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Discrete Mathematics: Review



Discrete Mathematics: Review

• A set is a collection of objects, e.g. 
• ! = #, %, &, ' and ( = %, '
• Empty set ∅ = {} (why it is not same as {∅})
• ℕ = 0, 1, 2, 3, … and ℤ = {… ,−2,−1, 0, 1, 2, … }
• ℚ is the set of rational numbers. 
• ℝ is the set of real numbers.

• # ∈ ! : element of a set, belongs to, or contains
• Subset of ! ⊆ ℕ, or proper subset of ! ⊂ ℕ
• Notions of set union, intersection, difference, and disjoint
• Power set 29 of a set ! (example)
• Partition of a set 

Georg Cantor
March 3, 1845 – January 6, 1918



Discrete Mathematics: Review (Contd.)

• A ordered pair is a pair !, # of elements with natural order
• Similarly we define triplet, quadruplet, $-tuples, and so on
• Cartesian product A×' of two sets is the set of orderd pairs 

A×' = !, # ∶ ! ∈ + !$, # ∈ '
• Binary relation - on two sets + and ' is a subset of A×'
• Recall definitions of 
• Reflexive, Symmetric, and Transitive relations, 
• and Equivalence relation. 



Discrete Mathematics: Review (Contd.)

• A function ! from set " to #, formally !: " → #, is a binary relation such 
that for all ' ∈ " we have (', *) ∈ ! and (', *′) ∈ ! implies that * = *ʹ. 
• Unless specified otherwise, we assume that the function !: " → # is a total 

function, i.e. for all ' ∈ " there is a * ∈ B such that ', * ∈ !. 
• We often write !(') for the unique element b such that ', * ∈ !.
• Function !: " → # is one-to-one if for any two distinct elements ', * ∈
" we have that ! ' ≠ !(*). 
• Function !: " → # is onto if for every element * ∈ # there is an element 
' ∈ " such that !(') = *. 
• Function !: " → # is called bijection if it is both one-to-one and onto.



Cardinality of a Set

• Cardinality |"| of a set " is a measure of “number of elements” in "
• For the set A = a, b, c, d we have |*| = 4
• For the set ℕ, its cardinality  ℕ is an infinite number ℵ. (aleph-null). 

• Two sets have same cardinality if there is a bijection between them. 
• A set is countably infinite (or denumerable) if it has same 

cardinality as ℕ. 
• A set is countable if it is either finite or countably infinite. 
• A transfinite number is a cardinality of some infinite set. 



Theorem: Cardinality

Theorem 
1. The set of integers is countably infinite. (idea: interlacing) 
2. The union of a finite number of countably infinite sets is countably infinite 

as well. (idea: dove-tailing) 
3. The union of a countably infinite number of countably infinite sets is 

countably infinite. 
4. The set of rational numbers is countably infinite. 
5. The power set of the set of natural numbers has a greater cardinality than 

itself. (idea: contradiction, diagonalization) 



Theorem. The power set of the set of natural numbers has a greater 
cardinality than itself. (idea: contradiction, diagonalization) 

Proof.  The proof is by contradiction. 
1. Assume that the power set of ℕ has the same cardinality as ℕ.
2. It follows that there is a one-to-one correspondence between 2ℕ

and ℕ. Consider an arbitrary such mapping #.
3. Consider the table T s.t. % &, ( = *+,- if the subset . ⊆ ℕ mapped 

to the index &, i.e. # . = &, contains (, i.e. ( ∈ .. 
4. Consider the set .∗ = { & ∈ ℕ ∶ % &, & = #456-}.
5. Notice that the set .∗ is not mapped to any element of ℕ. Why?
6. A contradiction.                                                                                  □



Cantor’s Theorem

Theorem. If a set ! is of any infinite cardinality then its power 
set 2#has a greater cardinality, i.e. |2#| > | ! |. 

(hint: happy, sad sets).

Corollary. There is an infinite series of infinite cardinals.



Cantor’s Theorem

Theorem. There is an infinite series of infinite cardinals.

“ a "grave disease" infecting the discipline of mathematics” −Henri Poincaré

“ I don't know what predominates in Cantor's theory – philosophy or theology, but I am sure 
that there is no mathematics there”− Leopold Kronecker

“… about one hundred years too soon .. ” − Gosta Mittag-Leffler



Theorem. There is an infinite series of infinite cardinals.

“Most admirable flower of  mathematical intellect” 
David Hilbert David Hilbert

23 January 1862 – 14 February 1943







Hilbert’s Programs:
1. Axiomatization for mathematics, 

beginning with arithmetic, and a 
finitary consistency proof of that 
system.

2. Entscheidungsproblem (decision 
problem). statements about 
mathematics be regarded as formal 
sequences of symbols, and  
Entscheidungsproblem was to find 
an algorithm to decide whether a 
statement was valid or not. 



Gödel’s Incompleteness Theorems. 
(Diagonalization) 
1. Any consistent formal system is incomplete.
2. Any consistent formal system containing 

elementary arithmetic can not prove its own 
consistency.  

Program 1. Axiomatization for mathematics with 
finite consistency proofs.

Kurt Gödel
April 28, 1906 – January 14, 1978



Program 2. Entscheidungsproblem (decision problem). 

“ Statements about mathematics be regarded as formal sequences of 
symbols, and  Entscheidungsproblem was to find an algorithm to decide whether a 
statement was valid or not. “



Program 2. Entscheidungsproblem (decision problem). 
“ Statements about mathematics be regarded as formal sequences of 

symbols, and  Entscheidungsproblem was to find an algorithm to decide whether a 
statement was valid or not. “

Challenges:

1. Find a precise mathematical definition for the intuitive idea of algorithm;
2. Demonstrate beyond doubt that every algorithm has been captured; and
3. Prove that no algorithm on the list can be the solution of the Diophantine 

equation problem.



Challenges:
1. Find a precise mathematical definition for the intuitive idea of algorithm;
2. Demonstrate beyond doubt that every algorithm has been captured; and
3. Prove that no algorithm on the list can be the solution of the Diophantine 

equation problem.

Alonzo Church
June 14, 1903 – August 11, 1995

Kurt Gödel
April 28, 1906 – January 14, 1978

! − #$%&'()*$
%+',-&.'/

0 − 1$,+1/&2$
%+',-&.'/



Alan Turing
23 June 1912 – 7 June 1954













Howard Hathaway Aiken (March 8, 1900 – March 

14, 1973) was an American physicist and a pioneer 

in computing, being the original conceptual 

designer behind IBM's Harvard Mark I computer.

“If it should turn out that 
basic logics of machine 
designed for the numerical 
solutions of differential 
equations coincide with the 
logics of a machine intended 
to make bills for a 
department store, I would 
regard this as the most 
amazing coincidence I have 
ever encountered.”

Howard Aiken, 1956

https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Computing
https://en.wikipedia.org/wiki/IBM
https://en.wikipedia.org/wiki/Harvard_Mark_I


“Let us now return to 
analogy of the theoretical 
computing machines … It can 
be shown that a single 
special machine of that type 
can be made to do the work 
of all. It could in fact be 
made to work as a model of 
any other machine. This 
special machine may be 
called the universal 
machine.”

Alan Turing, 1947



Part I: Automata Theory 



What’s an automaton?
1. A moving mechanical device made in imitation of a human being. 
2. A machine that performs a function according to a predetermined set of 

coded instructions. 



What’s an automaton?
1. A moving mechanical device made in imitation of a human being. 
2. A machine that performs a function according to a predetermined set of 

coded instructions. 



Finite instruction machine with finite memory (Finite State Automata)

S C

No_coin

coin

Not_ready

Ready_dispense

start



Finite instruction machine with unbounded memory (Universal Turing machine) 

P C

b/a, 
move_right

b/a, move_right

a/b, move_left

a/b, move_left

start

a b b a b b b ….....



Finite State Automata

• Introduced first by two neuro-psychologists Warren S. McCullough 
and Walter Pitts in 1943 as a model for human brain! 

• Finite automata can naturally model microprocessors and even 
software programs working on variables with bounded domain 

• Capture so-called regular sets of sequences that occur in many 
different fields (logic, algebra, regular Expressions) 

• Nice theoretical properties 
• Applications in digital circuit/protocol verification, compilers, 

pattern recognition, and so on.
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No_coin

coin

Not_ready
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start



Turing Machines

• Introduced by Alan Turing as a simple model capable of 
expressing any imaginable computation 

• Turing machines are widely accepted as a synonym for 
algorithmic computability (Church-Turing thesis) 

• Using these conceptual machines Turing showed that             
first-order logic validity problem is non-computable. 

• I.e. there exists some problems for which you can never write a 
program no matter how hard you try! 

P C

b/a, 
move_right

a/b, move_left

a/b, move_left

start

a b b a b b b ….....


