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A NOTE ON COHOMOLOGY OVER
NON ALGEBRAICALLY CLOSED FIELDS

J.M. GAMBOA

We characterise algebraically closed fields as those for which the first cohomology
group H1(kn,On) of the sheaf On of regular functions over kn vanishes for all
positive intergers n.

INTRODUCTION

It is very well known (see for example [1]) that the first cohomology group
H1(kn,On) of the sheaf On of regular functions over kn vanishes if it is an alge-
braically closed field and n is a natural number. The goal of this short note is to prove
that this is no longer true if k is not algebraically closed and n > 1. This was first
observed by Tognoli in [3] in the case that k is a real closed field, and we shall show
that in fact, the vanishing of this first cohomology group characterises algebraically
closed fields. The key point to show this is the existence of irreducible polynomials
/ € k[X\, . . . , Xn] whose set of k-zeros,

Zk(f) = {x€k": f{x) = 0}

is a reducible algebraic subset of kn. To be precise, we shall prove the following.

PROPOSITION 1 . Let k be a field. The following statements are equivalent:

(1) k is algebraically closed.

(2) For each positive integer n and for every irreducible polynomial f €
k[Xi, . . . , Xn], the set Zk(f) of k-zeroes of f is irreducible in theZariski

topology of kn.

(3) There exists an integer n > 1 such that Zk{f) is irreducible in the Zariski

topology of kn for every irreducible polynomial f E k [Xx, . . . , Xn].

The second ingredient is the existence of "optimal" denominators for regular func-
tions, which is the content of
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PROPOSITION 2 . Let n be a positive integer, k a non algebraically closed field,

U a Zariski open subset of kn and g € On(U). Then there exists a representative p/q

of g on U, p,q € k[Xi, . . . , Xn], such that every representative p'/q' of g on U,

satisfies the inclusion Z^{q) C Zk(q').

This way one obtains the announced result:

THEOREM 1. Let k be a non algebraically closed Reid and n > 1 an integer.

Then Hl{kn, O n ) ^ 0 .

PROOFS OF THE RESULTS

PROOF OF PROPOSITION 1: The implication (1) => (2) is a particular case of the

classical Hilbert Nullstellensatz, whilst (2) => (3) is obvious. For (3) =• (1), suppose

that k is not algebraically closed, and let n > 1 be an integer. We distinguish first the

case k = F2 is the field with two elements. Then the polynomial

f(X) = Xl + X1X2(X2 + 1) + Xl{X2 + I)2

is irreducible in F 2 [X 1 ; . . . , Xn] but Zp2(f) = {(0,0)} x F£~2 U {(0,1)} x F f 2 . In

fact, if / were reducible, we could write / = (X\ + 51) • (Xi + g2) for some polynomials

51 and g2 £ A = F 2 [X2, . . . , Xn]. Hence,

gi+92 = X2(X2 + 1) and 9l • g2 = X%{X2 + if-

Consequently, (g\ +52) = 9i • <?2- In other words, <p = gi/g2 belongs to the quotient
field of A, and it is integral over A, since </>2 + ip +1 = 0. Thus <p £ A because this ring
being an U.F.D. is integrally closed. Then, - 1 = v?((/3+ l)i a n d by counting degrees
we conclude that (p S F2, and so —1 = <p((p + 1) = 0, a contradiction.

In what follows we can assume that k ^ F2. Let us take an element w $ k which
is algebraic over k, and u € k with u(u — 1) ^ 0. If <p{T) = Irr (w; k) is the minimal
polynomial of w over k, written as

the polynomial

p
f(Y Y \— VP i V^ aJ vv-i vi i v iv'Jy^\\, . . . , -AnJ — -A-̂  ~r > —; T 1 2 \ 2 — J-̂

•_ i t ^ (^ — 1)

is irreducible in k[Xlt ... , Xn] but Zfc(/) = {(0,0)} x fcn"2u{(0,1)} x fcn"2. In fact,

if / were reducible, there would exist monic polynomials g,h € &[Xi, . . . , Xn] with

respect to the variable Xi, such that / = g • h. After evaluation at X2 = u, we obtain

= G(Xl)H(X1),

https://doi.org/10.1017/S0004972700033335 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700033335


[3] A note on cohomology 69

where G(Xi) = g{Xlt u, X3, ... , Xn), and H{XX) = h(Xu u, X3, ... , Xn). Both
G and H are monic with respect to X\ and so non constant, and this contradicts

the irreducibility of tp in k[T]. On the other hand, each point b with coordinates

6 = (&i, . . . , bn) € Zk{f) satisfies 62(62 — 1) = 0, since otherwise

~ 62(62 -

would be a root of tp. Hence b\ — 0, and so 61 = 0; 62 = 0 or 62 = 1 > which provides
the desired decomposition of the zero set of / . D

REMARKS.

(1) In the case k = R is the field of real numbers, we can choose in the
proposition above w = \ / - T and so <p{T) = T2 + 1, and u — — 1. This
way, one gets the irreducible polynomial / £ RfXj, . . . , Xn] defined as

(2) In fact we have proved in Proposition 1, if k is not algebraically closed
and n > 1, the existence of an irreducible polynomial / € k [Xx, ... , Xn]

whose zero set can be decomposed as a disjoint union of algebraic subsets

Zk{f) = {(0,0)} xkn~2U {(0,1)} xkn~2.

Before proving Proposition 2 we need the following.

CONSTRUCTION

Let k be a non algebraically closed field. There exists a family {Pn : n ^ 1} of
polynomials in n variables with coefficients in k, such that for every positive integer
m ^ 1 and every set / 1 , . . . , /„ of polynomials in the polynomial ring k [X\, . . . , Xm],
the sets

{x G km : h{x) = • • • = / „ (* ) =0} = {x€km: Pn{fr(x), . . . , / „ (* ) ) = 0}

coincide.

We construct the P n ' s recursively, with Pi(Z\) = Z\. Let us assume that n > 1

and Pi, . . . , P n - i are constructed, and choose an element w 0 k which is algebraic

over k. Let Z' = (Zu . . . , Z n _ i ) ,

•<p(T) =Tp + a iTP-1 + • • • + ap = Irr (w; k),
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and define

T) I <7 7 \ 7V L
"nl^ l i • • • , 6-n) — ^n "r

Clearly, if a; 6 fc'n and /i(a:) = • • • = fn{x) = 0, then, by the inductive hypothesis,

Pn-\(y) = 0, y = (/i(z), . . . , fn-i{x)) and so,

3 = 1

Conversely, if P n ( / i ( z ) , . . . , fn{x)) — 0, then Pn_i(?/) = 0, since otherwise v =

fn(x)/Pn-i(y) £ fc would be a root of ip. Hence, by the inductive hypothesis, fi(x) —

• • • — fn-i(x) = 0, and also f%(x) = 0. D

REMARK. In the case k = R is the field of real numbers, we can choose in the con-

struction above w = \ / - T and so <p{T) = T2 + 1. This way

P2(-Zi, Z2) = Z2 + Z1; P3{Zi, Z2, Z3) = Z3 + [Z2 + Zx) ,

and so on.

PROOF OF PROPOSITION 2: By the noetherianess of k\X\, ... , Xn], there exists
a finite set pi/qi, . • • , pr/qr of representatives of g in U such that Z(Q) contains
Zk{i\) H . . . D Zk{qr) for each representative P/Q of g in U. So, it suffices to find
another representative p/q of g in U such that

Zk(q) = Zk{qi)n...nZk{qr).

Of course, it is enough to handle the case r = 2. With the notations in the last

construction, consider

P , I / v \ /v"\\ / v \ P i ^ ^ V—2/v\ 3 { v \

2[q\{X), q2[X)) — q2(X) + 2_^ajQ2 \X)q{{X).
2 = 1

Since both pi/qi, p2/q2 are representatives of g in U, we obtain for each j = I,... ,p — 1.

the equalities

9 = ~~ = n-i ,• = 3 >

and so, after addition, g =p/q on U, where

p-i p_i

P = P292"1 + ^Piajq^'Wi'1 and q = q% + Yla3^2~Wi = P2(?i, 92)-
2 = 1 2 = 1
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This is the required representative of g on U, since

Zk(q) = Zk(P2(qi,q2)) = Zk(qi)nZk(q2). ^

We are ready to give the

PROOF OF THEOREM 1: As we remarked, there exists an irreducible polynomial
/ € k[Xi, . . . , Xn], whose zero set Zk(f) can be decomposed as Zk(f) = Mi U M2,
where

Mi = {(0,0)} x kn~2 and M2 = {(0,1)} x kn~2.

Since the intersection Mi C\ M2 is empty, the family

V ={Ui = kn- Mi; U2 = kn- M2},

is an open covering of kn with respect to the Zariski topology. The Cech cohomology
group //^(V^On) of kn with respect to the covering V is embedded in H1(kn,On),

see [2], and so it suffices to check that /T^VjOn) ^ 0. Define on f/12 = Ui n U2 —

kn - Zk{f) the cocycle * = 1 / / . It is enough to prove that it is not a coboundary with
respect to V . Otherwise, there would exist regular functions / ; £ On(Ui), i — 1,2,
such that * = / i - f2 on Ui2. Since each /» is regular, it follows from Proposition 2
that it can be written as fi = Pt/ft. in such a way that the intersection Zk{qt) n Ui is
empty. Thus, since also Mi D M2 is empty, it follows that

(1) Mi C kn - Zk(q2) and M2 C kn - Zk(qi).

On the other hand, the equality {pi/qi) - (P2/92) = 1 / / on the dense subset t/12 of ifcn

(with respect to the Zariski topology), implies, by the continuity of regular functions
that, as polynomials in k[Xi, . . . , Xn],

Since / is irreducible, this implies that either qi or q2 is a multiple of / and so either

ZkU) C Zk(qi), or Z t ( / ) C Zf c( f t ) ,

which contradicts (1). D
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