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A Remark on Algebraic Closure
and Orthogonality

Tapani Hyttinen

Abstract  We show that if T is a stable theory with ndop and ndidip, then
| T|"-primary modelsover freetreesare | T|T-minimal over thetree. Asacorol-
lary we show, for example, that if T isa stable theory and for all nonempty X,
acl (X) = Uyexacl ({x}), then T is superstable or it has dop or didip.

These notes aroused from the authors attempt to understand the nonorthogonality re-
lation between atype and aset in the strictly stable case. It seemsthat the behavior of
the algebraic closure operation playsarole here. Soitisreasonableto ask, do we un-
derstand the relation, if the algebraic closure operation is as simple as possible? The
answer isyes.

Throughout this paper we assumethat T isastable theory. We write s-saturated,
s-primary, and so on, for Fﬁﬁ-saturated, F|ST|+-primary, and so on.

Definition 1

(i) Let P = (P, <) beatreewithout branches of length > » and g be afunction
from P to the subsets of the monster model. We say that (P, g) isafreetreeif
the following hold:

(& forall ue P, g(u) isan s-saturated model,
(b) if u< vtheng(u) C g(v),
(c) if uisanimmediate successor of v, then g(u) | gy U{g(w)|we P, w # u}.

(i) (Shelah [[]) We say that T has didip, if there are a regular infinite cardinal «,
s-saturated models 4;, i < «, and nonalgebraic p € S(A4,) such that
(@ fordli<j<« A C A,
(b) forlimiti < «, A; iss-primary over Uj. 4],
(c) fordli < «, pisorthogonal to 4;.

If T doesnot have didip, then we say that T has ndidip.

Didip is a nonstructure property for strictly stable theories. Superstability implies
ndidip.
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Notice that the following theorem can not be proven as the related result is
proveninthe superstable case. Thisisbecausethere may not be enough regular types.
However, instead of the direct proof given below, the theorem follows rather easily
by using the * nonorthogonality calculus (and minimal covers) from the unpublished
theses by Hernandez. In [, (end of §X.2) oneinstance of the theorem is mentioned.

Theorem 2 Assume T is stable and has ndop and ndidip. If (P, g) isa free treeg,
A issprimary over Uycpg(u) and p € S(A4), then thereisu € P such that p isnot
orthogonal to g(u).

Wefirst prove the following lemma.
Lemma3 AssumeT isstable.
(i) Assume T hasndop and 4;,i < 4, Band p € S(A3 U B) are such that
(@) Ai,i <4, ares-saturated, Ag € A1 N A and A1 | 4, A2,
(b) Azissprimary over 4, U 4y,
(c) pisnot orthogonal to A3
Then pisnot orthogonal to A4, or to 4,.
(ii) Assume T hasndidipand 4;,i < «, Band p € S(A4, U B) are such that
(@) aislimit, for all i <o, A;iss-saturated, for all i < j <, 4j C A

and for limiti < «, 4 iss-primary over U4,
(b) pisnot orthogonal to A4,,.

Then thereisi < « such that p is not orthogonal to 4;.

Proof: We prove (i); (ii) issimilar. Assume not. By extending B if necessary, we
can find finite sequences a and b such that b | 4, B, b4 4,08 @ ar_ld t(a, 43U B) is
orthogonal to 4, and 4,. By inductiononi < «(T), wedefine 4!, j < 4, so that

1 foral j<4,42%=4;andforali <k <«(T), A} < Af,
2. forali<k<w(Mandj, ' €(1,2},j#],Af La A3V Af and
auB |, 4}, _
3. forali<k<«(T), A¥iss-primary over A¥UASuJ;_; A3 (o,
especially, A% is s-primary over A U 45),
This contradicts the definition of «(T).

i =0: By (1)wemustlet 19 = 4, forall j < 4. Clearly these satisfy (1) —(4).
i=k+1: By(4),t(b, Af) isnotalgebraic, soby ndopt(b, A%) isnot orthogonal to,
for example, ﬂlf. Choosec sothat c ¢ﬂlk ﬁls'f, c',ﬁﬂsk b,andc hgub B Let 4} = A,
A bes-primary over Af Uc, 4} = A%, and A} be s-primary over 4; U A%. Clearly
(1) and (3) hold. Also A; | 4 A% U B, and since by (2), t(a, A% U B) isorthogonal
to Ak a Lasos A}, So (2) holds. (4) now follows easily.

iislimit: Welet A5 = Ag and for j € {1, 2}, welet 4] be s-primary model over
Uk<iﬁl}‘. Thenby (2) and (3), forall j <i, 4} U AL UJ,_; AXiss-constructible over
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A3V AU, A% Sowelet A} bean s-primary model over A; U A, U |, _; A5
Ciearly (1)—(4) hoid. 0

Proof of Theorem2] Let P = {u;| i < '} be an enumeration of P such that if u;<u;
theni < j. Let 49 = @, foral i < «, let A;,1 be s-primary over 4; U g(u;), and
if i < o islimit, then let 4; be s-primary over U;_iA4;. Then A4, is s-primary over
Uuepg(u). By the uniqueness of s-primary models, we can choosethese so that A4, =
A. Leti < a betheleast suchthat p isnot orthogonal to 4;. Clearly we may assume
thati >1. By Lemmal3{ii), i isnot limit. Soi=j+1for some j>1 Thenu; isnotthe
root. Let v betheimmediate predecessor of uj. Then A; iss-primary over A4; U g(u;).

Clearly we may assume that 4; # g(u;). Itiseasy to seethat g(u;j) | g« Aj. SO by
Lemmal3{i) and the choice of i, p is not orthogonal to g(u i)

Corollary 4 Assume T is stable and has ndop and ndidip. Then s-primary models
over freetreesare ss-minimal over the tree.

Proof: By Theorem[2] this can be proved asthe related resultsin [[1], (Lemma3.3).
O

It should be pointed out that we do not work in M®9; that is, in thefollowing definition
algebraic closure means just the ordinary algebraic closure.

Definition 5 We say that algebraic closure istrivial if for al X, Y, and Z the fol-
lowing holds: if Y | x Z,thenacl(XUYU Z) =acl(XUY)Uacl(XU Z).

For example, if for al X, acl (X) = X or for all nonempty X, acl (X) = Uxexacl ({x}),
then agebraic closureistrivial. Soif T isthe canonical example of a stable unsuper-
stable theory, then algebraic closureistrivial.

Lemma6 AssumeT isstable and hasndop, ndidip, and algebraic closureistriv-
ial. Then for all sets 4 € B and singletons a, if af 4 Bthent(a, B) isorthogonal to
A.

Proof: Assumenot. Let 4, B, and a exemplify this. Clearly we may assumethat 4
and B are s-saturated. By inductiononi < «(T), we construct freetrees (P, g;) and
s-primary models 4; over thetree such that for al i < «(T), t(a, A4;) isnot algebraic
andifi = j + 1, then ai,qj Ai. This contradicts the definition of «(T).

i=0: Sincet(a, B)isnotorthogona to 4, wecanfindbsuchthatb | 4 Bandb {3
a. Let C bes-primary over 4 U b and D s-primary over C U ‘B. Furthermore, choose
thesesothat a | g, D. Clearly a¢ Bandsinceb | 4 Bbutafq B, a¢ acl(AUb)
andsoa ¢ acl(BUb). Sot(a, D) isnot algebraic. Notice adso that afc B. We let
Po = {X, ¥, z}, Xistheroot and y and z are immediate successors of X. go(X) = 4
go(y) = C,and go(2) = B. Finadly welet 49 = D.

i=j+1 ByTheoremP]thereist e P;j suchthatt(a, A;) isnot orthogonal to g; (t).
Chooseb sothat b gty Aj and b 4; a. Sincead ;) BU C (C is defined the case
i =0above),a¢ acl (gj(t)Ub) andsoa ¢ acl (4 Ub). Choose P, = P; U {t'}, where
t" isanew immediate successor of t. Let g; besuchthat g [ P; = g, and g;(t') isan
s-primary model over gj(t) Ub. Let A4; bean s-primary model over A4; U gi(t). Itis
easy to see that 4; is s-primary over Uyep 0i (u). Furthermore, choose these so that
alaup Ai. Thent(a, A4;) isnot algebraic.
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iislimit. Welet B = Uj.iP; g = Uj.igj and A; be an s-primary model over
Uj<iAj. Itisnot hard to see that U;_;A4; is s-constructible over Uyep gi(u) and so
A is s-primary over Uyep @i (u). Furthermore, we choose 4; so that a |u;_a; 4.
Clearly t(a, 4;) isnot algebraic.

Corollary 7 If T isstableand algebraic closureistrivial, then T is superstable or
it has dop or didip.

Proof: Assume T isstablewith ndop and ndidip and algebraic closureistrivial. We
show that T is superstable. Wefirst prove the following claim.

Claim 8 Thereareno singleton aand sets 4;, i < w, suchthat for all i < w, 4; C
Aiypandad g, Aisa.

Proof: Assume not. Clearly we may assume that for adl i < w, 4; is s-saturated.
Let A be an s-primary model over Uj_, A such that a uj.a; A Thent(a, 4) is
not algebraic and by Lemma 6, it is orthogonal to every 4, i < w. This contradicts

the assumption that T has ndidip. O
Asin[I], ClamBlimpliesthat if |B| > 2/T!, then |S;(B)| = |B|. Clearly thisimplies
that T is superstable. O

Soif T isstableand algebraic closureistrivial, then either we have astructuretheorem
for F3-saturated models or nonstructure theorem for F2-saturated models for all A.

Corollary 9 If T is superstable, has ndop, and algebraic closure is trivial, then
every nonalgebraic type in one variable is regular.

Proof: Immediate by LemmalG] O

We finish these notes by showing that if T is superstable with ndop and algebraic clo-
sureistrivial, thenitistrivial to find adecomposition for an s-saturated model. Notice
that the same holds also for FZ-saturated models.

Corollary 10 Assume T is a superstable theory with ndop and that algebraic clo-
sureistrivial. Let (P, g) beafreetree, A4 be s-primary over Uiepg(i) andpe S(A4)
be nonalgebraic. Thenthereisi € P such that p doesnot fork over g(i) andif j € P
issuchthat j < i, then pisorthogonal to g(j) (and so pisorthogonal to g(j) for all
JZ ).

Proof: Leti € P beminimal such that p is not orthogonal to g(i). Then the latter
claim holds. By Lemmalg] also the first claim holds. O
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