Thermal Stress

Temperature changes cause the body to expand or contract. The amount &y, is given by

8r=oL(Tf- Ti) = oL AT

where a is the coefficient of thermal expansion in m/m°C, L is the length in meter, and

T; and T; are the initial and final temperatures, respectively in °C.
For steel, a = 11.25 x 107°/ °C.

If temperature deformation is permitted to occur freely, no load or stress will be
induced in the structure. In some cases where temperature deformation is not
permitted, an internal stress is created. The internal stress created is termed as thermal

stress.

For a homogeneous rod mounted between unyielding supports as shown, the thermal

stress is computed as:
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where o is the thermal stress in MPa and E is the modulus of elasticity of the rod in MPa.

If the wall yields a distance of x as shown, the following calculations will be made:
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where ¢ represents the thermal stress.

Take note that as the temperature rises above the normal, the rod will be in

compression, and if the temperature drops below the normal, the rod is in tension.

Solved Problems in Thermal Stress

Problem 261

A steel rod with a cross-sectional area of 0.25 in? is stretched between two fixed points.
The tensile load at 70°F is 1200 Ib. What will be the stress at 0°F? At what temperature

will the stress be zero? Assume o = 6.5 x 10°in / (in-°F) and E = 29 x 10° psi.

Solution 261
For the stress at 0°C:
0= 51’ + E"sr
5 ok P
TN = G (AT) + 2
1200 b, = ~ok(AD+ =
1200 g e ] G = aE(AT) + P
" L A
G = (6.5 x 1079)(29 x 109)(70) + fgg

g =17 995 psi = 18 ksi

- For the temperature that causes zero stress:

. 1 1200 Ib J;l_f i OT = Ost
-1 i,

1200 Itq‘ < = oL(AT) = =

L4

1200

6.5 x 10°)(T-70) = —
( g 0.25(29x10°)

T =195.46°C



Problem 262
A steel rod is stretched between two rigid walls and carries a tensile load of 5000 N at
20°C. If the allowable stress is not to exceed 130 MPa at -20°C, what is the minimum

diameter of the rod? Assume a = 11.7 um/(m-°C) and E = 200 GPa.

Solution 262
a= 51’ + 555
; D _xan+ %
] S000 M -L.‘“';'x ] E P
5000 N A G=uE[ﬁTJ+E
o Ur| O B _Dﬂﬂ'
A L 130 = (11.7 x 1075)(200 000)(40) + >
A= M = 137.36 mm?
%T{ dr=137.36: d=1322mm
Problem 263

Steel railroad reels 10 m long are laid with a clearance of 3 mm at a temperature of
15°C. At what temperature will the rails just touch? What stress would be induced in the
rails at that temperature if there were no initial clearance? Assume a = 11.7 pm/(m-°C)

and E = 200 GPa.

Solution 263

Temperature at which 5r= 3 mm:
&=3mm &1 = alL(AT)
D 87 = aL(T;— T))
- . 3 = (11.7 x 1079)(10 000)(T;— 15)

10 m 5y =3 mm Ty~ 20.62°C

Required stress:

G = aE(T;~ T)
o = (11.7 = 107%)(200 000){40.64 — 13)
o = 60 MPa

Problem 264

A steel rod 3 feet long with a cross-sectional area of 0.25 in.? is stretched between two
fixed points. The tensile force is 1200 Ib at 40°F. Using E = 29 x 10° psi and o = 6.5 X
10 in./(in.-°F), calculate (a) the temperature at which the stress in the bar will be 10
ksi; and (b) the temperature at which the stress will be

ZEero.



Solution 264

(a) Without temperature change:
o =P/A =1200/0.25 = 4500 psi
o =4.8 ksi <10 ksi
A drop of temperature is needed to increase the
stress to 10 ksi. See accompanying figure.
5 =51+ 8a

o% _ qaT)+ X
T kD

1200 Iy L.;a_: G = aE(AT) + P
23 L > A
10 000 = (6.5 x 107°)(29 x 10%)(AT) + 1200
0.25
AT = 27.59°F
Required temperature:
(temperature must drop from 40°F)
T=40-2759=1241°F
(b) From the figure below:
8= 51’
o P,
1200 Ib b — =oklA
. |  AE NaD
1200 |E= ‘a;: P=oAE(T;—T))
e — L — 1200 = (5.5 x 107°)(0.25) (29 » 10°)(T;— 40)
Tr=65.46°F
Problem 265

A bronze bar 3 m long with a cross sectional area of 320 mm? is placed between two
rigid walls as shown in Fig. P-265. At a temperature of -20°C, the gap A = 25 mm. Find
the temperature at which the compressive stress in the bar will be 35 MPa. Use a =

18.0 x 10°® m/(m-°C) and E = 80 GPa.

L=3m
Figure P-265 _’|
A

Solution 265
ar=a46+A
ran =L 125
5 aL(AT) = .
5 35(3000
. I (18 % 107)(3000)(AT) = ﬁ +25
- P
1 e
AT = 70.6°C
A= E.DS?r#

T=70.6-20

T =50.6°C



Problem 266
Calculate the increase in stress for each segment of the compound bar shown in Fig. P-
266 if the temperature increases by 100°F. Assume that the supports are unyielding

and that the bar is suitably braced against buckling.

Aluminum Stesd

& = 2.0in? A=15nt
E=10=10%psi E=29=10fps
o=12.8x=107%F a=6.5x 10%F

A N B
- I
= 10in ’L 15 in 'E-
Figure P-266
Solution 266
adr=oal AT
511;5::- 'E'Tl:a 51’[5.*} = {65 b 1':'_'5'] Elﬁ}[l[}D}
_ EI[_:_r} = ﬂ.mg?ﬁ
LI F
lesle s Sy = (12.8 x 1075)(10)(100)
Ot | Ba S = 0.0128 in

10in 15in

Ozt + On = Oy + EI[.:I:,‘-
(PL) |, (PL)
\AE st VAE Aal
where P=P,=Py
P(15) N P(10)

= 0.00975 + 0.0128

= — =0.02255
1.5(29x10%)  2(10x10%)
P =26 691.84 psi
P
O = —
A
26691.84
Os = ———— = 17 794.56 psi
1.5
26691.84

Gy= — 9% 1334592 psi
“ 2.0 P



Problem 267

At a temperature of 80°C, a steel tire 12 mm thick and 90 mm wide that is to be shrunk
onto a locomotive driving wheel 2 m in diameter just fits over the wheel, which is at a
temperature of 25°C. Determine the contact pressure between the tire and wheel after
the assembly cools to 25°C. Neglect the deformation of the wheel caused by the

pressure of the tire. Assume a = 11.7 um/(m-°C) and E = 200 GPa.

Solution 267

a= 51’
E =gl AT

12 mm E
P=a AT AE

2000 mm P ={11.7 x 10-9)(80 - 25)(90 x 12)(200 000)
P=138996 N

12 mm {I‘ﬂj
F=2p 2%

_ R

pDL =2P 3000
p(2000)(90) = 2(138996) .
p =1.5444 MPa 10 3

Problem 268

The rigid bar ABC in Fig. P-268 is pinned at B and attached to the two vertical rods.
Initially, the bar is horizontal and the vertical rods are stress-free. Determine the stress
in the aluminum rod if the temperature of the steel rod is decreased by 40°C. Neglect

the weight of bar ABC.

Figure P-268 e

il Szeel Aluminum |
IL=02m L=1.2m4j
A = 300 mm? A = 1200 mm’

NE =200 = 10 Nfm?*
q o = 11.7 pm/{m-*C}

B

E=70x 10°N/m? [
o = 23 pm/(m->C) [

e (0.6 m

LZIm ————



Solution 268

Contraction of steel rod, assuming complete freedom:
Sren = oL AT
= (11.7 x 10-%)(900)(40)
=0.4212 mum

The steel rod cannot freely contract because of the
resistance of aluminum rod. The movement of A
(referred to as 64), therefore, is less than 0.4212 mm.
In terms of aluminum, this movement is (by ratio and

proportion):
5‘51 — Em-
0.6 1.2
84 = 0.58a
Pat Pa F Y
B T
'Elst &
Y o [} B
Brryeny e - _ﬁ& ____ ___ STmmmea ___<& :
Oy -T_ A éé B L SETIEEE 5 # o
0.em W 1.2m *
v
A 1.2 m

Brien — 0 = 0.3 8y

ra ™ .
04212 | FE | - u.5|£
-.Jd-‘- /Isf I\AE«".‘J:
04012 - 209000 o} Pu(1200)
300(200000) 1200(70000)

28080 - P.; = D4762F, = Equation (1)

TMp=0
ﬂ.ﬁpsr = ]..QP.;::
Py =2Pyg = Equation (2)

Equations (1) and (2)
28080 - 2P, = 04762P;

Py=11340 N
P, _ 11340
Ta = =
A, 1200

al

T = 9.45 MPa



Problem 269

As shown in Fig. P-269, there is a gap between the aluminum bar and the rigid slab that
is supported by two copper bars. At 10°C, A = 0.18 mm. Neglecting the mass of the
slab, calculate the stress in each rod when the temperature in the assembly is increased
to 95°C. For each copper bar, A= 500 mm?, E = 120 GPa, and o = 16.8 um/(m-°C). For
the aluminum bar, A = 400 mm?, E = 70 GPa, and o = 23.1 um/(m-°C).

*’ -: 1 —
st
- E - E
8 : 2l |2
=
8 E || 18
i

e e e e
Figure P-269

Solution 269

Assuming complete freedom:
or=ol AT
51 = (16.8 x 10-9)(750)(95 - 10)
lEF - 1.071 mm
CETTTTTTT G R O = (231 x109(750 - 0.18)(95 - 10)
SR S e

] - A5 =1.472 mm
“—Final Position S b

¥ A From the figure:

f — 5 =5 5
C{ st S1(an — a1 = Orien) + Beo
Initial Position 3 [ PL
| =1.071+ | —|
A W Sea
1.472 - w =1.071 + —FE?JD]
400(70000) 500(120000)
0.401 = (6.606 = 10-5) F
F=0070.37 IN
Peo=F=06070.37 N
Py=2F=12140.74 N

R —

1.472 - [ E
(AE

o=P/A
o= 207057 _ 4594 MPa
500

12140.74
G = —— = 30.35 MPa
400



Problem 270

A bronze sleeve is slipped over a steel bolt and held in place by a nut that is turned to
produce an initial stress of 2000 psi in the bronze. For the steel bolt, A = 0.75 in?, E =
29 x 10° psi, and o = 6.5 x 107 in/(in-°F). For the bronze sleeve, A = 1.5in? E = 12 x
10° psi and a = 10.5 x 107®in/(in-°F). After a temperature rise of 100°F, find the final

stress in each material.

Solution 270

g.’.‘.‘!f}.‘f}.‘f}!!f}f}.‘fﬂr—\
hﬁ 1y

.

!
o VA A A PP

|-I L o
Steel Bolt
Bronze Sleeve




Before temperature change:

Py = Gy Apr
" = 2000(1.5)
P = 3000 Ib compression
st
[ rr i A — iy
XFu=10

Pz = Py = 3000 Ib tension
e = Puyf Az = 3000/0.75
= 4000 psi tensile stress

L
5o oL
E
2000L
= 8w = ——— = 1.67 x 10-!L shortening
1210
4000L
b=8s=——— =1.38 x 10-'L lengthening
2910

With temperature rise of 100°F:

[Assuming complete freedom)
gr=oal AT
S = (10.5 = 10-9)L (100)
=1.05=%10°L >a
81 = (6.3 » 10-9)L (100)

= 6.5 x 10-L
dmr — 1 =1.05 x 10°L - 1.67 = 10L
=8.83 x 10—L
Ors + b =6.5x 10*L + 1.38 x 10L
=7.88 x 10L

Omy — @ > 87 + b (see tigure below)

Smw-a-d=b+8m+c

Final ‘oL
position  1.05 x 10°L - 1.67 x 107*L - | —
C Je—Or CE
P ( PL)
- =138 x 10L + 65 x 10°L + | —
T T I\AEJ .
L
8.83 x 104L - — 2~ _
12x10
P,L
=7.88 x 10-L + :

0.75(29 x 10°)



P

9.5 x 10 -

or Psf

ZFg=10
Py = Pa

1.5(12x10°)  0.75(29%10°)
P..= 20 662.5 - 1.2083P;,

= Equation (1)

= Equation (2)

Equations (1) and (2)
P,=2006625-1.2083F,,

P, =9356.741b
Py, =9356.741b

o=P/A
9356.74
G"_ir -
_ 9356.74
) 0.74

Problem 271

= 6237.83 psi compressive stress

= 12 475.66 psi tensile stress

A rigid bar of negligible weight is supported as shown in Fig. P-271. If W = 80 kN,

compute the temperature change that will cause the stress in the steel rod to be 55

MPa. Assume the coefficients of linear expansion are 11.7 um/(m-°C) for steel and 18.9

um / (m-°C) for bronze.

Figure P-271 and P-272

Stesl
L=15m

A =320 mm*
E = 200 GPa

—

Bronze
L=3m

& = 1300 mm*
E = 83 GPa

: |;—].r'r|
P




Solution 271

Stress in bronze when ., = 55 MPa
TMs=0
4Py, + P = 2.5(80000)
40y(1300) + 55(320) = 2.5(30000)

Pa Pur
ﬁ im l IW T = 35,06 MPa
[F

n 25m T 15m By ratio and proportion:
W = 80,000 N E'I[s.*] + Est _ E:'T[L'."] + 5l'r
1 4

BTiss) + Ozt = D.ES[EI-?_;H + E:Ibr']
M s GL \i

S+ (OLAT)s+ | — |

- 0.25| (oL AT), +| 2= | }
L \E Ly
55(1500)
2000
[ 35.03(300{:}]

(11.7 x 10-9)(1500) AT +

= 0.25 (18.9 x 107°)(3000) AT +
- 83000

0.017 55 AT + 0.4125 = 0.014 175 AT + 0.317
AT=-283°C

A temperature drop of 28.3 °C is needed to stress the
steel to 55 MPa.

Problem 272
For the assembly in Fig. 271, find the stress in each rod if the temperature rises 30°C

after a load W = 120 kN is applied.

Solution 272
EMa=0
4Py, + P, = 2.5(80000)
40y(1300) + o=(320) = 2.5(30000)
16.25G + G, = 625
O = 625 — 16.25Gp = Equation (1)

Oran + Ot _ Oribr) + Opr
1 4
8Tz + Bz = 0.25[81wm + ]




“L' = 0.25 (aL AT),, |

/E!‘

(oL AT)s + |

o_,(1500)

11.7 x 10-%)(1500)(30) +
( J(1500)(30) + = o

= 0.25 (18.9 x 107°)(3000)(30) +

0.5265 + 0.0075g:: = 0.425 25 + 0.00904 g
0.0075a;, - 0.00904 Gy, = -0.10125

0.0075(625 - 16.25Gw) - 0.00904c = -0.10125
4.6575 - 0.121 875y, — 0.009 04y, = -0.101 25
4,788 75 = 0.130 915aw

T = 36.58 °C

= 625 - 16.25(36.58)
G= = 30.58 °C

Problem 273

Oy {30{][}}
53000

|

The composite bar shown in Fig. P-273 is firmly attached to unyielding supports. An

axial force P = 50 kips is applied at 60°F. Compute the stress in each material at 120°F.

Assume a = 6.5 x 107° in/(in-°F) for steel and 12.8 x 107 in/(in-°F) for aluminum.

Figure P-273 and P-274

Aluminum Steel
A=2in? A =3in*
E = 10 x 10" psi E = 29 = 10% psi

4

8
o 15in 10in =
Solution 273
. E"I'-:all:- Oty Wl = = (ol AT)g .
A e Sty = (12.8 x 10-9)(15)(120 - 60)
15in l-—+ By Sty = 0.011 52 inch

Final Position —
Zf’if Briay

R+ 30, G“”_>|:: 8T = (oL AT)s
| Briy = (6.5 % 10)(10)(120 - 60)

aﬂ o -
ttﬂ in —s| &1z = 0.0039 inch



Problem 274

BT(al) — Gar = Og — E'II'[sf]

(PL) _(PL)
o.01152-|—| =|==| -0.0039
LAE), LaE),
R+50000)(10
001152 - — RIS _ (R+0000010) _; 53
2(10x10°) 3(29x10°)

100224 - 6.525R = R + 50 000 - 33 930
54 154 = 7.525R
R =11183.251bs

Pa=R=11183.251bs
P.= R+ 50000 =61183.25 lbs

P
G — —
A
11 183.25
Gg = ————
2
= 5591.62 psi
6l 183.25
Ggg = ——
3
= 20 394.42 psi

At what temperature will the aluminum and steel segments in Prob. 273 have

numerically equal stress?

Solution 274
Ta = T
R, _ (50000-R,)
5 Ky WA R
Rl +—‘+ 2 3
15 in E i " 3R1 =100 000 - 2R3
Final Position —&[_,'ii R; =20 000 lbs
50,000 — R I
L 5 L
Oet Bt E
101in = __ 20000(15) _
8a = —————— =0.015 inch
2(10x 10°)
50000 -=20000)(10
Qs = |: A )10) = (0.003 45 inch
3(29 % 10°)

Bg — Orpap = Os + Oqpen

0.015 - (12.8x10-)(15) AT = 0.003 45 + (6.5x10)(10) AT
0.011 53 = 0.000 237 AT

AT =44 94°F

A drop of 44.94°F from the standard temperature will
make the aluminum and steel segments equal in
stress.



Problem 275

A rigid horizontal bar of negligible mass is connected to two rods as shown in Fig. P-
275. If the system is initially stress-free. Calculate the temperature change that will
cause a tensile stress of 90 MPa in the brass rod. Assume that both rods are subjected

to the change in temperature.

e B
Figure P-275 Srass
L=2m
A = 1200 mm*
E =100 GPa
o = 18,7 pm/(m-°C)
1
= ]
= ;
I~ im o 3 2m —
Copper
L=3m
& = 1500 mm*
E = 120 GPa
o = 16,8 um/f{m-*C)
el
Solution 275
F'br r E‘ange S.ul:lpurt - D
SP‘J." - SP:,: = D
Ihﬂ] 2 By Ay — 30, 4,=0
L— 3m 2m — 5[:9&){120{]] - 36:5- (15{][}] =0
P T = 120 MPa
‘ | 3=cL/E
N%\ By = 90(2000) / 100 000 = 1.8 mm

food — 'S'cu

BB O = 120(3000) / 120 000 = 3 mm

5?[::-'. - 5::- - ai:r _Er-:i:r}
3 5
53 Tico) — D8e0 = 38 — 351’.;1-r}
5(16.8x10-9)(3000) AT - 5(3)
= 3(1.8) - 3(18.7=10-%)(2000) AT
03642 AT =204

AT = 56.01°C drop in temperature

Problem 276
Four steel bars jointly support a mass of 15 Mg as shown in Fig. P-276. Each bar has a
cross-sectional area of 600 mm2. Find the load carried by each bar after a temperature

rise of 50°C. Assume a = 11.7 um/(m-°C) and E = 200 GPa.



Solution 276

A

Figure P-276 7.5 kN

h=1L,; sin 45°

h =Lz sin 60°

h=h
L sin 45% = L; sin 607
[,=122471,

81 = & sin 45°
&z = & sin 60°

5, _ &sin45°

5, & sin 60°

&; = 0.81653:

P,L BL,
al; AT + 1 =D.8165[a1_2 AT + 2 }
AE AE

(11.7 x 109)L; (50) + _ Ab
600(200000)

= 0.8165 [{11.? % 107°)L, (50) + L}
600(200000)
70,200L; + PiL1 = 0.8165(70,200L> + P2L3)
(70,200 + Py)L; = 0.8165(70,200 + P2)L,
(70,200 + P;)1.22470s = 0.8165(70,200 + P2jBy
1.5(70,200 + P;) = 70,200 + P,
P, =1.5P; + 35,100 = Equation (1)

EFv=10

2(P; sin 457) + 2(P; sin 607) = 147.15(1000)
P1s5in 45% + Posin 60° = 72,575

P; sin 45° + (1.5P; + 35,100) sin 60° = 72,575
0.7071P; + 1.299P, + 30,397.49 = 72,575
2.0061P, =42,177.51

P1=21,02463 N

P> =1.5(21,024.63) + 35,100
P: = 66,636.94 N

Py=Pp=P;=2102KkN
Pﬂ =rrc= P: = 66.64 kN



