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My Wilkinson Collection



Wilkinson’s Take



Statistical/Probabilistic Error Analysis

Von Neumann & Goldstine (1947): Matrix inversion

Hull & Swenson (1966): Matrix addition, multiplication, Runge Kutta

Henrici (1966): ODEs

Tienari (1970): Matrix inversion

Barlow & Bareiss (1985): Gaussian elimination

Calvetti (1991, 1992): Convolution, FFT

Chatelin & Brunet (1990): Eigenvalues

Higham & Mary (2018):
Backward errors for: Inner products, matvec, matmult, LU, Cholesky



Inner (Dot) Product

Given: Real vectors of dimension n

x =
(
x1 · · · xn

)T
y =

(
y1 · · · yn

)T

Want: Inner product

x
T
y =

n∑

j=1

xj ∗ yj

Floating point computation (guard digit model)

fl(x op y) = (x op y) (1 + δ) op ∈ {+,−, ∗, }

|δ| ≤ u where u is unit roundoff



Probabilistic Bound
First Try



Sequential Accumulation (Recursive Summation)

Exact computation

s1 = x1y1

sk+1 = sk + xk+1yk+1 2 ≤ k < n

Output: sn = x
T
y



Sequential Accumulation (Recursive Summation)

Exact computation

s1 = x1y1

sk+1 = sk + xk+1yk+1 2 ≤ k < n

Output: sn = x
T
y

Floating point arithmetic

ŝ1 = x1y1 (1 + θ1)
︸ ︷︷ ︸
∗ error

ŝk+1 =



ŝk + xk+1yk+1 (1 + θk+1)
︸ ︷︷ ︸

∗ error



 (1 + δk+1)
︸ ︷︷ ︸

+ error

2 ≤ k < n

Output: ŝn = fl(xT
y)



Breaking Down the Forward Error

Computed inner product fl(xT
y) = ŝn = Z1 + · · ·+ Zn

Local backward error

Zk ≡ xkyk(1 + θk)

n∏

j=k

(1 + δj ) 1 ≤ k ≤ n

Local forward error

|Zk − xkyk | = |xkyk |

∣
∣
∣
∣
∣
∣

(1 + θk)

n∏

j=k

(1 + δj)− 1

∣
∣
∣
∣
∣
∣

≤ |xkyk |
(

(1 + u)n−k+1 − 1
)



Breaking Down the Forward Error

Computed inner product fl(xT
y) = ŝn = Z1 + · · ·+ Zn

Local backward error

Zk ≡ xkyk(1 + θk)

n∏

j=k

(1 + δj ) 1 ≤ k ≤ n

Local forward error

|Zk − xkyk | = |xkyk |

∣
∣
∣
∣
∣
∣

(1 + θk)

n∏

j=k

(1 + δj)− 1

∣
∣
∣
∣
∣
∣

≤ |xkyk |
(

(1 + u)n−k+1 − 1
)

Total forward error = sum of local forward errors

| fl(xT
y)− x

T
y | ≤ |Z1 − x1y1|

︸ ︷︷ ︸
c1

+ · · ·+ |Zn − xnyn|
︸ ︷︷ ︸

cn



Deterministic Version of the Error Bound

Total forward error | fl(xT
y)− x

T
y | ≤

∑n
k=1 ck

ck = |xkyk |
(

(1 + u)n−k+1 − 1
)

1 ≤ k ≤ n

Apply the Hölder inequality

n∑

k=1

|xkyk |
(

(1 + u)n−k+1 − 1
)

≤
n∑

k=1

|xk ||yk | ((1 + u)n − 1)

≤ |x |T |y | nu

1− nu
if nu < 1



Deterministic Version of the Error Bound

Total forward error | fl(xT
y)− x

T
y | ≤

∑n
k=1 ck

ck = |xkyk |
(

(1 + u)n−k+1 − 1
)

1 ≤ k ≤ n

Apply the Hölder inequality

n∑

k=1

|xkyk |
(

(1 + u)n−k+1 − 1
)

≤
n∑

k=1

|xk ||yk | ((1 + u)n − 1)

≤ |x |T |y | nu

1− nu
if nu < 1

This gives the traditional bound [Higham 2002]

∣
∣
∣
∣

fl(xT
y)− x

T
y

xTy

∣
∣
∣
∣
≤ |x |T |y |

|xTy |
nu

1− nu
if nu < 1



Traditional Forward Error Bound is Pessimistic

fl(xT
y) in single (binary32) u = 2−24 ≈ 5.96 · 10−8

x
T
y in double (binary64) u = 2−53 ≈ 1.11 · 10−16
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Det bound
Error
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Errors ≤ 10−3 for dimensions n ≤ 107

Bound several orders of magnitude larger than error
Bound not informative when elements have different signs



A Second Deterministic Version of the Error Bound

Total forward error | fl(xT
y)− x

T
y | ≤ ∑n

k=1 ck

ck = |xkyk |
(

(1 + u)n−k+1 − 1
)

1 ≤ k ≤ n

Apply the Hölder inequality

n∑

k=1

ck ≤
√
n

√
√
√
√

n∑

k=1

c2k

The probabilistic bound is motivated by

∣
∣
∣
∣

fl(xT
y)− x

T
y

xTy

∣
∣
∣
∣
≤

√
n

√
∑n

k=1 c
2
k

|xTy |



Probabilistic Model for Roundoff Errors

1 Bounded random variables with zero mean

fl(x op y) = (x op y) (1 + δ) |δ| ≤ u, E[δ] = 0

Mean of FP operation = exact operation

E [fl(x op y)] = (x op y) (1 + E[δ]) = x op y



Probabilistic Model for Roundoff Errors

1 Bounded random variables with zero mean

fl(x op y) = (x op y) (1 + δ) |δ| ≤ u, E[δ] = 0

Mean of FP operation = exact operation

E [fl(x op y)] = (x op y) (1 + E[δ]) = x op y

2 Independent

fl(s + xy) = (s + xy (1 + δ)) (1 + θ)

= s (1 + θ) + xy (1 + δ) (1 + θ)

Mean of FP algorithm = exact algorithm

E[fl(s + xy)] = s (1 + E[θ]) + xy (1 + E[δ])(1 + E[θ])

= s + xy



Probabilistic Interpretation of Roundoff

Local backward error , Unbiased random variable

Zk = xkyk (1 + θk)

n∏

j=k

(1 + δj ) with E[Zk ] = xkyk

Local forward error , Deviation of Zk from its mean

|Zk − E[Zk ]| ≤ |xkyk |
(

(1 + u)n−k+2 − 1
)

︸ ︷︷ ︸
ck

1 ≤ k ≤ n



Probabilistic Interpretation of Roundoff

Local backward error , Unbiased random variable

Zk = xkyk (1 + θk)

n∏

j=k

(1 + δj ) with E[Zk ] = xkyk

Local forward error , Deviation of Zk from its mean

|Zk − E[Zk ]| ≤ |xkyk |
(

(1 + u)n−k+2 − 1
)

︸ ︷︷ ︸
ck

1 ≤ k ≤ n

Computed inner product ,
Sum of independent random variables

fl(xT
y) = Z1 + · · · + Zn

with bounded deviations from their means |Zk − E[Zk ]| ≤ ck



Azuma’s Inequality
Given a sum

Z = Z1 + · · · + Zn

of independent random variables Z1, . . . ,Zn

with bounded deviations from their means,

|Zk − E[Zk ]| ≤ ck 1 ≤ k ≤ n

For any 0 < δ < 1 with probability at least 1− δ,
the deviation of the sum from its mean is

|Z − E [Z ]| ≤

√
√
√
√

n∑

k=1

c2k

︸ ︷︷ ︸

≈ Variance

√

2 ln (2/δ)



Probabilistic Forward Error Bound

Assume:
Roundoffs are independent, zero-mean random variables in [−u, u]

For any 0 < δ < 1, with probability at least 1− δ

∣
∣
∣
∣

fl(xT
y)− x

T
y

xTy

∣
∣
∣
∣
≤

√
∑n

k=1 c
2
k

|xTy |
√

2 ln (2/δ)
︸ ︷︷ ︸

Probabilistic

where

ck ≡ |xkyk |
(

(1 + u)n−k+1 − 1
)

1 ≤ k ≤ n

Probabilistic factor is small, even for tiny failure probability:
√

2 ln (2/δ) ≤ 9 for δ = 10−16



Probabilistic and Traditional Bounds versus Error

Failure probability δ = 10−16
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Probabilistic bound tighter than traditional bound



Probabilistic Bound Stops Being a Bound
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Crucial assumption: Roundoffs are independent

Henrici ends his 1965 paper with:

While this assumption seems to yield realistic results in many cases, some
situations are known, [...], where local errors definitely cannot be
considered to be independent. To elucidate the conditions under which
local errors act like independent variables would seem to be a fascinating
if difficult problem.



Second Try
No Independence Assumptions on Roundoff



Avoiding Independence of Roundoffs

Think in terms of partial sums
Distinguish every roundoff

n multiplications and n − 1 additions =⇒ 2n distinct roundoffs
(guard digit model)

Floating Point Arithmetic Exact Computation
Mult ŝ1 = x1y1 (1 + δ1) s1 = x1y1

ŝ2 = ŝ1 (1 + δ2) s2 = s1
Mult ŝ2k+1 = ŝ2k + xk+1yk+1 (1 + δ2k+1) s2k+1 = s2k + xk+1yk+1

Add ŝ2k+2 = ŝ2k+1 (1 + δ2k+2) s2k+2 = s2k+1

ŝ2n = fl(xT
y) s2n = x

T
y



Unravel the Total Forward Error

Total forward error Z2n ≡ ŝ2n − s2n = fl(xT
y)− x

T
y

Forward errors of partial sums are recursive

Z2k−1 = ŝ2k−1 − s2k−1 = ŝ2k−2 − s2k−2
︸ ︷︷ ︸

Z2k−2

+ xkyk δ2k−1

Z2k = ŝ2k − s2k = ŝ2k−1 − s2k−1
︸ ︷︷ ︸

Z2k−1

+ ŝ2k−1δ2k

Difference of partial sum errors bounded by incremental errors

|Z2k−1 − Z2k−2| = |xkyk δ2k−1| ≤ |xkyk |
︸ ︷︷ ︸

≤ c2k−1

u

|Z2k − Z2k−1| = |ŝ2k−1 δ2k | ≤ |ŝ2k−1|
︸ ︷︷ ︸

≤ c2k

u



Deterministic Version of Error Bound

Total error is telescoping sum of incremental errors

|Z2n| ≤ |Z2n − Z2n−1|
︸ ︷︷ ︸

≤ c2n u

+ |Z2n−1 − Z2n−2|
︸ ︷︷ ︸

≤ c2n−1 u

+ · · ·+ |Z1|
︸︷︷︸

≤ c1 u

≤
2n∑

j=1

cj u ≤
√
2n

√
√
√
√

2n∑

j=1

c2j u



Deterministic Version of Error Bound

Total error is telescoping sum of incremental errors

|Z2n| ≤ |Z2n − Z2n−1|
︸ ︷︷ ︸

≤ c2n u

+ |Z2n−1 − Z2n−2|
︸ ︷︷ ︸

≤ c2n−1 u

+ · · ·+ |Z1|
︸︷︷︸

≤ c1 u

≤
2n∑

j=1

cj u ≤
√
2n

√
√
√
√

2n∑

j=1

c2j u

The probabilistic bound is motivated by

∣
∣
∣
∣

fl(xT
y)− x

T
y

xTy

∣
∣
∣
∣

≤
√
2n

√
∑2n

k=1 c
2
k

|xTy | u

with

c2k−1 = |xkyk | c2k =
k∑

j=1

|xjyj |(1 + u)k−j+1



Probabilistic Version of Error Bound

Assume: Roundoffs are zero-mean random variables: E[δj ] = 0

1 Forward errors in partial sums are random variables

Z2k−1 = Z2k−2 + xkyk δ2k−1

2 Conditioned on previous roundoffs,

E [Z2k−1|δ1, . . . , δ2k−2] = Z2k−2

mean of current error equals value of previous error

3 Difference of partial sum errors bounded by incremental errors

|Z2k−1 − Z2k−2| ≤ c2k−1 u



Probabilistic Version of Error Bound

Assume: Roundoffs are zero-mean random variables: E[δj ] = 0

1 Forward errors in partial sums are random variables

Z2k−1 = Z2k−2 + xkyk δ2k−1

2 Conditioned on previous roundoffs,

E [Z2k−1|δ1, . . . , δ2k−2] = Z2k−2

mean of current error equals value of previous error

3 Difference of partial sum errors bounded by incremental errors

|Z2k−1 − Z2k−2| ≤ c2k−1 u

Partial sum errors Z1,Z2, . . . form Martingale
with respect to roundoffs δ1, δ2, . . .



Azuma-Hoeffding Martingale

Sequence of random variables Z0,Z1 . . . is Martingale
with respect to sequence δ1, δ2 . . . if for k ≥ 0

1 Zk is function of δ1, . . . , δk
2 E[|Zk |] < ∞,

3 E [Zk+1|δ1, . . . , δk ] = Zk

If also

|Zk+1 − Zk | ≤ ck 0 ≤ k < m

Then: For any 0 < δ < 1, with probability at least 1− δ

|Zm − Z0| ≤

√
√
√
√

m∑

k=1

c2k

√

2 ln (2/δ)



Probabilistic Forward Error Bound, v2

Assume: Roundoffs are zero-mean random variables in [−u, u]

For any 0 < δ < 1, with probability at least 1− δ

∣
∣
∣
∣

fl(xT
y)− x

T
y

xT y

∣
∣
∣
∣
≤

√
∑2n

k=1 c
2
k

|xTy |
√

2 ln (2/δ) u

where

c2k−1 = |xkyk | c2k =
k∑

j=1

|xjyj |(1 + u)k−j+1



Probabilistic Forward Error Bound, v2

Assume: Roundoffs are zero-mean random variables in [−u, u]

For any 0 < δ < 1, with probability at least 1− δ

∣
∣
∣
∣

fl(xT
y)− x

T
y

xT y

∣
∣
∣
∣
≤

√
∑2n

k=1 c
2
k

|xTy |
√

2 ln (2/δ) u

where

c2k−1 = |xkyk | c2k =
k∑

j=1

|xjyj |(1 + u)k−j+1

In comparison: Deterministic version of this bound is

∣
∣
∣
∣

fl(xT
y)− x

T
y

xT y

∣
∣
∣
∣
≤

√
∑2n

k=1 c
2
k

|xTy |
√
2n u



Probabilistic Forward Error Bound, v2

For any 0 < δ < 1, with probability at least 1− δ

∣
∣
∣
∣

fl(xT
y)− x

T
y

xT y

∣
∣
∣
∣
≤

√
∑2n

k=1 c
2
k

|xTy |
√

2 ln (2/δ) u

where c2k−1 = |xkyk | and c2k =
∑k

j=1 |xjyj |(1 + u)k−j+1

This is really complicated /



Probabilistic Forward Error Bound, v2

For any 0 < δ < 1, with probability at least 1− δ

∣
∣
∣
∣

fl(xT
y)− x

T
y

xT y

∣
∣
∣
∣
≤

√
∑2n

k=1 c
2
k

|xTy |
√

2 ln (2/δ) u

where c2k−1 = |xkyk | and c2k =
∑k

j=1 |xjyj |(1 + u)k−j+1

This is really complicated /

Find an upper bound:

√
√
√
√

2n∑

k=1

c2k ≤ |x |T |y |
|xTy |

√
u
2 ((1 + u)2n+2 − 1)

≤ |x |T |y |
|xTy |

√
n + 1 u

1− (2n + 2)u
if (2n + 2)u < 1



Comparison of Forward Error Bounds:
Traditional vs Probabilistic

∣
∣
∣
∣

fl(xT
y)− x

T
y

xT y

∣
∣
∣
∣
≤ |x |T |y |

|xTy | ∆ u

Assume: δ = 10−16, u ≈ 6 · 10−8, n ≤ 107

Traditional bound:

∆ =
n

1− nu
≤ 2.5 n

Probabilistic bound:

∆ =
√

u
2 ((1 + u)2n+2 − 1)

√

2 ln (2/δ) ≤ 12.1
√
n + 1

Traditional bound ∼ n

Probabilistic bound ∼ √
n



Probabilistic and Traditional Bounds versus Error
Dimension 1 ≤ n ≤ 107

Failure probability δ = 10−16
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Probabilistic and Traditional Bounds versus Error
Dimension 106 ≤ n ≤ 108

Failure probability δ = 10−16
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Traditional bound not valid anymore

Probabilistic bound

Too pessimistic for elements with different signs
Stops being an upper bound for elements with same sign



???????

A cheap fix:

Increasing the failure probability δ makes the probabilistic
bound less pessimistic
for vector elements with different signs

Decreasing the failure probability δ makes the ”probabilistic
bound” an upper bound again for large n

when all vector elements have the same sign

However:

The concentration inequalities do not explicitly depend on the
number n of random variables in a sum

Forward errors do depend on the number n of summands

Should the failure probability δ depend on the dimension n

and if so, how (systematically)?



Summary

Probabilistic roundoff error analysis for inner products

New forward error bounds
(from Martingale concentration inequalities)

Explicit non-asymptotic bounds, with minimal assumptions
(no limit on dimension n, independence of roundoffs)

Extremely stringent success probabilities (δ = 10−16)

Forward error ∼ √
n instead of n

Next

Computations in arbitrary precision (Julia BigFloat)
Roundoff error model without guard digits

Allow biased roundoff with non-zero mean

Analysis of matrix decompositions,
with matrix concentration inequalities (Kyng, Tropp)


