


T R A N S L A T I O N S O F 

MATHEMATICAL 
MONOGRAPHS 

V O L U M E 3 3 

Ju. I. NeTmark 
N. A. Fufaev 

Dynamics of 
Nonholonomic Systems 

*#S% 
i ( lQ i ) ) | America n Mathematica l Societ y 

10.1090/mmono/033



AMHAMMKA HErOJIOHOMHM X CttCTEM 

10. 14 . HEMMAP K M  H. A. $ y $ A E B 

M3flaTeJibCTB0 ,,HayKa M 

MocKBa 196 7 

Translated fro m th e Russia n b y J . R . Barbou r 

2000 Mathematics  Subject  Classification.  Primar y 70-XX ; Secondar y 78-XX . 

ISSN 0065-9282 

The Library of Congress has cataloged an earlier hardcover edition as follows: 

Library of Congress Cataloging in Publication Data 

Nexmark, IUrii Isaakovich. 
Dynamics of nonholonomic systems* 

(Translations of mathematical monographs, v. 33) 
Translation of Dinamika negolonomnykh sistem. 
1. Dynamics. I. Fufaev, Nikolai Alekseevich, 

joint author. II. Title. III. Series. 
QA845.M4413 620.1*04 72-3274 
ISBN 0-821S-1583-0 

Copyright ©  197 2 b y th e America n Mathematica l Societ y 

Reprinted b y the American Mathematica l Society , 2004. 
The America n Mathematica l Societ y retain s al l right s 

except thos e granted t o the Unite d State s Government . 
Printed i n the United State s of America . 

) The paper use d i n this book is acid-free an d fall s withi n th e guideline s 
established t o ensure permanence and durability . 

Visit th e AM S home page a t http://www.ams.org / 

10 9 8 7 6 5 4 3 2 1 0 9 08 07 06 05 04 



PREFACE 

The ide a o f writin g th e presen t boo k aros e durin g A . A . Andronov' s 
seminar in 1949/50 in connection with th e discussions on the formulatio n 
of th e equation s o f motio n o f variou s technica l systems . Apar t fro m 
furthering scientifi c aims, the seminar was intended to serve a pedagogica l 
purpose, a s wa s emphasize d mor e tha n onc e b y Professo r Andronov . 
Among th e subject s discusse d wer e th e concept s o f directe d coupling s 
and servo constraints, methods of formulating th e equation s o f electrical 
circuits, tenso r form s o f equation s o f motion , equation s o f motio n o f 
mechanical systems , variationa l principle s o f field  theor y an d electro -
dynamics, question s o f th e derivatio n o f th e equation s o f motio n o f 
electrical machines , an d man y othe r problems . Paper s wer e rea d a t th e 
seminar by N. A. Zelezcov, M. L . Levin, A. V. Gaponov, Ju. I . Neimark , 
N. A . Fufaev , an d others . I t wa s durin g thi s semina r tha t certai n in -
accuracies i n a  numbe r o f work s o n th e mechanic s o f nonholonomi c 
systems came to light an d a  connection wa s revealed between  th e theor y 
of electrica l machine s an d th e mechanic s o f nonholonomi c systems . 

Work o n a  boo k o n th e dynamic s o f nonholonomi c system s begu n i n 
1951 b y Neimar k ha d t o b e discontinue d fo r a  numbe r o f reasons . 
Much later , th e author s wer e agai n attracte d t o problem s o f th e 
mechanics o f nonholonomi c system s an d the y publishe d a  numbe r o f 
papers concernin g th e derivatio n o f equation s o f motion , th e applica -
bility of mathematical models in the mechanics of nonholonomic systems , 
the stabilit y o f nonholonomi c systems , an d th e directiona l stabilit y o f 
rolling systems. Not surprisingly , th e idea o f writing a  boo k wa s revive d 
and thi s tim e bor e fruit . 

Between th e conceptio n an d completio n o f th e book , it s pla n ha s 
undergone certai n changes , bu t th e genera l idea , namely , t o brin g 
together an d unit e th e abstrac t theor y o f analyti c mechanic s an d th e 
applied problem s o f stabilit y o f rollin g system s an d th e theor y o f 
electrical machines , ha s bee n preserved . Th e desir e t o presen t th e 
concrete application s a s full y a s possibl e ha s als o bee n preserve d an d 
is reflected i n th e selectio n o f a  larg e numbe r o f examples . 

Inevitably, the attentio n devote d t o the variou s aspects o f th e subjec t 
has bee n determine d t o a  certai n exten t b y th e persona l scientifi c 
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interest of the authors . As a result , man y question s eithe r hav e remaine d 
untouched o r have not bee n treate d a s comprehensively a s they warrant . 

The sam e applie s t o th e bibliography , whic h i s extensive , bu t ca n 
in no wa y preten d t o b e exhaustive . 

The boo k give s th e firs t comprehensiv e an d systemati c expositio n 
of the mechanics o f nonholonomic systems , including th e kinematic s an d 
dynamics o f nonholonomi c system s wit h classica l nonholonomi c con -
straints, th e theor y o f th e stabilit y o f nonholonomi c systems , technica l 
problems o f th e directiona l stabilit y o f rollin g systems , an d th e genera l 
theory o f electrica l machines . 

The first  chapte r consist s o f a n expositio n o f th e kinematic s o f non -
holonomic systems . Th e fundamenta l concept s ar e introduce d an d th e 
criterion o f holonom y o f kinemati c constraint s i s established . Th e 
chapter is concluded with the theory of kinematic integrating mechanisms . 

The secon d chapte r i s devote d t o th e stud y o f th e motio n o f non -
holonomic system s o n th e basi s o f th e genera l law s o f dynamics . 
Caplygin's theore m o n conservation o f angular momentu m i s generalize d 
and classical problems of rolling of rigid bodie s o n a  surfac e ar e studied . 

The thir d chapte r i s devote d t o th e analytica l mechanic s o f non -
holonomic systems . Differen t form s o f th e equation s o f motio n o f 
nonholonomic system s ar e investigate d an d th e us e o f transpositiona l 
relations i s elucidated . Impulsiv e motion s o f nonholonomi c system s 
are studied ; condition s fo r th e existenc e o f first  integral s ar e derive d 
and a n expositio n give n o f th e theor y o f Caplygin' s las t multiplier . 

The proble m o f th e applicabilit y o f mathematica l model s i n th e 
mechanics o f nonholonomi c system s i s studie d i n th e fourt h chapter . 
The influenc e o f smal l parameter s o n th e dynamic s o f nonholonomi c 
systems i s studie d i n a  numbe r o f specifi c examples . 

The fifth  chapte r i s devote d t o th e stabilit y an d smal l oscillation s 
of nonholonomi c system s abou t equilibriu m position s an d als o abou t 
steady motions . 

In th e sixt h chapte r th e genera l equation s o f motio n o f a  vehicl e o n 
wheels with pneumati c tire s ar e derived . A  numbe r o f specifi c technica l 
problems o f th e directiona l stabilit y o f rollin g system s ar e considered . 
These includ e th e bicycle , motorcycle , automobile , th e landin g gea r 
of a n aeroplane , an d a  railroa d truck . 

In th e sevent h chapter , th e dynamic s o f nonholonomi c system s i s 
studied from the point of view of the general theory o f electrical machines . 
The Lagrange-Maxwel l equation s fo r electromechanica l system s wit h 
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closed an d ope n current s ar e derive d o n th e basi s o f a  discret e descrip -
tion of the electromagneti c processe s i n th e quasi-stead y approximation . 
Examples ar e give n o f electromechanica l system s wit h nonholonomi c 
constraints resultin g fro m slidin g contacts . Th e genera l equation s o f 
electrical machine s ar e derived . 

The boo k contain s 17 2 figure s an d 5  tables , an d 51 5 reference s ar e 
included i n th e bibliography . 

The tabl e o f content s wil l giv e th e reade r a  fairl y complet e ide a o f 
the contents o f th e book . W e shoul d lik e t o poin t ou t tha t reader s wh o 
are onl y intereste d i n certai n aspect s o f dynamic s o f nonholonomi c 
systems can turn straigh t t o the relevant chapter s and us e the remainin g 
chapters fo r referenc e purposes . 

Ju. I.  Neimark, N.  A.  Fufaev 
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