V Which ,s a measure of the initial stiffness, (2) 0.0 and 0.6 for the s.iffn, 

To  d"; rr ^ a " ^ '^ »^^ependency of the stiffness, and 
(3) 0.0 and 0.8 for the failure ratio, R   which ls a measure of the no.l nearity 

less 
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184   ELEMENTS 

211      NODAL   POINTS 

DISCONTINUITY 

FI6. 7-1     FINITE ELEMENT MESH FOR CIRCULAR OPENING 
IN ROCK WITH A ONE-DIMENSIONAL PLANAR 
DISCONTINUITY 

177 
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RG. 7-2 

INITIAL STRESSES 
3.45   MN/m2 

(ä*500 psi) 

v^  1.15 MN/m2 

/3 STÜP   EXCAVATION A=! 50,000 MN/m2     |/=0.25 
< Kn= 2,500   MN/m3 

c-0 0j = 40* 
30,000 
50,000 npO.O.e       Rfj= 0,0.8 

CONTOURS OF o; /(r{l FOR CIRCULAR OPENING 
IN ROCK WITH A l-D DISCONTINUITY 
K-l/3 ,  e-O0 , ««O0,   Mj-20 
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FIG. 7-3 

INITIAL STRESSES 
<rn= 3.45  MN/m2 

(»500 psi) 

051=  1.15 MN/m2 

3  STEP   EXCAVATION 
r= 50,000 MN/m2     i/r = 0.25 

Kn= 2,500   MN/m3 

vo 
0J = 40- 

Ki = |3R
0o'n0n0n     »1=0.0.6      Rfi= 0, 0.8 150,000 

CONTOURS OF 01/% FOR CIRCULAR OPENING 
IN ROCK WITH A l-D DISCONTINUITY 
K«l/3 .  e»0», a-O*,   Mj-20 
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RG. 7-4 

INITIAL STRESSES 
or « 3.45   MN/m2 

h 
(»500 psi) 

^3l
r   1.15 MN/mJ 

3  STEP   EXCAVATION 
Er= 50,000 MN/m2     |/r = 0.25 

Kn= 25,000 MN/m3 

cj = 0 0^40° 

j = 30,000     npO      Rf =0 

CONTOURS OFo;/^ FOR CIRCULAR OPENING 
IN ROCK WITH A l-D DISCONTINUITY 
K-l/3 .   e«0» , «.0°,   Mj-2 
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INITIAL STRESSES 
(r.= 3.45  MN/m2 

11 
(J»500 psi) 

tr3j:  |.|5 MN/m2 

TEP   EXCAVATION 
000 MN/m2     »v = 0.25 

000 MN/m3 

40° 

= 0     Rfl=0 

FI6. 7-5 CONTOURS OFOl/aa FOR CIRCULAR OPENING 
IN ROCK WITH A l-D DISCONTINUITY 
K-l/3 ,  e-0* . ««0° f   Mj-2 
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INITIAL STRESSES 
0- B 3.45  MN/m2 

^—^   (»^OOpsi) 

(       —H    ffjr  1-15 MN/m2 

3  STEP   EXCAVATION 
Er= 50,000 MN/m2     i/r = 0.25 

n=  250      MN/m3 

Cj = 0 ^ = 40<» 

P 30,000     npO     Rfj=0 

FI6. 7-6 CONTOURS OF Oj /^ FOR CIRCULAR OPENING 
IN ROCK WITH A l-D DSSCONTINUITY 
K«l/3 ,   G-O0 . «»0° ,   Mj-200 

1Q'2 18 

   -   - -     -    - ^..^..-....c -....^. ^~.^..^ .v.. ...^^..^.^ 



mmm^^^i'iimmm^Hmmmt^^^^m ^—w—-^—•-^-—^»^—»^>W—W-—»- ^mmmmmmmmmmmm******** 

R6. 7-7 

STRESSES 
3.45  MN/m2 

(»«500 psi) 

"si5  1.15 MN/m2 

3  STEP   EXCAVATION 
E^ 50,000 MN/m2     i/r = 0.25 

Kns   250    MN/m3 

V-o «j = 40° 

Kj: 30,000     npO     Rf.= o 

CONTOURS OF o;/^ FOR CIRCUUR OPENING 
IN ROCK WITH A 1-0 DISCONTINUITY 
K-l/3 ,  6-0° , ««o» ,   Mj-200 
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stiffness decreases and tension zones increase in size in both the crown and 

invert.  Thuse trends are similar to those which developed for the two-dimensional 

d i scont i nu'ty. 

Discontinuity Stresses 

The stresses which develop within the discontinuity are shown in Figure 

7-8.  In the top figure, the variation in the dimension less normal stress with 

normal stiffness is shown for a constant shear stiffness (K. = 30,000, n. = RP. =0.0). 
J J   fj 

This figure shows that as the normal stiffness increases, the normal stresses 

iricrease significantly within about three radii of the opening center, in a manner 

s milar to that observed previously for the two-dimensional discontinuity.  In 

addition, variations in shear stiffnesses had virtually no effect on the normal 

stresses because the resulting values were almost identical. 

The dimensionless shear stresses which develop in the discontinuity are 

shown in the center and bottom of Figure 7-8, the center showing the variation 

with normal stiffness for a constant shear stiffness (K. = 30,000, n., = Rf. = 0.0) 

and the bottom showing the variation with shear stiffness for a constant normal 
7 

stiffness (K = 2500 KN/m ).  The center shows that the shear stresses are slightly 
n -   ' 

affected by normal stiffness with higher values occurring with a lower normal 

stiffesss (i.e., softer).  However, the magnitude of these stresses is very small. 

The bottom figure shows that the shear stresses increase substantially within one 

radius of the opening face, in a manner similar to that for the two-dimensional 

discontinuity, when the initial stiffness number, K., increases and when n. increases, 

indicating increased stress-dependency.  Increases in Rf., indicating increased 

nonlinearity, showed virtually no differences in the resulting shear stresses, and 

subsequently these variations are not shown.  It should be noted that in all of 

these cases, the mobilized strengths within the discontinuity were low indicating 

that no shear failure was imminent; specific values at the opening face varied with 

a constant normal stiffness from a high of 17-3^ for K. = 150,000 and n. = 0.6 

to a levy of ],7%  for K. = 30,000 and n. = 0.0 and varied with a constant shear 

stiffness from a high of $.2%  for K = 250 MN/m3 to a low of 0.8^ for K = 25,000 MN/m3. 
n n 

Opening Displacements 

Figure 7-9 shows the dimensionless displacements of the opning as the shear 

stiffness of the 0iscontinuity is varied when the normal stiffness is held constant. 

185 - 
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OF 

OPENING 

INITIAL   STRESSES 

Oh\-arti = 3.45   MN/m2 

©(««SOOpsi) 

o-3|=|.l5 MN/m2 

.0 

0.8 

Kn = 25,000 MN/m3 

Kn = 2,500 MN/m3 

Kn =   250      MN/m3 

s 

•+■ —- 

2R 3R 4R 5R 6R 

0.1 

0 

-      0.2 

*<n =   250      MN/m3 

Kn = 25,000 MN/m3 

 Kj = 30,000 nj = 0.0 
  Kj = 30,000 nj = 0.6 
-— Kj =150,000 nj = 0.0 
 Kj =150,000 n: = 0.6 

2R 3R 

FIG. 7-8 

DIMENSIONLESS    DISTANCE    FROM   OPENING    CENTER 

NORMAL   AND  SHEAR  STRESSES   ON 
HORIZONTAL   l-D  DISCONTINUITY 

ISC 
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ORIGINAL OPENING   SHAPE 

INITIAL   STRESSES 

ov =cr,i = 3.4 5   MN/m2 

O(2s500psi) 

Oj^l.lS MN/m2 

Er = 50,000 MN/m2 

i/r = 0.25 
Kn = 2,500 MN/m3 

ORIGINAL   LINE   OF DISCONTINUITY 

— 2R 

 Kj = 30,000       tij = 0.0 

 Kj = 150,000      n; = 0.6 

2    8E 

I    I    1 ^R 

DISPLACEMENT   SCALE 

FIG. 7-9 DISPLACEMENTS   OF  CIRCULAR   OPENING 
IN ROCK WITH A   l-D  DISCONTINUITY 
K=l/3, 0=0° ,   ««0° ,   Kj VARIABLE 
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The two cases shown represent the maximum and minimum movements claculated.  It 

can be seen that the only significant effects are near the discontinuity while 

the crown and invert variations are very small.  The compression of the dis- 

continuity is almost the same regardless of shear stiffness, but the inward 

movement of the upper wall and the outward movement of the lower wall increase 

as the stiffness number and exponent decrease because both parameters decrease 

the resulting shear stiffness.  Variations because of nonlinearity were minor. 

Figure 7-10 shows the dimension less displacements of the opening as the 

normal stiffness of the continuity is varied when the shear stiffness is held 

constant. This figure shows that the displacements are greatly affected by 

variations in normal stiffness and that compression of the discontinuity, inward 

movement of the crown, invert and upper wall, and. outward movement of the lower 

wall all increase as Kn decreases (i.e., the discontinuity becomes "softer"). 

Summary 

The analyses presented in this chapter were conducted to evaluate the effect 

of variations in the normal and shear stiffnesses of a one-dimensional discontinuity 

on the resulting stresses and displacements around underground openings in rock 

containing a single prominent discontinuity. The results of these analyses are 

similar to those obtained when a two-dimensional discontinuity was analyzed in 

Chapter 5.  These results showed that, as the discontinuity becomes softer, the 

stress changes (or load transfer) become more substantial, tension zones increase, 

normal and shear stresses on the discontinuity decrease and displacements of the 

opening increase. 

These conclusions can be further amplified by the studies conducted in this 

chapter since the stiffness of the one-dimensional discontinuity is based upon 

independent normal and shSar stiffnesses. These studies showed that the resulting 

stresses and displacements were affected more by the normal stiffness than by the 

shear stiffness, indicating that the stiffness component acting in the same direction 

as the initial maximum principal stress is the most important in determining the 

resulting behavior of the opening.  These studies further showed that the nonlinearity 

of the shear stiffness is of minor importance but that the initial stiffness and 

stress-dependency is signifleant .in detepmining the stresses and displacements of 

the opening. 

| 
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ORIGINAL   OPENING   SHAPE 

INITIAL   STRESSES 

erv soj, = 3.45   MN/m2 

0(^500 psi) 

031=1.15 MN/m2 

Er =  50,000  MN/m2 

vr =  0.25 
Kj = 30,000 
n. = 0.0 

ORIGINAL  L'NE   OF DISCONTINUITY 

—— 2R 

 Kn =   250      MN/m3 

■ —    Kn =   2,500    MN/m3 

■*•—    Kn =   25,000 MN/m3 

DISPLACEMENT   SCALE 

FIG. 7-10 DISPLACEMENTS   OF CIRCULAR OPENING 
IN ROCK WITH  A   l-D  DISCONTINUITY 
K-l/3,  e = 0o,   a»00  ,   Kn VARIABLE 
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CHAPTER 8 

ANALYSIS OF THE BEHAVIOR OF LDWARD HYATT POWERPLANT 

The Edward Hyatt Powerplant, shown in Figure 8-1 near the completion of 

excavation, is a large underground powerplant situated 300 feet (91.5 m) below 

ground surface, in the left abutment beneath Oroville Dam.  Designed and con- 

structed by the State of California Department of Water Resources, the power- 

plant has been the subject of numerous technical articles related to various 

features of its analysis, design and construction (e.g., Gianelli, 1969; 

Gianelli and Jansen, 1972; Golze' 1971; Kruse, I969, 1971; Merrill et al, \S6k; 

Thayer et al, 196*0. Because of the numerous technical accomplishments made 

by this project, the Oroville Dam and Edward Hyatt Powerplant were awarded 

the Civil Engineering Achievement of the Year Award for 1968 by the American 

Society of Civil Engineers.  As further evidence of the accomplishments 

involved, the California State Water Project, in which the key units are Oroville 

Dam and Edward Hyatt Powerplant, was awarded the Civil Engineering Achievement 

of the Year Award for 1972 by the American Society of Civil Engineers. 

Very detailed investigations were made at the site of the powerplant 

and extensive instrumentation was installed to monitor the behavior of the 

opening during construction.  The availability of these data provided the opportunity 

to determine the effectiveness of the finite element analysis techniques described 

previously for predicting the behavior of large, irregularly shaped openings in 

discontinuous rock.  The results of these analyses are discussed in subsequent 

sections of this chapter. 

General Description of Edward Hyatt Powerplant 

Oroville Dam and Edward Hyatt Powerplant are the key units in the California 

State Water Project which will convey water from Northern California to Southern 

California.  The dam and powerplant are located on the Feather River in Northern 

California, about 150 miles northeast of San Francisco in the foothills of the 

Sierra Nevada.  Figure 8-2 shows a plan view of the facilities, including the dam, 

powerplant, penstocks, tunnels and associated facilities.  Figure 8-3 shows the 

location of the powerplant beneath the dam.  Final siting was determined by hydraulic 

requirements, economics and the results of a comprehensive exploration program. 
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CREST    OF   DAM 

^  

DAM     EMBANKMENT 

PENSTOCK   BRANCH '*/'*T 

TAIL   RACE 

TUNNELS 

\ 
\J 

PENSTOCK 

TRANSVERSE  SECTION 

NORMAL   RESERVOIR    WATER    SURFACE 
EL    900 

POWER     PLANT    CHAMBER 

\ 

LONGITUDINAL SECTION 

EL   9i8 

— EL. 30C 

FIG. 8-3  LOCATION  OF   EDWARD  HYATT    POWERPLANT 
BENEATH   OROVILLE  DAM  (FROM KRUSE, 1971) 
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The powerplant chamber is 550 feet (168 m) long, 69 feet (21 m) wide 

and nominally about \kQ  feet {kl.l  m) high, but the height varies from section 

to section.  The facility includes six turbine generators which can produce 

approximately 2.5 billion kilowatt-hours of electrical power per year. 

The initial powerplant contract was awarded in June 1963 to the low 

bidder, a joint venture of McNamara Corporation Limited and George A. Fuller 

Company.  Actual excavation of the powerplant chamber began in March 196^ and 

was completed in June 1966,  Following the completion of Oroville Dam in 1967, 

the first generating unit began operation in 1968. 

Site Geology 

The powerplant site is in the western foothills of the Sierra Nevada, 

a large, tilted, granite fault block.  Overlying the granite at the site are 

a series of tightly folded, steeply dipping metamorphic rocks.  The powerplant 

is in this metamorphic series within an unnamed metavolcanic formation of 

predominantly amphibolite, a basic metamorphic rock, containing abundant thin 

veins of calcite, quartz, epidote, asbesros, palygorskite "mountain leather" 

and pyrite.  The generally unweathered amphibolite at the powerplant is hard, 

dense, greenish gray to black, fine to coarse-grained and generally massive, 

although a slight schistosity is commonly found with an attitude striking N 12° W 

and dipping 770E. 

At the powerplant excavation, the rock is moderately to strongly jointed 

with three prominent joint sets, all generally tight, causing some blockiness in 

the rock.  Steeply dipping, planar, shear and schistose zones strike 60° to 80° 

with the longitudinal axis of the powerplant and are spaced from five to twenty 

feet apart.  Most of these discontinuities are one to six inches wide and contain 

crushed rock, schist and clay gouge.  Ground water inflow was verv small and was 

conducted almost exclusively along the discontinuities. 

Figures 8-^ and 8-5 show the prominent discontinuities intersecting the 

powerplant.  Considering that the powerplant is 550 feet (168 m) long, it can 

be seen that the site geology was generally favorable.  Figure 8-6 shows a more 

detailed isometric view of the left or upstream wall from which it can be seen 

that in certain areas, the discontinuities were more closely spaced.  More detailed 

geologic information is presented by Gross (1968). 
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Engineering Investigations 

Preliminary investigations were conducted at the site by seismic 

refraction survey and with nine NX core borings to determine the extent of 

uiweathered rock above the powerplant and to locate rock discontinuities in 

the powerplant area.  After analysis of the preliminary data, the final 

investigations were conducted from a five foot (1.52 m) wide by seven foot 

(2.1^ m) high unsupported exploration adit with several branches and crosscuts. 

Geologic details were revealed in the adit and in 33 BX core borings drilled 

from the adit and its branches and crosscuts. 

In addition to geologic data, the adit was employed to conduct in- 

situ testing of the rock mass.  These tests included: 1390 measurements of 

rock stress from 27 flatjacks installed in the walls, floor and roof of the 

adit, 157 borehole stress relief measurements in five over.ored boreholes, 

plate bearing tests and rock bolt pull-out tests since it was planned to use 

rock bolt roof and wall support.  In addition, measurements of tunnel convergence 

were made from thirty borehole extensometers at six sites in one of the diversion 

tunnels.  Laboratory sonic and static uniaxial tests were also conducted on intact 

core specimens of the rock. 

The results of the flatjack and borehole tests, although scattered, showed 

that the in-situ stress field was essentially Isotropie with stresses approximately 

equal to 500 psi (3.^ MN/m ).  The stresses were measured, approximate 1y 350 feet 

(107 m) below ground surface where overburden pressure would account for aboi't 891 of 

the vertical stress measurements.  Tectonic effects were indicated to account for 

the difference, as well as for the Isotropie values of the stresses. 

The field and laboratory tests also provided information on the in-situ rock 

modulus.  Table 8-1 shows the values obtained from the different tests and it can 

be seen that the tests on the intact cores yielded high modulus values, while the 

field tests which include the discontinuities present in the rock mass yielded 
2 

lower modulus values.  The averages ranged from 10,300 to 110,000 MN/m  (1.5 to 

16.0 x 106 psi). 

The laboratory uniaxial tests also showed that the average compressive strength 

was about 276 MN/m  (^0,000 psi) while the average tensile strength was about 23.^ MN/m 

(3,300  psi). 

2 
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Finite Element Idealization 

For any finite elenent analyses, other than linear elastic analyses  the 

construction sequence employed in the field must be reasonably well modeled in 

the anaN- s for the results to be meaningful.  The sequence followed in the 

field was first to excavate the crown and then to bench down and outwards at 

lower elevations.  The crown sequence is shown in Figure 8-7 while the sequence 

employed at unit one is shown in Figure 8-8.  The finite element analyses were 

conducted with a three step excavation sequence.  The first step was the crown 

excavation, the second step was to an intermediate depth and the third step was 

to the final geometry.  In all of these analyses, the simulation of embankment 

Placement was not considered because the instrumentation results showed that it 

caused very little effect. 

In the field, one inch (2.^ cm) diameter and twenty foot (6.1 m) long 

rock bolts were installed on a four foot (1.22 m) square pattern in the crown 

and un a six foot (1.83 m) square pattern in the walls.  The rock bolts were not 

cons,dered in the finite element analyses discussed in this chapter. 

Four types of plane strain finite element analyses were conducted for this 

study.  As long as the system is homogeneous and Isotropie, the plane strain 

assumption will be accurate if the opening is long.  But if discontinuities are being 

modeled, and they are not normal to the section being analyzed, the plane strain 

assumption will not be completely satisfied and the results will be slightly 

inaccurate because the basic assumptions are not being satisfied.  Considering 

the complexities of the three-dimensional analyses and the high costs, it is felt 

that the plane strain analyses of openings similar to this powerplant will provide 

sufficiently accurate results for at least a preliminary design basis. 

The four types of analyses conducted were: (1) linear, homogeneous, one step 

excavation, (2) linear, homogeneous, three step excavation, (3) nonlinear, homo- 

geneous, three step excavation, and (M nonlinear, jointed, three step excavation 

For the first three analyses, the mesh shown in Figure 8-9 was used.  This mesh 

contains JOk  elements and 7^ nodal points to provide sufficient accuracy because 

of the irregular geometry of the opening.  The top of the mesh corresponds to the 

average ground surface elevation while the other three boundaries were established 

m accordance with criteria discussed in Chapter 2. 
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FIG. 8-8  UNIT   ONE   EXCAVATION  SEQUENCE 

EDWARD   HYATT POWERPLANT (FROM  DWR, 1967) 
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For the fourth analysis, the discontinuities were taken into account by 

extrapolating the discontinuities to intersect the section at unit one, the 

section chosen for analysis.  Figure 8-10 shows the resulting unit one section. 

Because of the large number of discontinuities involved, this section was 

generalized and the eleven discontinuities which were modeled are shown in Figure 

8-11.  The finite element mesh used for this modeled section is shown in Figure 

8-12 and it contains 895 elements and 982 nodal points.  It is interesting to 

note that the discontinu/ties involved are quite similar, as shown in Table 8-2, 

with almost all of the discontinuities being several inches of crushed rock 

with varying degrees of clay gouge. 

The properties used in these analyses are shown in Table 8-3.  For the linear 

analyses, a representative modulus value of 35,000 fW/m2 (5 x 106 psi) was selected 

based on the field test results shown in Table 8-1.  The Poisson's ratio value 

of 0.20 was selected on the basis of the results of tests discussed in Chapter 3. 

The strength parameters were obtained from the average uniaxial compressive and 

tensile strengths by plotting Mohr strength circles for both cases and assuming a 

linear variation between them.  The resulting values were a cohesion of 39.2 MN/m2 

(5,700 psi) and an angle of friction of 58°.  These values were used for the rock 

in the subsequent analyses as well. 

For the nonlinear, homogeneous analyses and for the rock in the nonlinear, 

jointed analyses, the value of K (modulus number) was inferred from the results of 

the static uniaxial tests on unjointed cores.  This was done by considering that 

the uniaxial tests were conducted with a confining pressure of one atmosphere. 

For this condition, the initial tangent modulus, E., would be equal to Kn   Sub- 
1 Ka 

stituting the uniaxial modulus value for E., the resulting value of K is equal to 

880,000.  The remaining modulus and Poisson's ratio parameters were established 

based upon the results discussed in Chapter 3. 

For the nonlinear, jointed analyses, the nonlinear properties of the rock were 

the same as those discussed above.  For the joints, it was considered that they are 

very similar in character, as shown in Table 8-2.  Since they are similar, the same 

values were used for all eleven joints modeled in the analyses and these values 

were adopted based upon the results presented in Chapter 6. 
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FIG. 8-10   DISCONTINUITIES   THROUGH   (J, UNIT ONE 
EDWARD   HYATT   POWERPLANT 
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FIG. 8-12   MESH   FOR   JOINTED ANALYSIS   OF 

EDWARD  HYATT  POWERPLANT 
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Joint 
Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Thickrtss 
(in.) 

1-3 

1-J 

2-4 

1/2-1 

1-4 

1-6 

2-6 

1-2 

1-3 

6-30 

Generalized Field Geologic Description 

Clay Gouge and Crushed Reck 

Clay Gouge to Crushed Rock 

Clay Gouge and Crushed Rock 

Clay Gouge and Crushed Rock 

Tight Crushed Quartz, Calcite and Schistose Fragments 
with minor Clay Gouge 

Crushed Rock with 1-2 inch Clay Gouge 

Crushed Rock with up to 1 inch Clay Gouge - Strongly 
Fractured Rock with Schist and Fpidote ranges 
from 10-30 inches wide locally along seam 

Crushed Rock and minor Clay Gouge 

Clay Gouge and Crushed Rock 

Crushed Rock, Quartz and up to 1/2 inch Clay Gouge in 
o foot wide zone of Strongly Fractured Rock 

Strongly Fractured Schistose Rock with up to 2 inch 
Clay Gouge 

TABLE 8-2  DESCRIPTION OF MODELED DISCONTINUITIES 
EDWARD HYATT POWER PLANT 
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Pi splacements 

The displacements in the crown and walls were measured by extensometers 

installed in arrays during excavation.  During the initial crown arch excavation, 

twenty foot (6.1 m) mechanical extensometers were installed to measure the arch 

displacements.  As excavation proceeded downward after the crown was excavated, 

these devices were replaced by fourty foot (12.2 m) extensometers with attached 

electrical sensors.  The same type of devices were installed in the walls.  The 

centerline of each of the six generating units was instrumented as shown in 

Figure 8-13 with eleven extensometers to measure the displacements at five locations 

and in several different directions. 

It should be noted that, because of obvious physical difficulties, the 

extensometers cannot measure the total displacement at a Point because the cut   has 

to be made before the device ran be installed and subsequently a certain amount 

of deformation occurs which is not measured.  Furthermore, the extensometers can 

only measure relative displacement between the two ends of the device, 

a)  Displacements at Extensometer Locations 

Table 8-k  shows the measured and computed vertical displacements for the 

twenty foot (6.1 m) centerline crown extensometers which developed from the 

crown excavation.  This corresponds tc step 1 in the finite element solution. 

These results show that the measured relative displacements ranged fron 0.2 mm to 

1.0 mm with an average value of 0.5 mm.  The computed relative displacements were 

0.5 mm for the linear analysis (the one step and three step solutions were virtually 

identical), 0.1 mm for the nonlinear analysis and 2.0 mm for the jointed analysis. 

Comparison of the measured and computed displacements shows that the linear analysis 

agrees well with the average measured value while the nonlinear value was one-half 

the minimum measured and the jointed value was twice the maximum measured.  However 

all of the values are very small with the maximum difference between the measured 

and computed being only 1.0 mm.  Based upon the computed results it can be seen 

that the relative displacements only accounted for 20% to k8l  of the total displace- 

ments at the face. 

Table 8-5 shows the measured relative displacements for the eleven fourty 

foot (12.2 m) extensometers installed at the centerline of each of the six generatino 

units.  Extensometers k   through 8 were installed after the equivalent of step 1 
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Extensometer Station 
(ft) 

0 + 22 

0 + 40 

0 + 03 

1 + 37 

2 + 31 

2 + 90 

3 + 49 

4 + 28 

5 + 00 

Method 

Measured 

Maximum 

Minimum 

Average 

Computed 
(Step 1) 

Linear 

Nonlinear 

Jointed 

Relative Vertical Displacement 
(mm) 

Relative Displacement 
(mm) 

1.0 

0.2 

0.5 

0.5 

0.1 

2.0 

0.3 

0.3 

0.3 

1.0 

0.7 

0.6 

0.7 

0.2 

0.2 

Total Face Displacement 
(mm) 

2.0 

0.5 

4.2 

TABLE 3-^  MEASURED AND COMPUTED VERTICAL DISPLACEMENTS 
FOR 20 FOOT CENTERLINE CROWN EXTENSOMETERS 
EDWARD HYATT POWERPLANT 
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E
xc

av
. 

S
te

p 
\         Unit and 

\. station  (ft) 
Extensometer\. 

1 
p"  

2 3 4 5 6 

4 + 81 
1       -   ■ 

4 + 03 3 ■'-  25 2 4 47 1  + 69 0 + 91 

1 0.2 -2.4 0.4 1.8 0.5 -1.2 
2 1.1 CA 4.4 3.° 1.5 3.3 

3 
3 0.5 5.1 0.6 0.9 0.9 0.2 
9 1.2 2.6 2.3 2.2 0.7 -0.1 

10 2.0 2.2 3.0 3.8 1.4 2.4 
11 0.4 2.2 0.5 1.9 0.7 1.7 

4 -C.2 0.3 0.2 0.3 0.1 0.1 
5 0.1 -0.1 0.0 -0.1 0.2 -0.2 

2 6 -0.1 0.1 0.1 0.0 (7.0 0.1 
7 Ü.2 0.2 0.1 0.0 0.5 -0.2 
8 0.1 0.7 0.1 0.1 0.0 0.1 

4 -0.2 0.3 2.1 0.4 0.1 0.1 
5 0.0 -0.2 -0.2 0.2 0.2 -0.4 

3 6 -0.1 0.2 0.1 0.1 0.1    i 0.2 
7 0.2 0.1 0.0 0.0 0.5 -0.4 
8 0.1 1.6 -0.6 0.1 0.1 

i 
0.4 

Note:    Displacements are in mm with positive values indicating extensometer 
extension or relative movement toward the face. 

TABLE 3-5     MEASURED RELATIVE DISPLACEMENTS 
FOR 40 FOOT EXTENSOMETERS 
EDWARD HYATT POWERPLANT 
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of the solutions so they only measure the relative displacements corresponding 

to steps 2 and 3-  Extensometers 1 through 3 and 9 through 11 were installed 

after the equivalent of step 2 of the solutions so they only measure the relative 

displacements corresponding to step 3. 

The maximum, minimum and average values measured are shown in Table 8-6 

along with the computed relative values and computed total values at the face. 

For the wall extensometers (1 through 3 and 9 through 11) the measured relative 

values ranged from -2.1, mm to 6.i. mm.  Most of the computed relative values fall 

within the measured range but typically the linear analysis values are 1/3 to 

1/2 the measured while the nonlinear analysis values are I//, to 1/3 the, linear 

values.  The jointed analysis values typically are larger than the linear values 

One interesting point to note is the relative inward wall movement.  The measured 

values show that the horizontal extensometer 2 (left or penstock side) moves inward 

more than the horizontal extensometer 10 U'.ght or draft tube side).  The jointed 

analysis shows this same behavior while the linear and nonlinear analyses show the 

opposite. 

For the crown extensometers (4 through 8) the measured relative values ranged 

from -0.6 mm to 2.1 mm with only relatively small changes from excavation step 2 

to step 3.  All of the computed relative values fall within the measured range with 

the nonlinear analysis values most closely representing the average measured values 

The linear analysis values are larger than the nonlinear values while the jointed 

analysis values vary from greater then to less than the linear values. 

Comparison of the computed relative and total displacements shows that for 

the linear and nonlinear analyses, the relative values vary from about 1/5 to 1/2 

the total values with an average of .bout 1/3 and for the nonlinear analyses the 

relative values vary from about 1/10 to 3A the total values with an average slightly 

over 1/3.  These values imply that extensometers can only measure a small amount of 

the "elastic" deformation of an opening but would be of greatest value in measuring 

time-dependent deformation. 

Further scrutiny of the data shown in Table 8-6 would imply that, based upon 

the measured relative values which show greater wall than crown displacements 

(i.e.. compare the horizontal extensometers 2 and 10 with vertical extensometer 6), 

either there is substantial anisotropy in the initial stresses and/or the rock or 

the vertical rock bolting effectiveness is far superior to the horizontal rock boltino 
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The computed relative displacements also show this effect but. when the computed 

total displacements are considered, it can be seen that for the linear and non- 

linear analyses the results are within about 10* of each other.  The jointed 

analysis shows substantially greater differences which implies that the main reason 

for the differences is the presence and interaction of the discontinuities in the 
rock mass. 

b)  Computed Displacements Around the Opening 

The preceding discussion is very helpful in evaluating the displacements at 

specific locations but the finite element solution can be used further to look at 

the overall displacements along the opening face.  Figures 8~]k  and 8-15 show the 

displacements of the opening face for the 1 step and 3 step linear analyses from 

which it can be seen that the final displacements are virtually identical  The 

advantage of the 3 step analysis lies in the fact that the displacements at various 

stages of excavation can be obtained.  The maximum displacements occur at mid-height 

and crown and the direction of movement is always inward toward the opening center. 

Figure 8-16 shows the displacements of the opening face for the nonlinear 

analysis.  The total displacements are less than the linear analyses but, as noted 

previously, the relative movements are not too different from those of the linear 

analyses.  The maximum displacements also occur at mid-height and crown while the 

direction of movement is always inward. 

The displacements of the opening face for the jointed analysis are shown in 

Figure 8-17 with the discontinuities superimposed for reference.  It can be seen 

that the discontinuities play an important role in determining the form of face 

movement with some rock blocks moving more than others.  It may be noted that some 

outward movement occurred but for the most part the movement was inward toward the 

opening center. 

A further way of using the results of the jointed analysis is to look at the 

relative movement of the rock blocks separated by discontinuities.  The rock block 

movement is shown in Figures 8-18 through 8-20 with the approximate average movement 

of the blocks shown by vector displacement arrows.  The blocks all show relative 

inward movement which increases as excavation proceeds.  Of special interest to note 

is the relatively large inward movement of several of the smaller triangular blocks 

in the crown and walls which may have "fallen" into the excavation if rock boltinc, 

had not been employed. 
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DISPLACEMENT    SCALE 

FIG. 8-16 DISPLACEMENTS    OF    OPENING   FACE 
EDWARD   HYATT   POWERPLANT 
NONLINEAR   ANALYSIS 
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FIG. 8-17 

DISPLACEMENT    SCALE 

DISPLACEMENTS   OF  OPENING  FACE, 
(L UNIT ONE,    EDWARD   HYATT 
POWERPLANT - JOINTED   ANALYSIS 
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DISPLACEMENT    SCALE 

FIG. 8-18    MOVEMENT   OF  ROCK   BLOCKS   AROUND 
EDWARD   HYATT   POWERPLANT - STEP  I 
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DISPLACEMENT   SCALE 

FIG. 8-19     MOVEMENT   OF  ROCK   BLOCKS   AROUND 
EDWARD   HYATT   POWERPLANT - STEP 2 

m 

..... ^iuu   -    -■  ~  -■■ ..i                     -,,-.■       -    ■   — ■        ■  -   ■■'■■-■---■■    ■- —^-^.M,.- ÜOMHÜiMÜKtyl 



mwmmm^j******   " v^mmmmmrm -~~ ^— H^mmmmmmtmm^mmgm^TSKii'i **W 

0 
L. 

I   CM 

DISPLACEMENT   SCALE 

FI6.8-20   MOVEMENT   OF  ROCK   BLOCKS  AROUND 
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Stresses 

The finite element solutions further provide an overall picture of the 

stresses developing around the opening during construction which can be used 

to isolate zones of stress concentration and relief and to evaluate potential 

fa.lure zones which should be supported.  Figures 8-21 and 8-22 show the a 

contours during excavation for the nonlinear analysis, the results of which are 

Virtually identical to the linear analysis.  It can be seen that as excavation 

proceeds, the crown and base stresses increase, stresses increase to a pro- 

gressively greater distance from the opening and stress concentrations develop 

at re-entrant corners while stress relaxations occur at the benches.  The 

greatest stress concentrations are larger than II MN/n,2 (1620 psi).  Figures 8-23 

and 8-2^ show the ^ contours during excavation for the nonlinear analyses   It 

can be seen that as excavation proceeds, these stresses are relieved to pro- 

gressively greater distances from the opening and tensile zones develop in the 

walls, indicating potential tensile failure.  However since the tensile strencth 

of the rock is high and since discontinuity movement would occur, the effect of 

these tensile zones would be minimized.  The rock bolt installation would further 

minimize these effects. 

Figures 8-25 through 8-27 show the development of the a    stress contours 

during excavation in the jointed analysis.  These figures show that the discontinuities 

Play a s.gnificant role in modifying the stress distribution around an opening 

because the stresses largely follow the discontinuities.  This leads to an asymmetrical 

stress distribution around the opening which is a function of discontinuity orientation 

frequency and stiffness.  However it can be noted that the largest stress concentration^ 

still develop at the re-entrant corners and they are nearly the same value as those 

developed in the linear and nonlinear analyses. 

Figures 8-28 through 8-30 show the 03 contours during excavation for the jointed 

analyses.  These figures also show that the stresses are relieved to progressively 

greater distances as the excavation proceeds, but that tensile zones develop and ' 

these tensile zones follow along the discontinuities where the largest relative block 

movement occurs.  Therefore it can be seen that even though relative movement occurs 

along the discontinuities, the rock is still in tension under the imposed stress state 

The results of these analyses can be further used to evaluate the relative 

stabiUty of the rock mass surrounding the opening.  This can be accomplished by 
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STEP   I 

4  MN/m2 

STEP   2 

FI6.8-2I     CONTOURS OF o;  FOR   t UNIT ONE 
EDWARD HYATT   POWERPLANT 
NONLINEAR  ANALYSIS - STEPS I AND 2 
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NONLINEAR  ANALYSIS - STEPS I  AND 2 
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EDWARD   HYATT   POWERPLANT 
JOINTED   ANALYSIS   -   STEP I 
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JOINTED   ANALYSIS  -   STEP 3 
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comparing the developed stresses to the available strength.  For the linear, 

nonlinear and jointed analyses it was found that the mobilized strength in the 

rock (i.e., developed stresses/available strength) was 'ess than 5%   in all cases 

and that tensile failure did not occu-.  But in the jointed analysis, as shown in 

Figure 8-3I, several portions of the discontinuities had reached failure and stress 

states approaching failure.  However, none of the rock blocks developed full fail- 

ure conditions along the discontinuities bounding ir, indicating that no major 

fallout would occur, even inough several ! locks appear to be only marginally stable 

based on this analysis. 

Summary 

Based   upon   the   four   types  of  finite  element   analyses  presented   in   this 

chapter   (1   step   linear,   ?  step   linear,   3   step  nonlinear  and  3  step  jointed),   it 

can be  said   that   all   of  the  analyses  can  provide   reasonable   representations of  the 

observed   behavior _i_f   the material   properties   cm   be  adequately  defined.     The   1 

step  linear analysis   is   limited  because   it   cannot   follow  the excavation   sequence. 

Both of  the   linear  analyses  are   limited  because   the  selection of material   proper- 

ties  hinges   to  a   large  degree  on   the  availability  of  a   large   body of   field  data 

and a broad  generalization of  these   results.     The  nonlinear analysis  appears   to 

yield displacements   somewhat   lower   than  tl-.ose measured  but  the values   for  analysis 

arc  easily  and   inexpensiVJ'y  obtained.     The  jointed  analysis  appears   to yield   the 

best overall   method of eva/uating  the performance of  the opening.     The   rock  proper- 

ties can  be  determined  as easily as   for  the  nonlinear analysis,   but   field  data   is 

required   to  define   the  prominent  discontinuities   and   their  properties.     However, 

if   tins  data   is   available,   the   resulting  deformations,   stresses  and   stability 

of   the   rock mass  may  be evaluated with a  reasonable  degree of accu-acy. 
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CHAPTER 9 

SUMMARY AND CONCLUSIONS 

The studies conducted and presented in this report were oriented toward 

establishing a simple, practical approach for applying the finite element method 

to predict the behavior of underground openings in rock during excavation.  The 

techniques presented use nonlinear, stress-dependent empirical models for the 

rock and discontinuity properties in analyses which can simulate the actual ex- 

cavation sequences employed in the field.  ^ wide range of generalized analyses 

was conducted to evaluate the relative effects of variations in opening shape. 

excavation sequence, initial stress values and orientations, material properties 

and discontinuity orientation on the resulting stresses and displacements. 

Finally, to check the validity and general applicability of these techniques, the 

results of finite element analyses using these techniques were compared to the 

results of instrumentation studies which had been conducted to measure the dis- 

placements within the Edward Hyatt Powerplant during excavation.  Comparisons of 

the  observed and computed behavior were excellent and showed that these techniques 

may be used as a powerful desion tool to: (l) predict stresses and displacements 

around openings in rock, (2) aid in the selection of instrument locations for 

monitoring displacements, and (3) interpret the results obtained from instrumentation 

of an opening.  More specific details are summarized in the following sections. 

Finite Element Modeling Techniques 

A generalized procedure for incremental excavation analysis was discussed 

and its general applicability was demonstrated.  A number of analysis were conducted 

to establish minimum criteria for the design of finite element meshes and these 

analyses showed that, for simple structures in homogeneous roci where there is a 

plane of symmetry and only one-half of the system must be analyzed, a minimum of 

125 to 150 elements should suffice.  More will be needed for more complex shapes 

or rock masses.  These studies also showed that to conduct analyses with a minimum 

of boundary interference, the boundary must be located at least six radii from the 

center of the opening. 

Stress-Strain Behavior of Rock 

An extensive literature survey was conducted to evaluate the properties of 

rock types for use in analyses and to examine the applicability for -ock of simple. 
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practical stress-strain relationships recently proposed for soil.  The results 

of this study showed that these relationships simulate the nonlinear, stress- 

dependent behavior of rock quite well.  The results of the literature survey, 

including 16} values under uniaxial test conditions and 115 values under tri- 

axial test conditions, were tabulated and analyzed and representative values of 

the parameters were discussed.  It was found that for certain classes of rock, 

material properties varied little and that nonlinearity and/or stress-dependency 

was sometimes a minor factor in the behavior.  Furthermore, this survey showed 

tfie degree and importance of an i sot ropy of the material parameters. 

Analysis of Openings in Homogeneous Rock Masses 

Analyses were conducted to investigate the Importance of material properties, 

initial stresses, excavation operations and opening shapes on the final stresses 

and displacements around underground openings in homogeneous rock masses.  The 

results of these analyses showed that opening shape, initial stress magnitude, 

initial stress orientation and gravity initial stresses, when shallow, effect the 

resulting stresses and displacements considerably, while the modulus, in a linear 

analysis, or the initial tangent stiffness and stress-dependency in a nonlinear 

analysis, greatly effect the displacements.  Poisson's ratio variations cause 

relatively small effects on the siresses and displacements and all other parameters 

cause minor, if any, variations.  It should be noted that in all of these analyses, 

representative strength parameters were used.  The mobilized shear stresses which 

resulted were small and subsequently no shear failures occurred.  Furthermore, 

tension zones were allowed to develop and no analysis modifications were made to 

account for tension failure. 

Analysis of Openings in Rock Containing a Single Planar Two-DimensionaI Discontinuity 

Analyses were conducted to evaluate the significance of discontinuity stiffness 

and orientation on the resulting stresses and displacements around underground openings 

in rock containing a single, prominent, planar discontinuity.  The results of these 

analyses showed that the stress change?, i.e., load transfer, become more substantial, 

tension zones increase, normal and shear stresses on the discontinuity decrease and 

displacements increase as the discontinuity becomes softer.  These changes are very 

significant when M (discontinuity modulus/rock modulus) goes from 1 to 10, are fairly 

important when M goes from 10 to 100 and are small when M goes from 100 to 1000. 
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When  the planes  of   the discontinuity and  the minimum principal   stress 

coincide,   a  substantial   reduction  occurs   in   the  dimension I ess  a     values,   the 

dimensionless normal   stresses on   the discontinuity .ire  greatest,   the dis- 

continuity  compression   is   greatest  and   the   im .rd  displacements  are   least. 

When   the  planes of  the  discontinuity and   the  maximum  principal   stress   coincide, 

a  substantial   increase  occurs   in   the  dimensionless   a,   values   in   the  discontinuity 

with  a  decrease  adjacent   to   the  discontinuity,   the  dimensionless  shear   stresses 

on   the  discontinuity  are  greatest,   the  discontinuity   compression   is   least  and   the 

inward  displacements  are  greatest.     When   the  discontinuity   is  at   45°   to  the   initial 

principal   stresses  and   as   the  discontinuity  becomes   softer,   the  dimensionless   ; 

values   in   the discontinuity   become  equal   to one  and   the  dimensionless values'in 

the  discontinuity  become  equal   to  K,   the   ratio of   initial   minor   to major  principal 

stresses.     All   other  changes   are minor. 

Stress-Deformation  Pehavior of  Planar  Discontinuities 

An  extensive   literature   survey was  conducted   to  evaluate   the  properties  of 

discontinuities  for  use   in   analyses  and   to examine   the  applicability  of  a  simple, 

practical   stress-deformation   relationship  for   rock  discontinuities.     The   results' 

of   this   study  showed   that   these   relationships  simulate   the  behavior  quite well. 

The   results  of  the   literature  survey,   including  32  different   types  of  discontinuities, 

were   tabulated and  analyzed   and   representative  values  of   the  parameters  were  noted. 

it  was   found   that  many  of   the  parameters  do not   vary  over  a  very wide   range. 

Analysis  of  Openings   in   Rock  Containing  a  Single  Planar   One-Pimensinn.l   Discontinuity 

Analyses were  conducted   to  evaluate  the  effect   of  variations   in   the  normal 

and   shear   stiffnesses  of  a  one-dimensional   discontinuity  on   the   resulting  stresses 

and  displacements  around   underground openings   in   rock  containing  a   single  prominent 

discontinuity.     The  results  of   these  analyses  are  similar   to   those obtained when  a 

two-dimensional   discontinuity was  analyzed.     These   results   showed   that,   as   the  dis- 

continuity  becomes  softer,   the  stress  changes   (or   load   transfer)   become  more  sub- 

stantial,   tension  zones   increase,   normal   and  shear   stresses  on   the  discontinuity 

decrease  and  displacements  of   the opening   increase. 

These  conclusions  can   be   further  amplified  since   the   stiffness  of   the one- 

dimensional   discontinuity   is   based  upon   independent   normal   and   shear   stiffnesses. 

These   studies  showed   that   the   resulting  stresses  and  displacements  were  affected  more 
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by the normal stiffness than by the shear stiffness, indicating that the stiffness 

component acting in the same direction as the initial maximum principal stress is 

the most important in determining the resulting behavior of the opening.  These 

studies further showed that the nonlinearity of the shear stiffness is of minor 

-portance but that the initial stiffness and stress-dependency is significant 

m determining the stresses and displacements of the opening. 

Analysis of the Behavior of Edward Hyatt Powerplant 

Based upon the four types of finite element analyses conducted for the 

Edward Hyatt Powerplant (1 step linear. 3 step linear. 3 step nonlinear and 3 

step jointed), it can be said that all of the analyses can provide reasonable 

representations of the observed behavior i_f the material properties can be 

adequately defined.  The 1 step linear analyst is limited because it cannot 

follow the excavation sequence.  Both of the linear analyses are limited because 

the selection of material properties hinges to a large degree on the availability 

of a large body of field data and a broad generalization of these results  The 

nonl.near analysis appears to yield displacements somewhat lower than those 

measured but the values for analysis are easily and inexpensively obtained  The 

jo.nted analysis appears to yield the best overall method of evaluating the per- 

formance of the opening.  The rock properties can be determined as easily as for 

the nonlinear analysis, but field data is required to define the prominent 

d.scontinuities and their properties.  However, if this data is available, the resulting 

deformat.ons, stresses and stability of the rock mass may be evaluated with a 

degree of accuracy. 

Conclus ions 

The analyses presented during the course of this investigation have shown 

that the finite element method, coupled with the analytical techniques for simulating 

the excavation sequence and the nonlinear, stress-dependent behavior of the rock 

and the discontinuities, can predict the behavior of underground openings in rock 

qu.te well.  This approach is well-suited for practical use because the material 

properties can be evaluated relatively easily and the field excavation sequence can 

be followed di rectly. 

For preliminary design and evaluation, the generalized results presented may be 

used very effectively to evaluate the probable range of behavior for a proposed 
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opening. For final design and evaluation, the techniques presented may be 

used to: 

(1) predict stresses and displacements around openings in rock, 

(2) assess zones of potential instability, 

(3) aid in the selection of instrument locations, and 

(k) interpret the results obtained from field instrumentation. 
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APPENDIX A 

SELECTED UNITS CONVERSION FACTORS 

1 kilonewton/square meter (KN/m2) = 0.01 bar (b) 

» 0,00001 kilobar (kb) 

= 0.00986 atmosphere (atm) 

= 0.010^ ton/square foot (tsf) 

= 0.0209 kip/square foot (ksf) 

= 20,9 pound/square foot (psf) 

= 0.0102 kilogram/square centimeter (kg/cm2) 

= 102.0 kilogram/square meter (kg/m2) 

= 0.1452 pound/square Inch (psi) 

= 0.000H52 kip/square inch (ksi) 

1 kilonewton/cubic meter (KN/m^) = 0.00317 ton/cubic foot (tcf) 

= 0.000102 kilogram/cubic centimeter (kg/cm3) 

: 0.00369 pound/cubic inch (pel) 

Frequently Used Constants In Units Suitable For Analyses Wit 
h The Above SI Units 

Unit Weight of Rock (Typical) = 1 pS|/ft = I/,/, pcf =  22i6 KN/m3 

Unit Weight of Water = 62.4 pcf = 9.80 KN/m3 

1 Atmosphere = 101.3 KN/m2 
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APPENDIX B 

COMPUTER PROGRAM USER'S GUIDE 

Title 

Finite Element Analysis for the F.xcavotion of Underqround Oprninqs in 
Nonlinear, Discontinuous Rock 

Ident i ficat ion 

The computer program consists of a main program and nine subroutines 
(LAYOUT, LSSTIF, BANSOL, LSRESL, EXCAV, LSQUAD, LST8, JTSTIF, JTSTR).  The 
program was coded by Professor F. H. Kulhawy of Syracuse University (1971-72) 
using the general finite element programming concepts and solution techniques 
developed by Professor E. L. V/ilson of the University of California (I963- 
date) .  Specific formulations included are the linear strain element of 
Felippa (1966), the excavation simulation concepts of Clough and Duncan (1969), 
the nonlinear one-dimensional element of Goodman et al (1968) and Clounh and 
Duncan (1969), and the nonlinear stress-strain relationships of Duncan and 
Chang (1970) and Kulhawy et al (1969). 

Purpose 

The purpose of this computer program is to calculate the stresses, strains, 
and displacements around underground openings in rock by simulating actual 
field construction sequences.  The analysis is performed by finite element 
methods, assuming plane strain deformation and Isotropie rock properties. 

Opt ions 

The computer program has the capability to follow nearly any single or 
multiple excavation sequence in rock which may have initial stresses constant 
with depth or increasing linearly with depth. The program also has provisions 
for one-dimensional and two-dimensional elements, the properties for which 
may be either linear or hyperbolically nonlinear and/or stress-dependent. 

Sequence of Operations 

The main program monitors all operations by calling the following subroutines 
(which may call further subroutines) to perform the analyses for each excavation 
step: 

a) LAYOUT reads and prints the input data and computes the initial element 
stresses and material properties. 

b) LSSTIF develops the stiffness and load matrices of the entire assemblage 
of elements in the system, applies the excavation boundary forces and 
modifies the matrices for the specified boundary constraints. 

Of. 51 - 
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c) BANSOL solves for the unknown nodal point displacements from the 
known stiffness and load matrices by a Gaussian elimination technique. 

d) LSRESL computes and prints the displacements, strains and stresses 
in the system at the end of each excavation step and modifies the 
rock and discontinuity properties for the next step. 

e) EXCAV is called by LSSTIF and evaluates the equivalent forces along 
an excavation boundary which are applied to simulate excavation. 

f) LSQUAD is called by LSSTIF and by LSRESL for each two-dimensional 
quadrilateral element and it sets up the stiffness matrix for each 
element.  In LSSTIF this matrix is used to set up the stiffness 
matrix for the entire system.  In LSRESL this matrix is used to 
compute the element strains (and subsequently the stresses) from the 
nodal point displacements. 

g) LST8 is called twice by LSQUAD for each quadrilateral element since 
LST8 sets up the stiffness matrix for each of the two linear strain 
triangular elements making up the quadrilateral element. 

h) JTSTIF is called by LSSTIF for each one-dimensional discontinuity 
element, if any are present, and sets up the stiffness matrix for 
each element. 

i)  JTSTR is called by LSRESL for each one-dimensional discontinuity element, 
if any are present, and computes the displacements, strains (through 
the stiffness matrix) and stresses for each element.  New stiffnesses 
are then computed for the next step.  Diaprammatically, the operations 
can be shown as below: 

CL 
(U 

c 
o 

CO 
> 
<j 
x 
<u 
.c 
o 
0) 
0) 

MAIN 
(moni tors 
operations) 

i 
LAYOUT 
(initial 
set-up) 

LSSTIF 
(st iffness 
matr ix) 

EXCAV 
(excavation silumation) 

each element 
stiffness   ' 

4 
# 

v  JTSTIF 
(discontinui ty) 

/»  LSQUAD    „twice 
(quadrilateral) # 

BANSOL 
(solves 
equations) 

LSRESL 
(output results 
modify properties) d each dement  k 

stiffness    'F-- 

JTSTR 
(discont inui ty) 

^ LSQUAD   ^ twice, 
(quadrilateral) 

LST8 
(triangle) 

LST8 
(triangle) 
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INPUT DATA PROCEDURE 

1.  CONTROL CARDS  (3 cards required) 

a) Card 1   (18A4) 

2~ri HED     " Tit,e card for program identification 

b) Card 2  (215) 

Number of elements in mesh.  (275 max) 
Number of noda, points in mesh.  (300 max) 

Number of nodal points in mesh with constrained deformation 
x fixity y f,xity, x and y fixity.  (100 max) 
Number of different material types.(10 max) 
Number of excavation steps In problem. (10 max) 
Number of solution cycles per excavation step. 
e.g  for 1 iteration cycle per step, NUMIT = 2) 
Normally NUMIT = 1 is used 
Code for nonlinear two-dimensional material properties. 
I 0 for all linear, 1 for some or all nonlinear ) 
Code for identifying discontinuities. 
(All material types > NJOINT are discontinuities 
If no discontinuities, NJOINT = NZONES + 1) 

Code for punching final stresses if desired 
(0 = no, 1 = yes) 

1-5 
6-10 

NUMELT 
NUMNPT 

c)  Card 3 (715) 

1-5 NUMBC 

6-10 
11-15 
16-20 

NZONES 
NLAY 
NUMIT 

21-25 N0NLIN 

26-30 NJOINT 

31-35 NPUNCH 

T* :o - 
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The use of these parameters is discussed in the main text, but the following 
should serve as a covenient reference base.  Above all, be consistent 
wi th al1 uni ts . 

If NONLIN = 0 on control card Ic (all rock materials linear elastic), use the 
following for each rock material type: 

COEF = modulus of elasticity (E) 
GG  = Poi sson ' s rat io (', ) 
RF  =1.0 
EXP = DD = FF = CODE = 0.0 

If NONLIN = 1 on control card Ic (one or more rock materials nonlinear), the 
tangent modulus (Et) and the tangent Poisson's ratio (v ) are calculated after 
each excavation step accordinn to the following: 

Et = Ei 
1 .0 - 

(CODE) (RF) (1.0 - sin PHI) ( l-"3) 

(2.0) (CC) (CosPHl) + (2.0) (o ) (sinPHl). 

2 

in which E. = (COEF) (CONS) ( ~L )E)<P 

v. = v / (1.0 - (DD) (ej) 

in which v. = GG - FF log (./CONS) 

'When NONLIN = 1 on control card Ic and it is desired r0  have different degrees of 
nonlinear!ty and/or stress-dependency for E or  , the following can be used: 

modulus only nonlinear, set EXP = 0.0 and E. = (COEF) (CONS) 

modulus only stress-dependent, set CODE = 0.0 

Poisson's ratio only nonlinear, set FF = 0.0 

Poisson's ratio only stress-dependent, set DD = 0.0 

If Poisson's ratio becomes greater than 0.^9 in the eguations, it is automatically 
reset to a maximum value of 0.^9. 
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*t.  NODAL POINT CARDS 

a) Coordinate cards   (15, 2FI0.2) 

(Use as many cards as necessary to define the bystem) 

'"5      MM - Nodal point number 
6-15     ORD (MM,1)  - X coordinate of MM (+ to right) 
16-25     ORD (MM,2)  - Y coordinate of MM (+ up) 

Use a reference system such that the point furthest to the left has 
ORD (MM,1) = 0.0 and the lowest point has ORD (MM,2) = 0.0. 

If nodal points are omitted, the computer program generates the omitted points 
by incrementing MM in intervals of 1 and by calculating ORD (MM,1) and ORD (MM,2) 
at equal intervals along a straioht line between the two defined nodal points. 
The first and last nodal points must always be niven.  (e.g. - MM = 1 and MM = 
NUMNPT)  Nodal points must be read in numerical sequence. 

b) Constrained deformation cards  (1615) 

(Use as many cards as necessary to define NUMBC nodal points) 

'"5      NBC       - Number of constrained nodal point 
6-10     NFIX      - Code to define the type of fixity at this nodal point 

(NFIX = 0 for X and Y fixity) 
(NFIX = 1 for X fixity only) 
(NFIX = 2 for Y fixity only) 

Continue across the card for the constrf ined modal points at repeating 10 column 
intervals as above for a maximum of eight alternating values of NBC and NFIX per card, 
Omitted nodal points are free to move in both the X and Y directions. 
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6.  INITIAL STRESS AND GEOMETRY CARD  (8FI0.0) 

1-10 
11-20 

21-30 
31-40 
41-50 

51-60 

61-70 
71-8ü 

ELEV 
GRAD 

SIGA 
SIGB 
AKO 

ANGSIG 

SIGCL'1 

RADIUS 

- Surface elevation of top of mesh. 

- Initial rate of increase of vertical stress with depth. 
(0.0 if initial stresses constant with depth) 
(1.0 if rate of increase = unit weight of material type 1 
per unit depth) 

- Initial maximum principal stress at top of mesh. 
- Initial minimum principal stress at top of mesh. 
- Initial principal stress ratio. 

(If SIGA and SIGB >0, AKO = SIGP/SIGA.) 
(For shallow openings, when SIGA = SIGB = 0.0, AKO is 
the desired initial principal stress ratio in the rock mass.) 

- Principal stress angle from horizontal to SIG3, measured 
counterclockwise. 

- Initial maximum principal stress at center of final opening. 
- Radius of opening. 

•SIGCL =  SIGA + -> (2.0)(GRAD)(GAM(1))   (ELEV-ELEV at  center) 

(1 + 
SIGB 
SIGA )   +   (1 

SIGB 
SIGA 

)    (cos   (2.0)(ANGSIG)) 
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7.  EXCAVATION SEQUENCE CARDS   (Repeat the following NLAY times) 

a)  Excavation step control card  (515) 

1-5 
6-10 

11-15 
16-20 

21-25 

IN 
NOMFL 
NCUT 
NOMNP 

NPS 

b)  Element cards  (1615) 

1-5 NEL 

Number of excavation step. 
Humbor of elements excavated durinq this step (50 max) 
Number of elements directly along the excavated surface 
Number of nodal points along the exposed excavation face 
after the above elements are removed, including those 
along the excavation surface from previous steps. 
Number of nodal points along excavated surface (NOMNP) , 
plus all other nodal points included in the NCUT elements. 
(50 max) 

Number of element excavated. 

Continue across the card for each of the NOMEL elements at 5 column intervals for 
a maximum of 16 values per card.  The NCUT elements (those directly along the 
excavated surface) must be read in before any of the excavated elements not touching 
the excavation surface. 

c)  Nodal point cards   (515)   (Number of cards required = NPS) 

1-5      NOD (J,l) - Number of nodal point along excavation surface or in 
one of the NCUT elements. 

6-10     NOD (J,2) - Number of first interpolation element. 
11-15     NOD (J,3) ■ Number of second interpolation element. 
16-20     NOD (J.A) - Number of third interpolation element. 
21-25     NOD (J,5) - Number of fourvh interpolation clement. 

All of the nodal points along the exca\ation surface must be read before any of the 
remaining nodal points in the NCUT elements. 

The interpolation elements should be read in criss-cross fashion as belov /: 

2 & 3 would be "NCUT" elements 

A would be an excavated element not 
along the cut 

iUcKil*i*-   ♦ m 
' 7 lit 

A 

N1,N2,N3 are nodal points along excavated  ?jR?At'- 
surface -       I   5 

I K: 
N4,N5,N6 arc the other nodal points in the        NJ 

NCUT elements 

No three of the Interpolation elements can lie on a straight line. 

If NOD (J,l) is along a completely excavated surface already, set the values of NOD 
(J,2) through NOD (J,5) equal to zero. 

- ?B0 - 
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Do not include discontinuity elements as interpolation elements.  Set up as below: 

Ml 
v.'1-1 f't I: 

for  N2,   use   1 ,6,^,3 

for  N3,   use   1 ,6,4,3 

ori 
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APPENDIX C 

FORTRAM IV COMPUTER PROGRAM LISTING 
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RFAO 
(' R I M T 

RFAO 
PR IN'I 
PR I Ml 

RMD 
PRIN1 
NPArMdM 
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MM   AOO 
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/ MIT/ 
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| ;4*IH0    AMXILIAkY    f^!. P.-I NTFRPOI  A j I M.M    FLF^F^T 
|7HOLAY(>R«13*SX«llH    I I FR Al Oi';= MOX. 1 S"    TI 

I \t ;.t ;,;;,; 2j: ^: ;,; i,; ;;;,: ^; v ;,; ;|; ;,; :,; \i :',i :,:;;: s,: 

( 1M5 l    ) 

S/( M! . I 
S/( Iin,I 

rtfe(SFCMM 

i;::,: # * M *: if * 

13t3Ib)) 

11« M !> 11 
llSU^Q.3 
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simKiini iMt- LAvinn 
T «*«««« !- « -s $ ;;;;;: -: g :,: -: ^ i;- - j^ ;;; ^ « ^ ^: v !;c j;: # ft * ;;< « * * V J;S =:: W « * ^ * « # * » * « >j! « # )(t « # * « * * >;- „: ft ft j;t ft ft ft ft ft ft # 

CftHHOM   /INfT/ »-ihDI 1H ) ,MIIN Fl.T »rmMMPT tN.MITNTtNPUNCM 
COMMON   /MPt L/ MPN( ?75,(S) ,nkn( 300,?) .yr.PI?-^) , Yf.Pi ?75) 
COMMOM   /NPHC/ FXnnO) ,FY<3nO) ♦NIIMMf. .tMRf. | 100) ,MFiy ( 100) 
CflMNIM   /HAIMS/ M«AN(),MI)MRLKtK( IHM ) , A ( in«,e>4) 
COMMOM   /niM/ ML AY .I.M.M^FL^ r.nr ,M(il-l'P,MPStNUMIT, I T 
riikv.iM   /.MAT i / ^MI.K ( ?7S) ,^HFA«( 77S) ,Pi)IS(?75) ,r,AMC inj^MMML IM 
rii.-f t^i /'./>!// noi-s.r.nPF ( 1 o ),(--. ^ ( UM ,f,n( i o) ,r,n( i o), ^F ( i o) ,'v7MMF^ 

CUMMUN /'ATS/ r.n ini ,MHi ( IO) ,«»-(io),r)hvi( mi fi)ev?( io),ciii)fc( loi 
r.( ^»»»fiN /l»AT4/ f.i ( UM .PHI .i( in) ,AMnvi( ir ) .FJT (10.^ ) ,MjT,r;AMiM 
CUMMü.j /STPS/ STKFSSI ?7^,3) ,Sjr,f.|.,PAOIllS 

C PFAO   AMf)   PRIM   r.lU-'TRMI.    DATA 

RFAO     ( 1 ,1 ooo,i-i.[) = 4qu )   H-D 

RFAll      IffS,   MIMEITci'lt^NPI 

KF AD lOOo,   Mi^ACtN^OMtrSvMLAVfHIMf Tf^O^L l^t N.lllfWl i^Pin-iCn 
PPIIVJT 9000.    HEII 

P0IM1 ?00S,    MUMFLT.MIIMN PT 

PR I Ml ?0I 0,   Miii.-.Rr. ,M7l^ F^fMI. Av ,f-M)f.iiT «MOML lNfN.|flfMT«MWJMf.M 
£ t,l ft ft ft :,■: j;: :;; ft ft ft m ft ft ft - ;;; ft :;: :;: ;;: ;;:;;; ; : .;c - :;; :;: ^ j;. -.; .;t ... ... # *. ... ;.. ... ,..      .^ o. ^ ^ ^. ^ ^ ^ ,;. ^ ,., ^ ... ^ jj, £ jj, o. jj, jj. ^ # ^ ^ -, ,;, .;t :;. .;; .;. ... 

C READ   AMI)  p«IMT  MATERIAL   PRr>PFRTY  DATA 
f ft ft ft ft ft ft ft ft ft ft ft ft ft ::: ^ ft ft ft :;;:;: ~ :;: ;;;.;: « | M ^ .;: ^ :;:!;: ::. ,; ....;.:;: ft ft ft ft ft ft :;: :;, v ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft xt::: f. ft ft ft 

M.I TaMjniNT-1 
RFAO  1010, CONS 

RFAD  1015. (N.r.Af IMIfCOEF(M)fEXRfM)«ni)(M)t(;ßfMttFF|M)«N«ltMJTl 
Rl-AD  10?O, (M.Cr (M ) , PHI ( M) ,(<>(iv ) .rj^DF |N| »Msl«MJTl 
PWlMl   ?0?S,   rj\H% 
PR 1^1   po^n 
PRIM1    101«>«     (lv,OA    (") ,C(|FF (i") ,FXP(M) ,|i|)(M) ,r,(-;(h) ,FF (M) ,M=1,M,IT ) 
PR I Ml   ?' 3S 
PR INT    1 0?n.    |Ntr.r.(H) .PHI (N) , R F ( IM ) ,roin: ( M ) , M= i ,fv,iT ) 
IF    iMjniMT    .01.    M7niM(-S)       r,li    TO    100 
tj-AO       10in,    f;AM..i 

PFAf)       1077,     (M,r,,MM) ,PHlJ(h) , AMOJ(M) , (F.IKM, I ) , I = 1 , A ) , lM = KMf l IM T , 
1 M 7 MM F S ) 

PR I Ml    703*.    OAi-'W 

PR I Ml    7 0^7,    (N.r.MM) ,PHltl(iv) ^MO.KM) , (F.IT (^', I ) , T = l ,A) ,M = l'.|iMMT. 
1 M|n»'FSI 

C ft   : ft ft ft « « v ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft « ft ft ft ft ft ft ft ft - ft .;: « « ft H - r(;:: ft ft - ft ft !;:« « ,:;:, , t, ,... „ , ^ „#1 

C PI-AM   AIMO  PWIIMJ   rv'dnAi.   POfNT   AI>PAY 

100    IJ. = 0 

10*5    RFAI)       |0?*>«    r-'", ( (''.(n ( '■ r-'.••1 ) ,'• = 1 , 7 ) 
Dt-I. T= •ii.-jj. 
(iy = ( iiPnifM.i, i )-np|}( ||  , ] ) ) /DPI T 

|)Y= (MROf iv,-,. 7 )-M^I)( 1.1. , 7 ) ) /MFL T 
WO   L L = L L + I 

TF     (MM-I.j. )        IAO.130,170 
170    IWlH LL , 1 )=fiPiMI.L-1 . 1  )+MX 

IROILL«? )=(iRn( Ll.-l . ? )+MY 

on   m   no 
130    I ^     (MiMfttPT-MM]        WfO.lSO.lO1- 
l-'.O    PMfMl    iOf'O»    MM 

CALL    F X IT 
ISO    PP TM1    70AO 

PR I Ml      107-1.      (', (MPiM    '.•■') ,v-l .?)  ..,l  =1  .MM1. N'PT ) 

t ft ft ft l.; 

RFAO  100S. (MMCIKI VNFI V(K)«K«ttMtMRr.i 

- ?fia - 
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  —^i-—-—,_— "•" 

I'D \on    K = ],mj^Mc 
If5 (MFIX(K)   .FO.   n) PR I MT ?OHnfMiir.tK| 
IF (MFIXIKI    .(-o.    i ) pR,,,,-, ^OüStNBCIKJ 
IF (^F!X(K)   .FO.   ?) PKIMT ?n#i0.iv(ir(KI 

C »FAO   Af-It   PRIMT   FLFf^MJ   APRA/,   COMPUTE   PJ.    FOP   ST^M-SSFS C « • • =,« •,: « * =:= « ,: » ,: :;: ,, v :;: , « . , , :. , , , , , . .; „ ... $ .: , , „, ^ ,, ;;; ;,; ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^   ^ _   ^ ^ ^ ^ ^ ^ 
MM = 0 

?00   RFAI)      100^.,    M, (MPM(N,M) ,M=1 ,M 

IF    |N   .LF.   MM)      f;(}   TO   ?30 

??0    I- Piv ( r-M,K ) -(Mpiii ltft~\ ,y. ) + i 
MPM (MMo |aN|»|i4(NM*1 . l> ) 
MPM(NN«A]=0 

?30   |F   (M   ,r,i.   NN|     r.o   jn   ?|(j 
IF   (finNFLT   .r, r.  MM)     nn  TO  ?nn 

r. 
P«I Ml ?0bh 
nn 2^0  M=) fMI)WFLT 
J=MPM(M,?) 
L=MPM(M,A) 
x^p^^l)=n.',■-M^«^M .i, i 140*1)1 L»1 ) ) 
Yr,P(M)=n.b-M()Pr)(.i,^)+n«(){L,?) ) 

?h0   PPIM1 ?070, Nv|MFN(N,|N},M«]f»|9yc»fM|,VCP(M| C « ^ « « » * « « :;: « ;;.:;: « « (, « « .;::;; , „ , :,; ,: „,:.: ^ ., „ .. „^ ^ ^ ^ ^ g ^ ( ^^ ^ ;;: ^ ^ ^ ^ ;.; ( ^ ^ ^ ^ ( (     

f»....?!'!««! hANn W,,)TH ^ "»^«S MATRIX, ARMRT IF TOO LARKF' 
.,..,-.,,.. J,. „.   ,,. -,.  ^. ,. ^ ^ J.. „. ,,. ,,, ,. ;,; ;,; -,; .. f ... . . ... ...  .,; ,. ^ ^ 

sno  MMAMI>=0 - . --. .-.--.< »••••• 

IMl   51 n      Ma I |M(mE|.T 

llBMAX0IMFM(M(n,NPN(Nt7}fMFM(Mv3|tNFMfNv4)| 
JJ>MtNO(MPM(Mf] ),MPM{M,?) »MPM(M«3),MPNfN.4] ) 
KK = ?=:( M-JJ+M 
IF    (KK    .HT.    MHAMI1)       VRAMn=KK 
IF    IMAAMfl   ,LF,   »41       Rfl   in   510 
PR I Ml   5005,   H 
an    Tf)   qqq 

5 in   CUM TI MIie 

C 1^1TlALI^F  VALUES   IM MF^H 
L ,. * ,; s,:;,;:,::,;:,::;;;;::;::;; ;;;:- :;: ;;•.;;;; ::;....;. ... ... .... .._... .....     

* ' * '' - - * • • ♦ -= V • » J,: « » « # « :,: - * -..: ft V W ^ :;: g 

rAiF.rJX.AMtrGÄA0,MGA'MnB-AKn'A^,r-SlftCl^Af>1^ 
PRINI  ?OQO    ^^•"^•^^•^"•^«^«•"TEtSlRCL.PAnfllS 

c * v » * • • • • •«« «««»ft ft»,, ft,, ft ft , , , , m9^ , , „, ((v:,; „ <; ^:;; ^:.: ( v # ^ _;;;; 
C 1.   CALCULATE   iMfTIAL   STRFSSP^ 

00  5?n     i =i,^JT 
PHnM)=PHl (r-J)/^7.?W577-Jc)1 
coMsw#o/mFi»)-(i .o-si'iPMi (M) ) >) 
r)FV|(N)«CnMSTwr.C(^l*r.OSf PH| (MH 

5 30   nFV2(i')=r,Mf.si^sI   '(PHI (r.) ) 
ANGBAMnS10/57•?<)•] 7 A 
AMOC«COS(?«0«AMO| 
AN(*S«Sf*l7«0»AN01 

V ft V V « :;: ^ ft X«:;: * ft ft ft ft ft ft ft ft 

ft :;::.: :;t %: ft ft ft ft ft ft ft ft ft ft ft - .;. ft :;: ft ft ft ft ft ft ft ^ j;. ft ft ,;, ft ,;,,........ ^ 

Öd   750      M=1,NUMELT 
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^— 1 '■ — '  '■',' 

SSO 

r 

IM)   b'jO      N«lt1 

siHF^s<i-i,M)=o.n 

r»^ rG«RATF*fELEV-VCPfN ) ) 
iisiRi«>an»f^in/( (i .O+AK(I) + ( i .n-AKr))«A^nc) 
sif;i = sif;a + i)si(;i 

Slkf-SSI^i, 1 )=r. FR—4A|i«AfMr.C 
^TK F ^s ( M , ?) =r i w-t-w Am;: AMnr, 
S1KFSS(IM,3)=-« AO^: AIMCS 

IF    (-1YPF    .LT.   M.IDINT]       r.p   Tfi    SVO 

P^INT ?OM?.  f".xr.H(M),Yr.P(M).(sTR^ss<M,M),M=i ,3),<;ir,i,<;Tn3 
nil    in   7b{> » ■       -- 

■ -»• A* -,* f 

Ai'iR    Mil 

r,n   Tfl  yon 

I « * : 

V A | 

I * M : 

I li ?.    CMCIij. A| -    I-n f 'M     p 

H70    IF    ( ; nNt I'M    .F''.    1 ) 
PHI S(M )=r,(;( MTYüP ) 

F^iii) = rnFF (^TVPfi) 
SHFAR |N )=FMflii/ ( ?.P 

m ILK (NUSHEAfl |w»/n .0-?.n*PliI S(M) ) 
GD   jn  7A(> 

!,: >,•! ? >;::;; «: |[ ^;;.- ^s « * * « ^ä « ^t >;t ^ j^ ; ','• % ''fi :,i si; :|: i;: ^: $ :|: 

I:,: s;;;,: ;? j,;;;;;;; # j^ j,; j;s ^t J^ J^ ;;t ;;: ^; j;: ^s ^s ^ ^t :;t >:t j.: a:;: a 

I 1 .O + Pfll S(M)   )  ) 

: :;: :^ J;: i^ if s;: :;t :;; i]: s;:;;;: 

kNn   ^T r FFN^<;<;F^ 
;,: ^: ;,; ^i 3,; ;|c ;|; ^: 5l! ^; ^; ;|s ;|: ^| »^ 

H M 3 « ^ « :;: 

^: v !|s l}l :.:!'; i.s 

7 on    i)t-vsi« = sif;i-,%ir,3 
i)EVFH«DFV1 IMT/Pfi )+f)Fv? (i-iTYPF )*(;ir,3 
FI=CllFF(i"TYP^ )-:=r.i|MS-v( | ^IA3/Cl)M^) »*exP(MTVFE } 1 
FPS=l)FV<;T«/( FPM 1 .O-IDPvsT^/PFVFu) ) ) 

PHI SI =nt;(,MrVPF )-';P( WTYPF I^ALfifUOl S 10 3/CflNS) 
pnis(^)=pi,i^i /((i ,o-nn(MTYPF»*FPsj»»?,o} 
IF   (pnisiffl   ,GT.   o.^go)      pnj s( M)=n.Auo 
EMOr)«FI*( (IaO»(CnOE(WTYPFI »nFVSTP/nFVFM! I**?»01 
SHFAM (iM)=Frinn/( ?.0;;:( 1 .n + pni c; (I\I ) ) ) 

POLK (ftOsSHHAM (-)/(! .o-?.o=:= PPT RCHJl 
7^0    PQfNT    ?0g^.    i^.xrXIM ,Yr.P(N) , F,.inM.HIlLK(,vi),SHFAQ(N) , PniS(ri) t 

1 ISTRESS^fMl ,i-i=i •3)#M(U«ST63 
/so r.nNTiMiif 

r'     '• CALCDLATF INITIAL OI SCflMT I Ml H TY ^JPFSSFS A' 
C • • « « » :;: n :■ « :;: « :;: , « ;;: , # :;; ,;:,:, ;;; „ ,. , , :.; „, , ., „ „ ^ ,.: ^ .;: ^ ^ :, „ ^ ( ^ ^ ^ ( 

IF     (MJOfNI     .f-T.    'v/ii'-PS)        RFiHRlM 
P B I N 1    3 n 0 0 
nri   Ron      ,..= ! , •.u-.hLT 
MlyPt>eMP«><|Mv^) 

IF   (iv -JYDP   .I.T.   w.infNT)     RO   Tfi   «^ 
ALFsAK'R.UMTYPFI/^T.PQSTll 
ÄL.I = P'-,I.I(."TYPi-)/'5 7.?'-)S7« 
SYX = Sli?PSS(M,1) 
SYY = c;7R|-SS(N,?) 

SXYrSlWF^scv,^) 

SlKFSSfN.l ►•Syv«ICHS(ALFI»»2i4S)tX»ISINCACF)*»2|*SXr»srN(?.0»AI FI 
si«essiN,?)«o#«i»(«;vv-sxxi«iSiM«?.n«iA( n-sxv»cnj I?.O*ALFI 
S1^t-SS(i>i,3 )=n.n 

AtlLK t> ) = ^-,17 ! '■ 1 v^- . i ) 

S-f ftM [>F->lT(MTVPFv?)>ür,A««W«< ( STPFSMM.l )/criM^);::^F,IT(MTYPF,S) ) 

5lKJ«A«SIST«FS^t^f?n/CC.I(«TVPF»*<TRFS5<N,n»S?MULJ»/rn$fAl   in 
SHh A- (N)«SMF/.RTw{n.R-FJT(MTVPF«A l-STM p:=^?#0) 
H n i c; ( M ) = n. o 

PWIM1     3010,    ^.Xr.P(M),Yr.P(iM),AMr,,l(,vlTYpt:) ,(STPFSS(M,M),M=1 ,?), 
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i 
POO   Ciif'l I-iui- 

1000 pimMM 
lOOS pf|HM/l1 
IDIO (-(!'■'I.M 
1!)1S ^(Ist-'.Al 
10?0 RWMA1 
102? FORMA! 
10?S FORMAI 
?()0o r-(ii< 'Ai 
?00^ P0QHA1 
?010   PIIRMA1 

1 
? 

b 
ft 

PO?1)   FORMAl 
2030   FORMA! 

1 
?035   FUttMAl 
?03A   FORMA! 

1 
? 

?037 FORMA! 
?OAfl FORMA! 
?0AS FOMMÄT 
?0b0 FORMA! 
^Obb FORMA! 
?0(SO FORMA! 
POftb   FdRMA! 

MliLK INI « SMFA» (f" ) 

(IRAA) 
( 1 ^ I 'j ) 
I R i11 0 . 0 ) 

nA,hin.c.,hio.o,Ano.M 
(i ^. ^ K i n, ^) 

llAfFl0<?v?F5.?t4F10.?«?F5.?l 
(i s. ? F n. ?) 
(IM1     ////     1HAA) 
I?1MOTOTAL   MO,   ELbMFMTS   »I*   / 
( ?7i-o:;i.   4FSTRAtr4Fn  MOOFS 

?7H   rvi.   IIIFF^RFM!   MATFRIALS 
NO.   CO^STROCTIOM   LAVFRS 
I'H.   I | BRAT fONS   PFR .1 ftVF» 
N0W| INFAN   rOOfi    (ri = i. p.t-AR , 

V :;< :;t if % t- i;- •■;■ :;: * :;; :;< ^: ^: ^t * «;<»;: j;::;;:;; :;t ^:;;::;!: 

1 
?()7 0   PO^MA! 
?0H5   FORMA! 

i 
7 
3 
A 

<S 
7 

?n^o FORMA! 
! 
? 
3 

?0-i? FORMA! 
PO'JS H'-V'M 
3000 FC-'MAI 

1 
? 

30 10 FOBM/t! 
boon hORMA! 
bOOS FORMA! 

?7M 

A4M 
A4h 

?1M  iniAL   NO,   NOOSS 
■ 14   / 
■ r« / 
■ FA    / 
=    IA    // 

1«M0ML Il-FAP )  

IA     ) 

MATFRIALS   TMIS   C0t)l    fi9   nvfi«   A"F   niSr.ONTTWiijTTFS- 
/ 
/ 
/) 
/ ) 

1^ 
I A 

ARM   C.MDF    Ff>H    PUMCHIMO   FJNA|,    ^T^fSSFS    (OsNOttsVESl IA 
i23M0MATFRTAL   PRORFRTV   DATA   //   17M  uNfTS   CflM^TAMT   a   FR.4 
{?1X,HH   f-'iintlLIIS, 1 3X, 1 AH   PDISSHM   RATffl   / 

B^H   KAI |       liWI!    HT      CfiNSlAMT      FXPOMFNT Dt^X« lM(;f Ry, IMF/) 
(AHHOMATL C PHI FAIL.PAlin   N (1ML 1 C ( 1 = YE S )    /) 
nRHnnlSCnNTlHOIlY   OAT*   //   IAH   iMtff!   WT   HATFt;   =   F«.A   // 

CJH    MAM  „hX.pH    C»7X»33H    PM1        JT.    AMGLt: IMTACT   KM 
51H    INTACT   KS       1 FMS.FAll. .KM + KS   ÜMpA«    FAIL.    KS   EXPOMpMT« 
11 H h A r L • H AT I fl / ) 

( I b^^hlO. ?,AFlb,?,7F10.?) 
HUM! MHOAL PulMT ARRAY // ?5H  NP     K-ORO 

WITH RFOMFTRIC »FSTRAIMTS /) 
I A ,13M CAM W(J7 Movp ) 
IA ,3^u CAM MOV£ ONtV IM THF 
IA »33M CAM MOVF flMLY |N THE 

( -tRHlNOOAL PHI Ml S 
( 1 ?H NOOAi. PHI HT , 
(1?H NOOAL POfW!, 
( 1 ?H ivfiOAL PH1HT, 

y-ORD /) 

(bOMj EiLF^Ei« 
SON  Fl F 
tft!5»?Fin.31 

Y-niPFCT!HM) 
X-OTREC!ION I 

1 ARRAY + PT. HHERE 5TRFSSES ARF FVALUATEO // 
1 K L  «ATI 

( 3^1 
3^H 
33H 
33H 
53H 
33H 
33H 
3-an 

( 7 fl H 0 
ASH 
SOH 

SI ly F ACF 
INI T, Rlf.-l 
INIT,   SIG-3 
1M1T. 
I M I T . 

ELEVATION   DP   MESW 
STRESS   AT   "^IIPFACF 

STRESS   AT   SURFACE 
PRINCIPAL   ST«FSS   OATICl 
PH IM.    STP .    AMM. F    JOE«, ) 

RATE   t"-   STRESS   If- C^ .   W,   OEPTH 
i'MIT.  sin-]   IM ppfeviMf; CENTFP 
RAO I MS   OF   HPF-'K'r, 
INITIAL   VALUES   II»   ELEMENT c   // 
ELF X-ORO v-ppn     ELAS 

SMEAd   IK»(UI       pf.)issnf>i sin-x 

X-ORf) Y-ORf)   /) 

F10.2 / 
Fin.? / 
F10.? / 
F10.? / 
FI0.2 / 
F10 • ? / 
F10. ? / 
Fin.? /\ 

?o-; sir,-i SIC-?   /) 
I I^,2Fl0,3,7xt?AH   i-n   HlSCr^iTINitl TY 
( 1 ^.?F in. ?.^f- i o. 1 .AF 1 O.A ) 
IS^^lOISCuNTI^OITV FLE^r^T INITIAL VALHFS // 

'•'HH      WHI.K    MOO, 
SIR-Y TAH-xv, 

ELEMENT,7XV5F10,3I 

SIN     H1. R 
7 A H     J A I I 

( l«5,^M«>, 
(17H •,a, 
( v,pu    HAK,0 

J' 'i' *.• *»* -«' -•• V V -.■ ' VK 

X-Hk'O 

KM 

<, /r 1 0. 1  ) 

r- 0 RMfl       ♦      M 

'•'I'ITH inn 

Y-i IH n 
K«;  /) 

Af nLf: 5, T r N' A 

■     |A| 
1. A'<r;F AT   ELEMENT    1*1 

q^Q f. IHP 
FNi) 

•»* -i» 3,« V ^^ V -i1 9 sj: sj; v .,; ij: ^c 
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^r •m 
■ ■•■' 

Cf)MM(1N 
COMMDN 
CltMr'flN 

COMMON 
COMMON 

COMNift 
COMMflM 
C( IMMUN 

4: ^ Sr sis 5^ ^i ^ 

/IMT/ 
/MPFL/ 
/NPHC/ 
/HANS/ 
/CHT1/ 
/TOT?/ 
/"ATI/ 
/ M A T ^ / 
/STMS/ 
/LSI1/ 

SI Ih 
v *i- '■* •■• V *•■ • 

C * * * = 
c 
C * ^ v; 

^: ^t i,; ;;; ;:: j;: r^ ^ 

RFVEHSF    millNI) 

H(-0( 

NMN( 
KX( ^ 
MR AN 
u.LAV 

MFL( 
HULK 

C.K 1 
S1RP 

SI lo 

AKY    S 

1«) 
?7S 
on) 
DtM 

. LN 
SM ) 

( ?"' 
r), 
SS{ 
,10 

•** v V 

THt- 

.NMMFLT,MIMNPT,MJ()rN i .NPUMCH 
,<s) ,nRn( .oo,?) ,XCP( p?1?) tYCP( ?75) 
,FY( 300) »NIJMHC ,NKCI 100} «NFIV11001 
UMHLK,H( 10«) ,A(10H,5A) 
,Nn^EL»Nr,ilT ,MnMMP,NPS,MUMIT, I I 
,Nflf)l SO, 5 ) 
5) .SH-Z'.iM ?7S) , PHIS (775) ,nAf-M 10) »NPMI 
PHI J( 10 J »ANAJI 10),eJT(10,M,NjT »A AMI 
?7b.3) , SIGCL .»AOIIIS 
),ST(3,10),C(3,3),P(10),MP(4).VOL»1 

:;: ^i ^i;;: :;:;;; ^; * * j^ ,-;r sj: ^: ^! iff ;;; # :;: w ^ S: ^: J^ * * * S-' * * * * # <: >!(; 

SSFS 
; :;: :;( ;;:;;:;;: ;,: j;: s,: % ^ >;: :,% *■. :,: :;: f .-,; ;,: ^ :.; ;,::,: ,-;s >;; ^ -, ^ :;; .;; g ;;. .^ ^:;;.:;: g ^ ^ j;t i^ ;;-. ; 

ILTN 

M 

I s|5 y v 2|: ^t: 

IF  (n   .^T.  i)    on TM ?oo 
CALL F XC AV 

C      INMIALI/P «LHCK CONSTANTS ANO STTFFMFSS APPAV 
f, ¥ V * * * :;= "i' V ^ * * * * * s|! V * * :;= v J? V V V V * ^ ^s T£ ^s Jit ^t ^ # ^ ^ ;,; * >!' ^ V ^c ¥ V * * * ■',• s? :^ s^ s^ ^t J^ 

?00   UH-WINI)   1 
NH = 27 
MI)=?-.;:\IK 

Nn?a?«Nn 
NI)|viBLK=0 
DU    210       N=l,Nn? 
H(N)=0.0 
Oil   ? l(i      M« \ fMMMin 

? 1 0   A ( Ni , M ) = o . 0 
f . • =;: * * si! >;! :;< V ;? =,::,; V ;;::;::!::'  :;: :;: ;,t;,:;;: ^ * v :,: !,t:;! s!t j;; « ».'t >;: * sjt g * t • • ***«#* :;: if. >;<:;-, ^ * # j^ if 

0 FOMM   STIF>^FSS   MAT»!)«   IN   ALECKS 
C H 9 :;: « :;: if « «:;: * « * ^: ::::;::;: if * V * « :,; g ^ :;:;,::;: «:;: « # * j;: «s^ * j;: -;; « ) # ,- :,; s)! * # ^ v ^ ^ ^ - :;- ;;; 

300   M(MR(.KBMilMHt.K4l 
NHrNP* ( MtlMHLK« 1 ) 
|ViVi-f)H-iMR 

^l^lL =ivi''i —MP + 1 
KSHIM =?>;MVIIMI -? 

;: if if if if if if if * if s;: if 

'f if if if if if ^ if if if if it «•« •■* M .•* -■. 
'!*   -.»   •»»   •»»   »1» 

|l s;: <: .-;::;: if ^ 

;;: « j;: j;; >;: :;s if 

Us if if if if :;■, >;: 

3jc if if if i'f if if if if if 

'i* 1* 'i-  1* • 

Of)   4^.0     fv= 1 ,iv ifrLT 

KMINsMlNO(NPN(Na 1 ) iNPNlN«?) ,MPM(Mf3 ) ,MPN{M,4) ) 
IF    (K««IM    .LT.   MWl,    .no.   KMfN   ,0T.   NMJ      Of)   TO   440 

IF    (|Mp'V(MtS)    .11.   MJOfNTl      CALL   LSrtllAO(N| 

IF    |f*>PM*-fbl    »AF,   NJOfNTI      CALL   JTSTfFINJ 

C I.    AOrj   f-L^-'-F^'T    STIFF^S^   Tc   TOTAL    STIFFNESS 

|)ll    4^0        1 = 1,4 
Dll   4^0       K = 1 , ? 
I I=2*NPIM(.M, I )_7 + K-<SHIFT 

KK=2*I-?4K 
«( I I )=H( I I )+P(KK ) 
PR   440       J = l ,4 
nn  440     L=l ♦? 

>I,I = 2==IMPM( KI,J )-? + (.-n +i-K<;ni FT 
LI. = ?Vj-?4-|. 
iF  (,i,!  .Lf-.  o)    r%n TO 43n 
in   (Mi) .OP. ,),i)    rvn TO 4?o 
PHINI    1000.    NHAMHtN 
CALL   ^ X IT 

4?0   A{ 1 I ,.I.I) = A( 11 ,,|,|)+s(KK,LI. ) 

- 9RR  - 

.t;;; i\i v * ;;: ::= ^ 4 = 

I v -i; 3^ ;|: i^: ^: ;;: ^; ^;;,'; ;J;;;: ;|: ;|: :|: ;|: ;|; 

.    . -   ■      ■-    --   ■    -   -      -  - -- ■--■■■    -"- i r if      i iiMi 



■^ 

P Y ( M ) = 0 .0 

* ( X ■-.■ '..: V V * ^s ^ :? * 4 *;;::;:;,::;;:;: $ :;: :;: ^ ;;: 0 ;;; « ^t ^ * ^ ^ ;;:;;: :: ^j # 

: « :;: * J;J j^ a;: (i :;i;,: j,: ;^ »^ 

'•»'in r.niMiIMIH 

A^o CIIMT ii\]\- 
C««« •«•••*« « « •«»•«« « « « « , :;: »« ,« , , , , :; ,: :; , , , , , , „„ , , , , ^ .. „ ( .. , ^ $ ^ ( , „ <#< , , .: . , <: , 
C ?.   ADD   r.dNT.   Hlfff.ßS    \H   EACH   Mj.nf.K ,    f-1 I M [ MA f H   «f-SIOIIAIS 
C»*«»»«« • « M « « • * * « * :.:;;: «I 0 « « « • • • « « • « • * * ft r. » « « , , « , « « :;: « «»»,«, « * « « , »♦«♦«««»», , « « 

DO   b(U)      NaÜNL »WM 
K = ?=;MM-KSH J FT 
F(l«X = AhS( (-X(Kin 
F()«Y = AHS( FY (M ) ) 
IP    (Ff>«Y    .TT.    nnOO.WRWVH       FXCf-O^d.O 
IF    (Ff)«X    ,ßT.    ( l"nn.^FiH;Y) ) 
B(K)=B(K. )+i-Y(N| 

son K(K-I)=R(K-I)+Fy(M) 
Q * V :,: ^ j;: * >;! (I • :;:::: -■:: • • J^ * * :;: ^ ^::;::;::,::? :,::;::;?:;; >f }■■ if ;> 

C     3. MiuifFY STIFFMFSS FOUATIMMS FOP RnUNOAOV CnnSTRAIMS 
f « * ;;: fr ^ :,-. :f * s- ;;: ^ :;,- ^ s;: ;;;.;.;;. :t,.,.,. .;..., ... j.. ......      .   .   .    , m ..     .       ,         
 '  '  •• '■'••' "• ' ■•' 9 ■<• -■ W V W ■■- W V ■:■ ■,: 0 :;: ^: if if if if i; 

DO    ftbO      M« 1 tMftf>4FC 
IF    (^HC(M)    .LT.    MMLI       Rfl   Tfl   SSO 
IF    ((MWC(M)    ,KT,   NHJ      Rfl   TO   ^O 
N«?*NMC (!'■ )-l-KSH I FT 
IF (MFlX(h) ,POt 0 .04. rFlXIM) .Fn. 1) 

Mn IF «NFIX(M) .FO. fl .OR, MFIX(I') .FO. ?) 
b?0   (JO    ft^O      MN. = ^,MMAriO 

KK=N-MM+l 

IF   (KK   .LF.   01     no   TO  ft3n 
A(KK ,i'(M) = n.n 

Mn    KKrM+MM-l 

IF    (MO?    ,L1 .    KK)       GO   TO   *An 
A(M,MM)=0.0 

(s^n coMi i HOF 

A ( IM , I ) :   1 . o 
R ( M ) = 0 . O 

IF    (fvFlX(M)     .FO.    0    .AMO.    M    .FO.     ( ?^Mpc ( M ) - 1-K SHI F T ) )       00    TO   MO 
ftSO   CONiTl^OF 

CV;   .<*  ,.   »■,   .■.   ^,   v,   -t,   ,1,  .i.   ,,   .,„   ,,,      .        .,      ,        .        ,        , 

c 

no TO A?O 
M = M+1 

; v if i,i HifXf i,i V :|ä if if i.: if if if ^ s;: ^; if if if : if :S =1: ^ • :;: ^ i;:;: i,; >:t if 

^ *•   |,R,1F   H*.nf.K   UN   TAPF,MOVF   UP   LOWFf?   Kl.i iCK, CHFOK   FO«   LAST   ^LOCk 

700   Hfttlt    (M)        (^(M) . ( A(M,M) ,W=1 ,MRAHO) ,N=1,N|)) 
00   710      Mai ,ivn 
K = l\1 + M) 
R ( H ) = R ( K ) 
R(K) =fi.f> 
DO    710      Ms],MRAMM 
A (iv , t^ ) = A ( K , M ) 

710   A ( K , i.. ) = o . O 

IF    (Ki.,    .LT.    MjIMMPTl       00   TO    500 

1000   FlWMAl    »MM    »AHII   WIDTH   =    |4t70M   FXCPEOFO   AT    M F^FMT    14) 
C • » : = » « * « « « =,: « * * :,; « « * * if :, i, « * » :;: , :;; „ #, ,: , ,: , , , , „ , , , , ^ ^ ( ^ ^ ( ^ ^ # ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ( ^ ^ ^ ^ 

FMO 
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^r ■ m  • «   in ii ——— 

Simwoinuih   JT*sT|Fi<v| 

CriMMtIN   /M.'t-|_ /   ^H-Hl py^.-S) ,IIW|)( ^0 0,?) ,xr.P( ?7h) .vr.oi ?75) 
CnMMOM   /cm 1/   MLAyvLNfMflMELv^f.llTvMnMNPfMP^vmr^rTf IT 
CdNiHMM   /COT?/   'M^L ( SH ) ,Min( SO,S ) 
CflMMflM   /MAT1/   Hl)LK{?7S) .<;MFÄR(;>7S),P()m?75),(;AM( 10),H(1MLIM 
ClIMMIir-    /I.ST 1/    S( lf),lfM ,SI (3,lfi) ,r. (3,^) ,P( 10) ,HP(M ,Vf)Lt It JtN 
nfMENSlHM Ai(4,4),THI?«?| 

C * « V :; « « v ;,; ^ v v V V V V ^ :.; :.=:.. 9 ;,::,: * ■:,: « ;,: v V W • •««« * V • « ^ ^ v :,;;,: « « V v W « « V • * H«*»«»««»« :,::,::: * :.:;,::.; v 

C I^MFALI/t-   RFOMirTAV   AMM   PRUDPRJIFS 

I =I.'PM(M, 1  ) 
.l = MP,M ( M, 7 ) 

l)X=llkli( .1, 1 )-iiW|)( 1,1) 
l)Y = n«i)(>|,5 )-(IKi)( I . ?) 
DL^SOfl ~\ ( i)X-nx+i)Y::;iiY 1 

(^ * * « ^ * :;: * :;: ^ :;::;:;,:;;::;: ;,; •„. ~ -::,::,: :-:- v ,. m ::: ^ :;; w ......;. ,, ,. ,. ...... .. JJ, ... ,,. ,., ^ ( ^ ^ „ ;,; ^ ,;. # v .;; ~ # .^ ^ ;; ,;. ^ ^ # ^ ^ jj....... ,. .. „ .. 

C Sri   UP   mif-hrjrss   n-   LOCAL   roOROfMATE   SYSTF^ 
f « « « « * « ^ * * * ^ # « ^ # « # ^ ,::;: ^j - ^ ^ # ^ ^ ^ ^ .. ^ v v ,.,. ^. v .. ^ ^ ^j ^ # v v v v ^ ^ ^ ^ ^ # 

rni ion    M = I,M 
p ( n ) = o. o 
I »l I    100       JJ=1 ,M 

100   S(II ».M)aO«0 
r. 

If    (MPlM((itlS)    ,IMF,    0)       (U1   TO    1^0 
nn   i ?(\     r.tv = i (NOMPI. 

If    |«    ,F0,    fihl. ( MN ) )       0(1   TO    1 30 
1?0   rill"! I r.ii'h 

Oi)   TO   1^0 
1 »O   MPiv( M,41 =L^! 

SHh AA (N)«0,f>n0001 
MiiLK ( (M ) =n,nooooi 

ISO  CKS«SHFAR (14 } «nt /4,n 
OK  lamit»! ( '•' )-i)| /^.n 

r, 
r«)  200     i I = i .A 
IS«2«|i-i 
|w«2»lI 
Oil    ?00       J.I« 1 ,t* 
>IS=?;:;J.I-1 

.) ««•2*.l.l 
si i S.,K ) =r,K SVAAI i i ,.I.I ) 

?0n   ^ ( |wt.}»il Bf.iri iv4A (II. ,1,1 ) 
it-   inv   .-'i.   n,ni     M-TIIWPI 

' ::':!,:!'::,: * V :'; v":,;:,!:,::,::,::;; * :': * * !::': :'::;! 'A' '■■• * • ;:: '-• ■■' '■'■ '■■'• • • '-'■ v * l" * :.::.: * M V V * * v * * * * * * * Us s;: « »;::;: s;::;: H -t -^ :;: 

RUIAIH    STIht-i^^'S    m   CIJ.UAL    rOliRDlMATF    SYSTFM 
^ ,. ... v ;,:.,; i,: >.;:,: v :,:;,: £ v ;,: ^:;,; 0 ■. - -; w ;: v ;.. v V M « * * * :.: W * * V ^ ■' W ^ V * * V « * • J^ * t * • t * :,: * Jjt !S :;« Ü« * V « !'; -f * V 

1W ( 1 ,1 )=ny/M| 
•W ( 1 . p ) = nY/|ii. 

1W ( ?, 1 ) r-HY/ML 
T«I2»' )='ix/m. 
nn   4-,n      K I>I= i ,u 
nn   ^io      II«!,« 
,l,l = ?-.- f-l 
1(-'..P=S( I I .,|,|) 
MM    MO        KK = \ ,? 

S{ II , JJ) = 1 FMP-::T«( 1 .«^ )+S( II ,2«NN|*TR ( ?,Kk ) 
kin J.I=J.I+I 

on  ^.^0     n = 1 ,H 

c 
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r 
lt-MP=S(>l,l.  I  I  ) 
DM   4?0      KK=I,? 

S( JJ, 11)^-1 FMP»TM ( 1 , K^ ) +S( ?:^,
1
|, M i - TiM ? ,KK ) 

4?0   J,l = ,)J-t-l 

RF1IHIM 

HMD 
; v :.: :r V :,! V ; . .■. .»»»•* .•. ^. 

 .• V -i' ».- 
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C tm+mam ,.:;: mn + H+t+m •*: ,: • t ^ * * f :,; * :;::;-. ?^ * « ?.: V * * * V « * * * * * V;:«* * * « * * * ^ * * ^ ¥♦ * ^ 

r.IlN MUM    / I MI T /    k't- ii( 1 K ) ,MI)I- Pl.T ,MMMMPT , M .|l I I Mj , MPI ^'fM 
CflMMfW   /NMFL/   M^u'< ?7b,-S ) ,ll«n( 300, ? ) , xr.P( ?75 ) , YCPI ^7^) 
f.ll^MIIN   /NPt'C /   FX ( 30n ) »FVOOnt tM||MRr.fMRCnnO}fNFI«l 100) 
COMMMM    /CUT 1/    ML AY , I M.MfHFL ,MC(IT , NRMMM , MP S , Ml )M [ T , IT 
CiiPHMN vroT?/    • i (sn) twfii>( u'~',s) 
CIIMMII.M  /<;rHS/  ^IKFS«;! ?75, 3) ,^ir.ci .PAnpts 

C IMITIALWf-,    SFLPn    M.P.    +   n^KhSPdMrilMr-    TMTFPPfll AT IHM   FLFMFMTS 
(^ »^ * v v * v v * w * ■•? ;.= «= >.!;.: - * =;: '■■■: ■ ■.■ ■'■■ v v t;;; • v;,: • ".= :;= v £ ~ £ ■■.■ v v ■.• ■:• •■• ■■• * * • * *;:: •-.: * • • • • • •:;: • ♦• • • •::: "• '■■'■ • •::: 

Dd    l 00      h'P= 1 .MtlMtMPT 

FX(NP)=0.0 
100   Fv(ivP)=o.n 

C 
00   3^0      JMRa1,NPS 
IMP = |\|I IM ( .^'P , ) ) 

Mill >«WfMH .!■  a.?) 
It-    (dl ( 1 )    •gO«    01      (ill   Til   3bO 
M ( ? )=MII0 ( .IMP ,3) 
MI ( 3) «WniH ,|NPf4 ) 
rvii (4 )=Mnii( .INPtS ) 

C SF1    FLFMFHT   C(MJRl),   MATRIX«    THfN    IMVF«T 
f ^;:;: s,: ^: >;: ^ ;;; ;;: ^:;,. ^:;;: :,:;); >,; ^;..; -•;•. >,;:.; =;; V V ^ :;: V ;^ V * * * V V V V :;: '•'■ '■'■'■ ■■'• • • ♦ ♦ ♦ * • • • • :': % V * • 5r • • • •44<i • • * • • • • ^ *'■ 

Dfl     ?00 MM= 1  ,4 
MMrfll  (r  :, ) 
f. F ( M • , 1 ) ^ 1 . 0 

f> ( K|r4vp )=xrP( Mi" ) 
r>(Mt..,3)=Yr,p (-M) 

?00   C€(NH«4)«XCP|M(. |MVr.P(MM] 

c 
lill    2M0       M=l «A 

D«r.F c- »*»1 
IF     (I)    .t-O.    0.0)        UUINT    ^000,    VD 

i.'ii  220     J»li* 
??o r> ( w, i >«-f.e l^t Jl /" 

nn p^n    i = i. A 

IF    JW   .i-M.    I )      c-n   Tfl   ?^o 
nn ?4o    j«if* 
IF    (M    .Fi"'.    J)        OH    in    7^0 
r.F (I .,i) =(>( l .,n +^- (' iN)*r.F I» ,.n 

240  Cl,i»,TI'',il*; 

?hr)  rx i ,M) =r^ ( i .   ) /n 
?MO rx u^' ) = i .n/n 

C r.MPi'iF   |*tT(»PP   r.n^F   MATOTX«   THI-M  HI OAL   ST^I-C,S  MATOIX   FMP   NP 
f* ^c ;|t ^i ;|: :I;'.' :.t ;J; i^ rji '',• 'X ;!i Jr -I'''.' v iii li' O '• -.13^ $ si* J.1 :!J 4 ^ '1: 9 '£ *■' (• ^ ^ P ft ft ft ft ft ft ft ft ft ft ft ft 'i: ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft ft :': ft ft 

nn   3rn     KK=I,3 

nn   3!'0     ,).i = i ,A 

AH( KK ,J.I )=0.0 
on  ^00     11=1,4 
Nu- = M1 HI I 

300     A1- ( KK ,,l.l ) r,' « ( K  f . ,1,1) +rF ( ,1,1 , M  ) -«.TCP^ «;('•■'- .KK  ) 

C 
nn   |?o     .1,1-1.3 
xy = iiPi)(MP, 1 ) 

w ro^ in ^,p . ? ) 
3?0    SM ( J.L.IMP ) =AW( ,1,1, 1 ) +:>H( ,1,),? )s:XX>AW( .1,1 ,3 )!!--VY + AM( J.UAl^XX^YV 

- 272 - 

- -         .      — ■ - -    -   - - -- J 



^T 

C • • • • •* ••• « » »•«« U « • « « « W » « » 0 H « .. * * « • « :•: » » ,t * » , , , ,, , :, ;:: , :.: M«#»<#0,g„$ , , , , , , , , 
t Shl   '•t,,M   ''f-   FXf,   i-LH,    TMt-M   r.nf.UMiif-   f-nuiv   rn   PflfffFS C * « « V « :;= « :: :;: « « :, , ;,:,, , , ( ,. ,; :. ,. „ .: „ ., „, 0 ^ ^ ( ^ ^ ^ ^ ^ ^ i 

PHIMl   1005 
IKI   A^f)     .If L = l »MfJJT 

I « « « :;: * ^: « ^ ^: :;: ^ ^ ^ V j^ <t # j^ -t.-;: <: 3^ ^ v * j^- -! f ;;, ^ f -; ^. :;t 

DM   A 10      !.'=! .4 
I ri\lp,V ( Mf,, , M ) 

If-    tMN   ,FO,    t))      *#la) 
J«MPM|MM«I4M| 
XV( 1 ,,M)=|P|)( .), !   )_,!>?()( I,)) 

yY(?,ri)=iiw|i( 1 .7|>n(efM.|,?| 
Dfl   ^.00      JMP-l , MPS 

NPsNffrM JNP . 1 ) 
If-    |MP    .H>.    ||       Gl)    Tl)   h0% 

AOO rni'i |MIIE 
PRIM!   snoo 
CALL    EXIl 

AO'i   |)(1   Alfi      J,|=] ,3 
A 10   7(JJ«M}«S*(JJVJNP) 

1)0  ^?n    ,1=1,? 
L=^ 
00  A?0     1=1»^ 
K = I + i 
IF   { i    ,F0,   4)      Ka] 

(.(j,I) = (    XY(3-J,L)*7(J,L)    ♦   ?.n=.= 7(J,I)=MXY(3-J,L)+VY(^-.J,l)) 
+   XY!3-tl, I )=.= 7 (,I,K )    )/r,.0 + (    XV(J,U«M3tU 
+   ^.O-VC-J.DvfXYI.l.D+yvi,!,! ) )   +   XV( Jv f )«7 Of K I    )/^.0 

1=1 
A?0   CONltNIIE 

r. 
DO   430     1=1,4 
I ^ = NPfo(MfM, 1 ) 

00   ^0      Ni= 1 , iVi)i-,t- p 

MP«NOO(N«1) 
If-'   IIP  .ME,  MP)     no  TO A^O 

FXf tM)BpX(IK|4.F(1,n 
^ Y ( I iO = I- Y ( 1 (• ) + t   ( ? , I ) 

430 ^n'T^n',^,  'vV'I'-'m^I''-'-l = i-''Ki,n,M;>,n 

4b0   CO^'I |MMP 

C             F    ASH   FrWf.FS   PLAr.EO   AT   AfHIMOARV   PflfMTS 
C*»,i,*»»»»»¥»a«»a*«»»»«*<ni<i»<i*tttt*aia*lg-|*ÄÄÄ I ., „ . . . .^ , , -r ,.   ^ .,,.,;., , .,. p ^ „. ^ ^ .,. „ ^ w j^ .. „ „ „ ;.. ^ ^ j, :,: it rt s: r: :: 

IM1   500     K'PP.l .t IIMHC ^ ■ ■- . 
00   500     '^i ,^(1 MP 

NPaNOO(Nf1] 
IH     {MM     .i'l- .     ^|M^, ( TiPP ) ) 
IH (hf-lvi.'PP) .pn, n) 
IK IMFIX(MPP) ,Po, O) 
IK (^f-I X (ivMp ) .PO. 1 ) 
IF |KtF|X(M9p| ,50, ?) 

soo  CONTIMOF 
RF1IIPN 

1005  FDRMAI   l54MlfMTF»PHLATF0 N.P,   ^^^^ f^^^^^']^^^^, 

-  Ill   ' 

Rli   TO   son 
r x (,■ P ) = n. 0 
FV(««.p|So,0 
I- x (iv P ) = n , 0 

FY(MP)=0.0 

—      - - 



? ^?H  sra-Y TAII-XY x-FOwr.f- v-Fn^c^  /) 
1010   FOMMAl |?|9«<VP17«4| 
AOOD   F(I«MA1 {WHCi7f-Hn   neTFRMIMAM    IM   ^XCAV   -   CHfCK   DATA   Fli«   N.P.    } <* ) 
bOOO   FdHMAl (AHH    A^MW T    IM    FXf.AV   -   PHIIRAMLV    FXCAVATIIlM    IMPIlT   OATA    ) 

(^ « W JX !> * :!: :,t * * « « « X: M :.: * • V * V ^ V ^ «--:::,:-•.< r- :.:<<* V «« V V V V * 5? * * M * V *«««*« >;t * * «« V «*«*<:**« »s?-"« V 

I-Mil 
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~-w 

siinRiiin i hif   i smiAiur- ) 
f; « •:.: t ■■:■ M • V =   » »»*• :.: :.! « ;:  :.: :.: :.: 0 0 0 0 0 0 0 0 0 :,, 0000 0 0 :,: 0 :;: 0 0 :;: :;: 0 0 ,, 0 ■■■ 0 0 -,, :;; g :. - :;; -, v o. ^ .. ^ ... ., ^ „ .   ... ... ... „ 

COMWIH /P^ll/ H|-')( 1H ) ^iif-f-i T^Mi'-iMPT , ^.llH   iTt^PttNr.H 
CIIHMfiN /'v'MH. / 'vP^( py^.M .iiy.linrn, :> ) ,xrp ( ^TS) , vf,u( ?7S) 
COMMIIN 'Cll I 1 / MiLiV«LNfMI(4EI.«Nr.ll1 »Nn««NP«NPS«NIJM|1 , I T 
CUMMUM /CUT?/ ''H ( bH ) ..■ ni)( bo,M 

CON.MHN    /Mill/    ^liLK( ?7b) ,«;MPA^ ( //', ) ,Mf)IS ( ?7b) ,^ArM 10 ) ,Hf>NL I'! 
rnMMi.M   /i.STi/   SM0,in),ST(3«10)«C(3»31vi»llCltNPt4»vviiL«f,J9K 
CflMMlnv    /c;i^',/    ST'-fPSSI v/t), -i) , ^KCi  .MAOIHC; 

C IMMIALI/F    »ND   FflHP   STkHSS-S1w/,i,\|   MATRIX 
f « * V =;: V « • V ü: M • ^ • M * =:= -,• « V 0 • « « « * * « » « « :,: * * ^ :,: « « 0 :;: :S * * 0 0 0 0 :;: « « :;t;: 0 0 j,: - v ;.: V * « * V • « 0 0 0 * • 0 :.' 

Ofl  ion    II«I*IO 
p(11 )=o.n 
DU   ino     JJ«1»10 

100   M I ] ,%|J )=0.0 
VOL^O.O 

c 
IK    (.VPNK.M.IS)    .' H.   0)      r,r,   ni   130 
Dfl    1 ?0      MM« 1 iMflMEL 
IK    (^    ,fO,    ML ( MNI )       0(1   m   130 

1 ?()   CO*" I IMH 
on  in   iso 

130   K'M(N),M=LN 
PIILKt N I -Kin.K (f*' ) -O.OOf.OOl 
SMi-Aw (N) BSHtAR CN («o.noooni 

ISO   0(1   160      I C= 1 , ^ 
IN]   1(S0     .10 = 1,3 

160   C( IC, JC 1=0.0 
C I 1 , 1 ) ■HIM.K ('" ) ♦ SHE AH ( N ) 
CUf ?)«H|ILK( k-J-SHJ-AR CN) 
C<?»1)=C(1,?) 
c (?,?)=r, (i, i ) 
C ( 3,3 ) =SHf-AR (f-i ) 

C FORM   10*10   OIIAO,   STIFFNESS«   »FDUCF   TCI   F*«,   CALCULATE   RRAVITV   LOADS 

|«MPM{N,1) 
JaMPM(M«71 
K«NPNIN,41 
CALL   L S 1 o ( 1 , 3 , v ) 
\mfttPN IN,91 
J«MRM{N,4) 
KaNPMfM,?) 
CALL   L S1 < C *>, 7 , 31 
IF    IVOL   .0 1.   0,01      on   TO   ?00 
f'PIMT   1000«   ^l 

CALL    FXll 
700   Oft   300      K = l , ? 

IM=1()-K 
I()=1H+1 
on   300     !■! ,IM 
S110«I) «S (10 • f I / S (10,1 f)) 
nn 3oo   j = i,IM 

3oo s(jtit«sij«it*si.i,io}«snOfii 
RE TIMM 

£000 0 0 <: 0 :,: ^ s;; ^ * * * 0 v 0 V :,: 0 0 0 0 f. 0 0 :■ 0 0 0 ,■■ .- 0 m 0 .. 0 0 ~ 0 .. .. ,, ..... .. ... ..... „ „ .. „ ...... 00000m0m ,. ,. ... .. ... ..,;. ... 

looo  FflPMAI   (3AH   IFRO  OR   NEOATlVF   ARE«   AT   FLFMEN1   JA) 

PNII 
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few, MM   /MU^L/   •^N(?7S.M,(.^)(V)0,?)fyrP(?7M,yf.P(?75) 

r.UKMf^  /LST1/   Min,io).sT(^t]o),r.(3,i)tp(io)fhp(4)fvm .r    i  K 

PonivAi^cf-      (i)v( n .in . (i)v( m tv) 
f,:;! v «,( * * :;< i.::,; :^ :: ;;: |:.;;:.: t: ^ 

c 
r. : • :,■."! 

;: i: :.: ;;: ;,: 

NP(3)=V3 
M|>(4| eg 

WA( 1 . ) ) =(iW|) (,).?) -nRn ( K ,? ) 

HA(2tl ) =ll^li( K , P I- -,■,,( | , ?) 
KA( 3, 1 )=li«|i( I . ?) -nwi.l (|f7| 
KA ( 1 , ? ) =i !^|t ( K . 1 ) -, iv;)( j, i ) 
«4« (2,?)=,^i,( I,])-   »»Dl Kf I j 

A.^A=(()RIMj,l)^U.M?,r)+flK|)(I,n^A(l,l)+()4|,(Ktn^aM,l))/?.0 
'•-  IAIIH  .I.K  n,ni    r;ri TU AOO 
Vni=VML+AMKA 

f * :;: * « a!: ^::;: 0 * -: ,;s ^ ^ ^ * ^ ^ 

c 

:;;:;;: ^:; 

V it ffi 3;: ^; ij; I: « « « ;,;*«* * « ,;:;;: * * * V ^ V « « « * « Xt * * * * .-S * « # * # « « V .;: * « J : 

SM    HP    l^-RMS    RIM    «»TRPSS-^TKAIN    AMR    <;TP A 1 N-O T SPl. Af.^^^T    N*T«TCf?S 
"■ " * ^ '•: ^ • * * * :':!': * " ••M * • • • - > :'! • • • • * • • • • ••• • • :.■■ • ««:;:*#« * « « « « « « :■= ft »ft« .. -, ., 

AKFA4AB4A,n«A(}FA 
T *t* 

en =c (1, i) /AWH.^M 

r.I?«r,ll ,? ) /AWl-A4^ 
n ^=r.li»3)/A*tFA4H 
(.?/ = r, ( ? ,? ) /AWf-A^H 

C?B«C I?» 31 /AR»: A4« 
C33«C I3«31 /AH|-A4«i 

r. 
nn ?nn   f- = i,? 
IIV( 1,1,-')= KA ( i ,-. ) 
,|VI ?, ] , v,) = MA ( ) ,.v ) 

'iVM 3, 1 , •()= HA( 1 ,.. ) 

ltV( 1 ,?,,.'!)= HAf ?«M| 

l'\M ?,?,M)= UA ( ? , • )-?.0-WA( 3,t. ) 
(IV(3,?, 'i)=-RA ( ?, 

in'(l,3,'v.)= hA<3, 

|tV( ?.3,f')=-KA ( ^, 

••V ( 3, 3,|- )=    kA(3, 
iiv (i ,/.,-) =  n ,n 
in/ ( ?,u, . ) =   M.M ^t • | -<u, n 

?00  n\M3,u^, )=   MA( ?, . >»A,n 
f; * « « » » « 0 :.: - M « « , !;: ^ M , ;. .. , 
C iii-vn_'P r.F^'TER 
f, >;t « s;: <: s;: ^ ;;: ^ ;;::; ft ;^ ^ ;;: ^;..,;, j;,., ^ 

ARFAPalUOaAR FA 
rxi joo   r>t»4 
I I=MP( I ) 

) 
) 
) 
)-?. fWMA (.?,'.  ) 

:::,;:,: !,:;;: s;: « ;,: ft :;;:? ft ft .: 9 .;, ^ f,...., ... .. ... ^ m^^ f v.... a s;.;., ^ ^ ..(.;s..... ^ ... .. ^ 

STRAlN*n!^0,   ..ATDTV    AMI)    lu.M*r.|P    qij^FfvPS^ 
,c ^s:,: vs.:«:;: s;::;:«:: ft ft :; ;,, ft « v ^: ^: « « » « « « v $ ^ s;, j;: ft ^t * s;: * « j;t s.: -s s;: >;; ft ft : 

c 
S1<1*II)    ■STn.rn    +((i'(?,n+(i(3, ?) )/APhA«) 
S 1 ( ? , : ! + 1) = <; T ( ? , M -t-1 ) + ( ( \/ ( 7 , ! ) -MM -^, 1 ) ) / A P p A P ) 
^1(3,11) •^Tf3«ttl +( (\M?,I )+\/(-4, f ) )/A«HAR) 

S1(-i,n + ll=.ST( 3.r [ + 1 ) + ( (.)(?, I )+ii(3, F ) )/APFAH) 

SDMItrlH  ]  , I   )+ll( ?, I   )+||( J,  J  ) 

SlH-lrSl'MII + IM  1,1) 

- 276 - 
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r ^■■H *m- —— 

SUI- ?=SliMii + |i ( ^ , I  ) 

5ini'i3 = sii-ii+ii( '-i, [ ) 
SHMVaVl 1 , n+V( ^, I )^V( -j, I ) 
SVM =Sllf.V + V( 1,1) 
Swi-?=sin-'\'- \'( ^, I ) 
SVM3 = SIIK' + V( 3,|) 

lit)   SAQ     .1= i ,/. 
J.)-M(M.I) 
liOl) = ii( 1 , j ) vsnn 
vnii = \/ (1, j ) »SMN] 

vnv=v( i ,j ) vsv'ii 
II0V«IH 1 ..D-SVMl 

iM ^,«l) •■Si i'- 7 

V ( ?, ,) (v^UMp 
w(?.J ) -Sv^? 

r. 
5111    ijj    ) = sm    .JJ    ) 
s< 11 +) ,JJ + I ) = <;( [ i + i ,,ij + n 
si 11    ijj<t n«si II     ,.I,KI ) 

'•inn si.u + i,' i     ) = si i i     »JJ + I ) 
^♦nn RRiuRN 

♦ I'l?, J ) »SHMJ 
+ \M 3, .1 )-Si'^i? 
+ VI 3 , J ) -Sw,.,3 
♦ HI 3, J ) -S\/M3 

r 11 »MAIJ + 
C77«vnv  -» 
r ? '■ ■■■ \/ n v « 

r, i 3-( WOM 

r, i $»Mnu 

+iin\/) 

♦imv) 
+   C33 
+ r.33 

r.33!!:ii^\/ 

FNO 
:;:;;: :;: :;: :;! :;; « ^ :,: Q ; 
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■^^- • OT^^^ 

SliHKUIill**!'    KAwS'lL 
C*** ■.■. ■;■. x- • v if m ■■'« * « w »:- • ;.= * • :.= *•« • =:= • • • * • =:: * v •■' • • • •::: • • • • ■■'■ •»•»»•♦•#•*•••*•••••« 

r.'iNMlHM    /HAT'S/    »•►J AM|i,t liv^l  f . " ( in« ) , A ( 10H , S^ ) 

f « * S^ # :;:  ;: r.: « « :,: 0 *■ • * » • « • • »»»»♦••••  it • • • "! <: * * «=::: • • :' :' • ••♦♦••••••♦••••••••♦••" 

f. INITIALI/^ 

M|   rM'+ 1 

r  ' I r f  M 4. "IM 

•^ t  / 1 "I)    K 

M h W I IM I)    <-> 

K«rt«0 
r-n   i.i   1 ?n 

(^« # >;i *;,: ^:;: * 9 •;;;»:;; •«••*« • • * =;< ^ «■:■ • * v * *:;::.: •:;: • •:;:;':::: '■'■• • •:': * * *::;::::::'-' • ;'!::: *:;; • •:::::! •:;!" • '•- 

r !.   sHM-i  ^L:,rK  IM   i-.hA r ii1'^  a«1''! »^^n Mf-uT  MLPCK   »^Tn root 
J ,_. ... ....;. M .. ,. :;:;.: ;,; :f ... Q M ;;;;,:.: :,; :;- :,::,; ;,; :,! v :,; I) : t ;,: 0 « :.::,: .,: « :.. • « « ::• « • • * ::■ « • =;= « • « W • • ♦ ■• •■■• • W >;; • :;;:': • :: :.: 

10(1     '.'-riMH + l 

w(MN ) =0.0 

IKl    110      M»l , MKAMU 

A [M ,M ) =A ( lvii,M ) 

HO    A(NM .M) =0.0 

r, 
II-      (bMIMKLK     ,1-0.     N'») 00     \{\     700 

l?0    »PAD    l*»l        ( H(M ) , ( A ( M,M) ,M=1 .f.'MAMM) .M^Mt. .^H ) 

It-    (,1P   .h'i.   (i)      r.n   Tfi   100 

f 7.   RhDUCP   «LOO    f'F    (-niiAltlK^    ,    iMt-tv    MHITf:    TMpM   HM    TAP^    1 

it- ( A( i, n .i-'i. ).ni rn ^i^  ??o 
P ( ■,') =H(IM) /A(ri, i i 
DM 220   1 =7,1- MA' , 

\V   IA(NtLl .^'"l. n n)  On TU >20 
(> A (t- , I. ) / A ( i>), 1  ) 

1=^+L-1 
J = o 
nn  pie,    K=I ,i-ii-AMn 

J = .i + 1 
?in    A (  I , .1 ) = A ( I . J ) -(   =■/- ( H.K ) 

Kl 1   ) =K(  I   )-A (I    ,1    ^   •- (    I) 

Ad   .1   )-C 

>?n c' ■ ii "i it- 
?>n   fdf'l Ii-'Ut- 

r 
! h   (i ".'^>.i K    .'-',.    «*»!      Rll   Tfl   ^n0 

LIP I jt-    (H)       I(»1^|» I A(M«»*| ,M«7tMHÄWn| tN«l »MNI 
Otl    in    100 

r+m ■:• m* • « a •■:■ ■■ ■• ■■:■ • «:.: w; = >;: - •::::: *■ v ■■■■ ■• ^ ■■■■■■ ■• '■"■ v»»» ww!;! - v * :";.:;:::.; •!; * ^::: :.t • • " • • *': •:;: • • * '■"■ '■■'■ '■■ 
c HA(,K-SO-SI itm 1'^ 
C :;:: r « :, :;::,: ,: :,: » :, » 0 « :.: « V =,= V « «I M « » :.= » * « 0 » « « « 

300   On   '3?0     N = l,rv.\. 

Dfl   310     K«7fMnAl4n 
L=<'+1<-1 

310   p (^) «H (N) -A ( IM ,tf 1 " M|!) 

NMsN^NN 
H(rv )=K(IM) 
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■ 11^   m—^—^m—rm iqm 

^ (f>i;< .F«. o)    r.n rn «oo 
MCKSPACf   K 

^ A,,   <^       (>MM,(A(1|,M,,Mr?>f., 
KAf.KSPAi.i-    M 

nn  Ti>  ion 
C * • 0 • ■:■ ■: :::;;: # « s;;:;: « ,, :.  

' 400  K.o" •»•»••«••*••», 

IM«  A 10     NM«] ,Ni)Mq K 
00  4|fl     ,^i tMN 
Nll-llrM + lviM 

K • K ♦ 1 

PF lllRfxi 
C * V ::= « ;;; « « * v « v .;:... M „ ^ ^ .. „, ... ,. ^ ... ^ .   _, __;_ ^ ^ ^ 

f Ml) 

"ANOJ tM»] (MM| 

:;,': :x ^; ;'. i: ?-. ■:■ .■- i,  
•-:t ::-■ :;; # .,::;: ^ s? ,;, ^ ;;, ^ ,: ^ ... ...... , 

'.'• V V 'i' !;* ..t : : • V ■,• It!'; >;::;; if :;: ^:; -.i <:;;::,: :^ :;:; 

■ « -■.- * « ■;; =;: « ;,: M ;;: :;. , ^; * V >,; :;..-;: if i,i ».. -,.... : "I1 * t • V ^ Ji: a.': ^ V :;t :..' 
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■"-■,   "^——— mimmmmmm* 

SUHRDDTF^F    L^M^H 
r, '■'• • • • • • •.' :i; W '■•• '-f- H * * ^: 0 ;;t ^ . 

r.MMMKiM 

r.n .Mi 
r.ni'.MiiNi 
r.f)'»'f'i'^i 

HICgMSI 

hODlVAL 

t- 0111 V M. 
C * • V 

c 

/ I IM F T / 
/NPI-L/ 

/r.MTi/ 
/niT?/ 
/'All/ 

/MAT?/ 

/-AT 3/ 
/^ATA/ 
/LSI 1/ 
/ST^S/ 

(1(\1 

I hM 

l-ivf.P 

:? ^ ;;: :;•;;: s;:: 

FNlTIALIZf 

i ^ # V :;::;: :,s % -^ ,-:! >;:*#« *: s;: « M V « rt * * « V * « • « M si: « « * « •': * :,: « V « ^: « « ^ ^ « « « W i: % •: 

HEOflA) «Hiingtl .''.'iiMNPT^unrN r, NPHMCM 

NPM|775«M trraDt^0f?)fXr.P<?75)tVCP|?79| 
FX{ ^on) f i-Y ( 3rn) ,MiM«r,.Mwr. (i nr ) ,MFI x ( I nn) 
MHAfcHt,M||»«R| K*M( ioA)9Af tA»«H4) 

Ml. AY , |.li,MliMELf ^ir,ilT,'VMIii-IP »MPS9ftf||l« IT, IT 
MFI  ( s^ ) (Nilf)( hO, S ) 

'OM.Kf 77S) f <HHAW( 971«) «OOtSCTH) t^A^nnt« '•■(■   1. I - 
r.dMS.rtiFKI 10) ,HVP( in) »nni io) ,r,r, ( in) tFF( ic» .M/OMFS 

r.CI 10) .PMI ( 10) ,wF ( IM) .f.FV] ( 1 ri) ,()Pv? ( 1 0) ,Cni)F( l 0) 
r.l ( 10) tPMl,|( in) , AMOJI 10) .F.IT ( 10.A) ,M .17,0 ÖMW 
S( in, 10) ,ST(3. 10) ,01 3, -i) ,P( 10) ,MM4)»Vn( , I,J,K 
^T^Fc;«; ( 77^,3 ) , ^ I r,r I  teAnfll^ 
Sir;( 3 ) ,FPS( 3) ,f ( S ) ,M0(/O 

SIOlTI 77^,^) ,I-PSTT( ?7S,3) ^il^Pl I ( 300,?) 
M y A IM ( ? 7 ^ . 3 ) , D I V? ( '•< -»0 , ? ) 
( S I KAI A, A( 1000) ) , ( DI SiJ, A ( ?000) ) 

( SKilT . A( 3O00) ) , ( FPS I T, A ( ^Ono ) ) , (nl SP I T, A( "5000) ) 
# ^s >;::;: « =;: :;: « ;;::;: % if.:;: s;: >;: ft :;s « :;:;;: s^ « « j;; >;s :;s # « sit;;: j;::;: * ^ * :? :;;:;::;: * # v * * * « W ^ =:: « * « 

-,- *r> V -t* ' • '.' •«« S^ . . •,. -,. -,% .,, *,. ^, ^ . :? ^: * :^ * :;: ^ ^ :;::;: if.,;; g if if $ ;;: --. if if if if - 

IT   .OT.    1)      on   TD   1?0 

100 

110 
l?o 

1*0 

Tfi    IAO 

IbO 

?00 
r, * * * ^s 

r. 
P • ::: if if : 

IF   ILN  .OT.   i   .n^. 
()()    100       M=l tfjl)MMPT 
Oil   100     M»l,J! 
ni SP (IM,M)=O.O 

nn   no    M=I tNUMELT 
on  iio    w=i,3 
S 1K A I l-K M , M ) = 0. 0 

IF    (LN    »EO«    1)      Od 
P I- H I iv 0   4 
READ        141 (  ( Sl^ AIlM( M,M) ,M=1 , ^ ) tM=i ^NHU^L 

READ        lA) ((     DISP     (N,M ) ,M=1 ,?) ,M=1 ,iM|IVfMP 
IF    HI    .OT.    1 )       OH    Til    300 

I Kl    l'iO      N'=l (NIIMEtT 
nn isn    :- = i ,3 
SI 0 IT(M,M)= 0.n 
FPSI 1 (H,i-)=o.n 

SIOIT (M,W)=STP^MM,^ ) 
FPSI 1 (M,w)=STR Al i- ( M.IM) 

00    ?00      M= 1 , MU ..r,, pi 
no   ?or>      N.r 1 , ? 
I»| SPI II",..) =o.n 
ni SP I 1 (M,v)=ni SP (M, .1) 

r.ALCHLAlP   TMF   Of SPI ACpwEMTS 

T ) 

1 ) 

:.; .f :.: if if if if !,t:;: if I v* V 5.i -.' 5,1 ^t J,: ijt ^; ; 

;,t:,; ;,; ^: ^; ;,: |j| ^;;;; 1 ^: 5,: 9 V V1 

cnMST=r.(tFF (1 ) / ( sion.--! AIM 

roNiST=(r,(iFF (1 )"r.()i\)S ) / ( STO 

0(i   TM   310 

IF (MIIMLIM .FO. 0) 
IF (MMMLIM .FO, 1 ) 

300 (Kl 3A0 M=1 »NIIMMPT 
IF (IT .1.1. iMih-'I 1 ) 
XM = M 

XXMaW/HO 

IF     (XXM    .FO.     (XM/50.0)     .OR.    M    .FO.     1)        PklMT    1000 
310   |)X = H (?=SM-1 ) 

|1V = R( ?•-,] 

oi SP('M,I )=III -PIM , i ) + nx 
HI .SP(^I,? )=i)ISP(fs,?)+nY 

IF    (IT    .FO.   Mll.vlll)      OISPIN,! )=niSPTT (M,l )+0X 

US) 
n.^RAOTHS) 
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'"    ■l7   mmimm 

■   "»•*• 

!♦•   HI   ,hO,   MUM I )      111 SKM.^I.nfSPl I (M.7|4nv 

I*- ni .n. MI- 11)   fit\ ic 34n 
Dl'X-dl SP(M, i )^('IM,^J 

Dl »^ V-- Dl si' ( is., ? ) ..("i ■ IST 

C    CALCOL&Tf T'th «;veFS«;fS ANf) r.T^AffJS, PRfMT STR&fH^ 
C • :,: « (r « « «< « « :   .,■ :,. ,; ;: :;:;;: i;: :,: ,, ,. .. , . ;,  .. .: . „, ^ ^ ^ :. „ ,., 0 ^ „ ^ ^ ;,  ^ ^ ^ ^ ^ ^ ^ ^ __   _ ^ .: ;. :::: !:,,....,  ..,.. 

IKl   'oO      Na ) ,NIIMI I.T 
"■    Ml   .11.   MJM! i )      f;i)   in   ^)f) 
YMrM 

YYfv: = ''/'-n 

IF    IYYN   .f-n.    |YW/50,nj    .OR,   ^   .PO.    .I      UP M T   in»n 
v»n '-iiYt'(--iipi-i((.,,i,) J 

FMno=2,o*MiJLKi.>)-(j,o+pnfS(Mi »*< i.o-?,o*pnf«;iNi i 
3<#«i   IM!  4CS     I «1.3 

SI (, ( I ) =M.n 

E P S (I»« 0 , 0 
on  40(1    .1=1,1 n 

^nn   si (I .ji^o.o 
IF-    (MIYPF   .GF,   NJOIMI )      r;n   ,,-,   A^g 
IF    (^PN(N,A)    ,|wF .   01      Rl'   Hi   AA^ 

, F V (M ♦ IM 

CALL   ! smiAiM fv) 
r 

Dd    410        1 = 1 , A 
11 ■;?»i 
JJs^i I' PW( CM. I ) 
t;( I 1-1 )= ^(,1.1-1  ) 

*K PIin«H(jj) 
DO   420      I«9,10 
pin«n,o 
KK«!-1 
00   4?0     K«lfKK 

4?0   Pfl }«Pin-S(IfK)«P(K| 

oo  43n     I«1,3 
on 430    <«l110 

430   EPS1 I l»FDSi I HSK I ,-- |MP|K ) 
fKi   44n      l"l #3 
on   440     f = 1 , ^ 

440   s I r: ( I ) r <; i r; ( i) 4r i | ,K 1 «FP^IK 1 
nn ü/,^     i = ] ,'* 
]h   'n   •l-,•   MiMTl      ST«ESS(:»,n«STRFS5;iNtf l-STOm»0   5 
it-   in  .KL MtMiT)    VTRFSSIM,n.smn  (N.II-SIOITI 

IF   IM   .IT.   MI.MID      STPA|N|Mt!|.STR«!M»>,tf )-gpj;n|,lO0t0 

M«MM(r , I ) = t-PMT    INf!l-FPSni*100,'o 
IF    (II    . K n .   M i .i i i 

44^   f,' i r ■ 1 p i (j- 

GO    in   44A 
AAIS   nn  447     ! = ],? 

Slwt-SM:-, I )=0.n 
A^7    SlkAP   (■•i, I )=n.f) 

AA H    F«IS1RAIM(N,2)♦STRA|N(N,1H/?.0 
f- = ( S 1 •< A I;. ((<,, ? ) - >; j u A i i,, ( Xi, , ) ) / ? . n 

(USOH 111 STRAINI'M .3 )/?.0| ^^? + (-*=;.-? ) 
001 1 Ir.+f; 
00(?)=h-(. 
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IF   III   .LT.   MUMfT)      RO   Tfi  fc'MI 

1 (nn(L ) .i. = i ,3) ,M 

^AU   PMI Ml   1ni7,   N 

(" r.AI.C'M.Al*1    u- '    rT.^i      <; j^ ,. <; >;_c;    A'M    OOIMJ,    f ,M. C? II. A T >-    » P«    F    A    M   'H 
;,i ;^ .,. ;,; ;,; ;,;;,. ;,; ;,;.,. . 

Ill)    470       I'r 1 ,!• i|. Fl   T 
(., 1 Y P h = iv ft I" I W , 5 1 
rp   ( F i  .IT.   n-n )    Rn TU MS 

IP   (77H   .^M.   (Zi-/sn.n)    .fP.   N   ,en,   1)      PPTiU   10?5 
459   I*-   (•• jv^c   %r-i-.   M.tnfMT]     r;ii  Tn  ^^q 

r.T»IS1«FSSI^ ,>')-^i^t-c;<:;(^ ,i i )/?.o 
n»(S1RP^^Iw•?)-^T^P^^(' 11 1)/?.° 
CM5)«SORT(STReSS(N,3)*»2   +  n**?| 
n( i ) = r,i+fM sj 
0(?)=CT-0(3) 
o(A )-n.o 
IF    (S1PFSS(M,3)    ,?0,    0.0    .AMI.    n    .Fn.    0.0)       r,fl    TO   A'SiS 
n(^ )=^0.0/3. 1^1 b'JpiSb-ATAM?! -STWFSSI M,'-i ) ,0 ) 

45#i   HFVSIfi =fM 1 )-n( ? ) 
Ilf;\/PH = |)F\/1 (^TYPF ) +nFV?( i' TYPP )*0( ? ) 
I F    ( i)|-\'hH    .0 I .    0.0 )       Rfl   Tu   AS7 
ST^LFV=0.n 
rii-\/LhV = n.(i 
r-n   Tfi  45P 

4 'o 7    I 11- \/ L h w = 11 f- \/ '•. T "/' 1 f- \' F H 

S T -> L F \/ = i) f- \/1, e \' / ^ F I '^ T Y k1 F ) 

r, 
A^R   In    (IT    .1. T.   •'iivI T )      r;(i   T'i   ^AO 

lh   |0|?)    .HO.   n,f»J      n( s) =M4<-<.q^Q 
IF   (0(7)   ..'H.   O.n)      0( ^)=o( i )/0( ?) 
Rl =0(1) /SI »T. I 
R?«OI ?)/sinct. 
';^ = 0( 3) /sir,ci. 
p^If'T   1030,   i^.l ^TAE^S(N««*| ,i' = ] ,^) , (Od.) ,L=I , 5) tSTQi.FV,r;i,r,?,r^,M 

r, 
uhn   \h    (MiiNLfw   .r,).   r>)      r,,i    7ii   ^70 

IK   ((MS)    .t-'1.   u^u.^qg)      ,-.n   rn   U7f\ 

4^1     Tr     (SIPLF*'    .i.T.     1.0    .A-n,    SMh-A-C-i)     .OT.    n.d)       Rfl    T'i   4A^ 
4^/-    S«l-A*»|M|«O,0 

Rl)     In    ^7r, 

A^1-   IF   I'M')   .?;F.  r.ii.-s)     r-n  Tfi ^7 
FlNl T=r.n'- ^«f.nhF (■■ Tvui- ) 
PUf SI «Rr.l  - fYUr- ) 
R« I    T11   uc^'i 

AA7    I- I iv I ISCKN^MCD^PI v. TYVe- ) v ( (n( ?) /fii^) :;:*hyp (WTYPH ) ) 
p;)I SI =i"0( •'■ 1 Y-^- )-t-r- ( -1 VH^- ) :■ .M.dO ] (M n( ? ) /fi.MS ) 

^C,H     |>Mfli)«r-(«>i| T;.;< ( 1 .O-DhVLFV-fi'M'l-! N.TYPf- ) )=.--?. 0) 
FPSAXsi^VSI^/IFlMITvl I #0»»>PWi,FVl ) 
PulSl^tsPntsi/nt •o-noiMTYPFi*Fc»!(Ay}**?,oi 
II-    (Pii[t;(r')    .r;T.    O.^gO)       ar» j <; ( M ) =n . 4Q0 
SHI AP (ri) = ,-■   (i -/ ( ? .Ov ( 1 . o-t-Pni <; ( M ) ) ) 

H   ILK(i-  )=«;i'|-Ak ( (v ) / ( 1 .O-P.O-PMI S(M) ) 
0(1    Tu   ^70 
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"•"        i   laniiiiiiw wmm^fi 

*70   Cd ;[ Ifiii- 
C 

r 
,F   I^JniWl   .| f-,   .v/fivns)     r.Ai i.   JTSTR 

^j;:o:;:;^:-';-::r;;--:-:::--:-.r;.::.^^ 
C«ww<U •««»«♦•»•aw*»«i»MW«»»«i«i*»¥»<i¥rt»,<r#0>^l( ..,  

1000    FORMA!    (Af   il    MP K«nfCD v   itieo «..^ •»•»♦••♦••••«•W*««»«: 
1 A»«   n   IT. Y-I)]^P IHM    X-DISP   HIM   Y-Dl^p, 
I ^3H   DFLTA-X OHLT/ -v TOTAL X-FOPCP 

PUNCH   1035,    lN,XfP(N»fVCP^)fWlLK|M),SMPAMNr.pÖfMM     N.1   Ml 

PORMAI <^;i .p X-OISP'■''To**; 'niruntsrstr*!^*^ 
1 t        f>HTA-X OKLTz-v TOTAL X-FOPCF   , 
? |4H      Y-l-'|i<f,H MP   /) 

100S   Fin- M.' T (|4.1 Pqf] 1,3,141 

1010   FORMAl I50HJFL6     FLAS   MOO     RULK   MOO   KHEAR   MOD NU EPS   X 

5      ^.H ^;IMS ^r i:Ypp.r.^
s;;    FPS-3   —* ^ 

lOlb   FORMA!   fU,3E10.3.Ff».3.1PftF}n.?fl4l' 
i017   FORMA!    ll4,2f,H   l-n   I) I SCOivJ 1 ^li I T Y   ELFMFMTl 
10?-   r-ORMA!    (V.H1H.F S,r,.X Sfr.-V TäVXV sir.-! SIf   , 

i ■    f?H TArcrFtE/TTA Mni" ^^^^.i,«3/ct:6^ 
1030 FORMA! (I4,1PAF10,?,OP4FP,3.I41 
1034 FORMA! (I!0,5F10.31 
1040 FORMA! (Iin«4F1C,Al 

C P ■■:■ » « • a • » ::: M =:= « » tt * « « « :,; « :;: ,, :;::;; :,: ,.. ,..:, :„......  
EMI 
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StlH«(lllllMt-   JTST« 

f.OMNMM   /IMI T/   MRK i M ) »NUMStTtMUMMPTtM.tnfMTfNmiM'.H 

COMMON   /MPt-L/   M^M(?7S,^) ,M«l)(3nn,7) ,xr.P|?75),YCP(?75) 
DIMMON   /WANS/    f>!BAMf),lv.UMK|.K,H( lOH ) , A( 10« ,^4) 

^III.K(?7t)) ,SH|-AR(?7S) ,PniSl?7b),r,Ah( 10 J fNfllv)LlN 
rj.i- S.CHHM 10) ,h)fp( in) ,nn{ I0l,r.n( 10}»FF( io),M7(i'^s 
CK 10) .PHI .|( 10) , Av'H.K lO) tCJT( IO.M ,MjT,r.AMw 
^T^'t-s«;! P7h. 3), Sinrj, ,P/»f>iii<; 
il{4} tV(4] 

Ct;;: * * ^ ;;::,:;,::,: -: H ;;: ^ :;,*-«;;: ^ ^ ^ ^j ^t - ^ ^ * f ^ ^ >;t if: X: « * * « « « ;,: ;;< « :;; || :;: 

rA^^,f-^lT I ALU!)   01 SPLACRMFNTS 
I^ * * # ^ ^ * ^ * !> >l< :,t •■',':;: • :;: si;::: 

C * • • 5.: 

c 
r -*. -'■ ■•. *'< (, -,- -.- -.- -.• 

COMMON 
COMMI IM 
CflMMflH 
ri !•••.( IKI 

1)1 Ngl^SIiliX 

/MAI 1/ 

11- ATA/ 

- .    ^. «•. v> >■• ••* - ... -,. -^ a,, ,,. ^, 

CALCIiLAlh   M/)«HAL ( V )    + 
J;5 3,.;,; ;,c ^; 3;J 

100 

IPO 
c * • • * i 

C 
/• ^. ,•- %•, *>, ■ 
J   ,    '»»    'l*   '.''   -I*    ' 

PRIfMi   moo 
111 i    SOO      Ma 1 , M(ll-iP|   T 

iv,lYP[-=r'PM (M, S ) 
IF    {i"lYP|-   .LT.    M.ill{l4T|      On   TCI   SOn 
I h   (N.piM(^,is)   .•-".   r»i     on  if1   loo 
P^IMI    inin,    M , WIIIK ( M ) , c;Hp AR (^) 

ori  TO son 
I=MP^(M.1) 

J=NPM(M,?) 
nx=nRO(j,ii-OAOli,i) 
DVaOtMH J,?)-fiRi)( I ,r ) 
nL = Sf|R 1 (ilx^ox + nv-DY ) 
hx = nx/i)L 
nY = |)Y/l)L 
no  i?o     r>1«A 
KaNPMfN,I) 
v{ I) =-K( ?::=K-I ):;;nY + H^ ?=?K ) »ox 
11(1   )=    B( ?.•;:!<-1  )«I>X4H(7«K)*0V 

CALC    STRAIN'S   +   STRFSSFS,    CHFCK   F^Tt.URF,   r.Al.r,.    MFi'   STIFF^FSSFS 
..,. .,* ^.,,, i I;;::;::;::;: « ^;;;;;;: -,;:;;: # if. ;> :^ ,-;;;;; ^j ^s ^; -^ ^; ^ ;;(;;[;;..;. .^ s;( v. .|.., .•, j.,. 

FPS = n.'S=;=(ii( A )-ii( 1 ) +ii( 3 ) -i)( ^ ) ) 
FPiv^o.f,*! v/( A )-w( 1 )+V ( 3)-v ( ?) ) 

SIRFSSM,] )=ST^SS(IM, 1 )-FPM-KOLK(h. ) 
SlRFSS(i^,?) = ST^FSS(t>'.? )-FP<;*SHEAP (IM) 

?00 

??0 

AiVO=PhI 

STRF^ = r 
S1RLFV= 
IF    (SIR 

POIS(M| 
on   m   ? 
IF     (SIP 
Pnl SHI 
P«IM1    1 

F ) /bT.7^578 

F )+ST4FSS( M, 1 )=;=SIM( A^O ) /r,MS( AMT, ) 
UFSS(M,?))/STRFM 

II   .r-T.   n, 0)     r,ii   tn   ?Oft 

1 

JIMTYP 
.Id-'TYP 

AHS(ST 

f-SSIM, 
= 1 .o 

l>\/    .IT.    1 .O)       Rll   Til   ??0 
= ?.n 

n?p,   McMiii.KlM) tSHPAi((N}fpnf !((M}9f:Witf(f:o^t4iTPF5S(M,l}, 
S rRFSS( li, ? ) , STW|.FV,M 

P^O    I (-    i ^ if <; (,-, )-i .n )      /.no , ■300 , ^ l o 
300   FHI K (^)=F.IT (MTYPF ,3 ) 

SHh/W ( ^)=KlT( . TY-JF , 3) 
Öd    TM   SOO 

310   SHh A-- ,f- )=F.iT( -'TYPi- .-u ) 
OP    Tfi   SOd 

400   SHFAWI=(-.|TMTYPF, ?)-f;AMW-( (STRFS<:((',1 ) /COMS ) =;==:=F J T ( ^ T YPF , 5 ) ) 

SHFA"!Ü«I)=^HFA.K PM ( 1 .0-n%lT(i-TYPt,A)::t;Tt.| FV)--7.0) 
son   COMTfMOF 

RF IIIWM 
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■ 

r,»«i»<.v :,::,: ;,: >;: :;; 0 :;t:,: :;;:;: j,: j;: S: * ;;: if >;: ;,; j;:;;! :;: if f ^t ^t;;::;: ^ J.: if if if :.;. I rt 

|00n   hllWNAI     ibAHJI-tF KM KS    hA||.    r.finr ^P^-M pp^-c;, 
l JAM sif;-'M TAII Lf-v» i_   \-i\-   /  ^X,)IM   (f^Aii.  r.niit-, 

53M   =o.n-ii.ir AT, I ,   = 1 .M-n-'««;.   FAtilt«!*,   =?.n-M-iPAo   FAtLUf>F)/i 
1010   (-(HM/Al     ( fA, }P7P10a Jt 1«H    HXr.M'A TMi    FLFM^NI     ) 
10?0   hm-N!Al   if*. lP>h-lo.'A,niMh }0,1«1t>4Fin.7«0»}Pin#3t 141 

(, -.• ;.• if :.'•;,::,; -f -f •-.::,;:,::.;;,::.::.::;: :;;::;;,;:,; ;;::,; ^;:;; ;;;;.: if if if if v :.::;; if ■.,: if zf ;.: J;J ^: ^ ;;; .y ;;;:;:;;. ^ ^ v ;|s -j. .;. ». .■- ;|,.-. .-.,., ^ ^ ^ ^.;;. :|. .j. -. J. ^ .. # % 
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