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Einstein’s quadrupole formula

Einstein’s first paper on gravitational radiation [Einstein 1916]

Einstein considers a small perturbation of
the Minkowski metric of special relativity

gµν = ηµν + hµν

Using harmonic coordinates he obtains
a wave equation for the linear perturbation

He makes an error in evaluating the energy
pseudo-tensor of the gravitational wave
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Einstein’s quadrupole formula

Einstein’s second paper on gravitational radiation [Einstein 1918]

Einstein obtains the quadrupole formula
for the energy flux of gravitational waves

His calculation is valid only for systems
with negligible internal gravity

He makes a computational error
and his result is wrong by a factor 2 !
[Eddington 1922]
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Einstein’s quadrupole formula

Einstein’s quadrupole formula [Einstein 1918]

[Courtesy J. Mouette]

1 Quadrupole formula for the energy flux(
dE

dt

)GW

=
G

5c5

{
d3Mij

dt3
d3Mij

dt3
+O

(v
c

)2
}

2 Quadrupole formula for the GW amplitude

hTTij =
2G

c4r

{
d2Mij

dt2

(
t − r

c

)
+O

(v
c

)}TT

+O
(

1

r2

)
3 The quadrupole moment reduces to the usual Newtonian quadrupole

Mij(t) =

∫
source

d3x ρ(x, t)

(
xixj −

1

3
δij x

2

)
+O

(v
c

)2
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Einstein’s quadrupole formula

Gravitational radiation reaction

Laplace [1776]: a finite speed of propagation of gravity would
result in a damping of planetary orbits

Poincaré [1907]: concept of “ondes gravifiques” and re-analysis
of the Laplace effect

Chandrasekhar & Esposito [1970]: radiation reaction is of order

O
(v
c

)5

∼ 2.5PN

Burke & Thorne [1970]: simple expression of the radiation reaction

F reac
i = − 2G

5c5
ρ x j

d5Mij

dt5︸ ︷︷ ︸
small 2.5PN effect

+O
(v
c

)7
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Einstein’s quadrupole formula

Why quadrupole ? Einstein’s equivalence principle

For all test bodies mi = mg
a

F = mi a (mi = inertial mass)

Fg = mg g (mg = gravitational mass)

Conservation of mass (like conservation of charge)
=⇒ no monopole radiation

Conservation of center-of-mass and angular
momentum =⇒ no dipole radiation [Abraham 1914]

mass dipole: I =
∑

mgx =

CM integral︷ ︸︸ ︷∑
mix

current dipole: D =
∑

mgx× v =

angular momentum︷ ︸︸ ︷∑
mix× v

aChecked to level 10−15 by the µSCOPE satellite

      a man falling freely from 
     the roof of his house would 

not feel his own weight
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Einstein’s quadrupole formula

Landau & Lifshitz [1941] derivation of the quadrupole formula

The Einstein field equations can be written in terms of the
“gothic” metric gµν =

√−ggµν

∂ρσ

[
gµνgρσ − gµρgνσ

]
=

16πG

c4
|g |

(
Tµν + tµν

)
The Landau-Lifshitz pseudo-tensor is

tµν =
c4

32πG

{
gµνgρσ∂τg

ρλ∂λg
στ + · · ·

}
The quadrupole formula follows from the
conservation law of the pseudo-tensor

∂ν

[
|g |

(
Tµν + tµν

)]
= 0

The derivation is valid for a self-gravitating source
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Einstein’s quadrupole formula

The binary pulsar PSR 1913+16 [Hulse & Taylor 1974]

The pulsar PSR 1913+16 is a rapidly rotating neutron star emitting radio
waves like a lighthouse toward the Earth

This pulsar moves on a (quasi-)Keplerian close orbit around an unseen
companion, probably another neutron star
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Einstein’s quadrupole formula

The orbital decay of the Hulse-Taylor binary pulsar

Ṗ = −192π

5c5
m1m2

M2

(
2πG M

P

)5/3 1 + 73
24e

2 + 37
96e

4

(1− e2)7/2︸ ︷︷ ︸
eccentricity enhancement factor

[Peters & Mathews 1963]

Derivation based on flux-balance equation
[Dyson 1969; Esposito & Harrison 1975; Wagoner 1975]

Derivation based on EoM including the
radiation reaction term at 2.5PN
[Damour & Deruelle 1981; Damour 1982]

Resolution of the radiation reaction
controversy [Ehlers, Rosenblum, Goldberg & Havas 1976;

Will & Walker 1980]
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Einstein’s quadrupole formula

World-wide network of gravitational wave detectors

[Rainer Weiss, Barry Barish & Kip Thorne] [Alain Brillet & Adalberto Giazotto]

LIGO Hanford 4 & 2 km

LIGO Livingston 4 km

GEO Hannover 600 m

Kagra Japan
3 km

Virgo Cascina 3 km

LIGO South
Indigo
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Einstein’s quadrupole formula

Binary black-hole event GW150914 [LIGO/Virgo 2016]
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Einstein’s quadrupole formula

The quadrupole formula works for GW150914 !

The GW frequency is given in terms of the chirp mass M = µ3/5M2/5 by

f =
1

π

[
256

5

GM5/3

c5
(tc − t)

]−3/8

Therefore the chirp mass is directly measured as

M =

[
5

96

c5

Gπ8/3
f −11/3 ḟ

]3/5
which gives M = 30M⊙ thus M ⩾ 70M⊙

The GW amplitude is predicted to be

h ∼ 4.1× 10−22

( M
M⊙

)5/6 (
100Mpc

R

)(
100Hz

fmerger

)−1/6

∼ 1.6× 10−21

The distance R = 400Mpc is measured from the signal itself [Schutz 1986]
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Einstein’s quadrupole formula

The gravitational chirp of compact binaries
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Inspiralling phase

- Post-Newtonian theory
- Point-particle approximation
- Dependence on spin precession
- Universality of the signal in GR
- Effacing of the internal structure

[Brillouin 1922; Damour 1982]

Late inspiral

- Post-Newtonian + Effective theory
- Effects due to tidal interactions
- Dependence on the internal structure (EoS)

Merger and post-merger

- Numerical relativity
- Strong dependence on internal structure
- Phenomenological models (EOB, IMR)

[Buonanno & Damour 1999; Ajith et al. 2008]
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Einstein’s quadrupole formula

Inspiralling binaries require high-order PN modelling
[Caltech “3mn paper” 1992; Blanchet & Schäfer 1993]

ϕ(t) = ϕ0 −
M

µ

(
GMω

c3

)−5/3{
1+

1PN

c2
+

1.5PN

c3
+ · · ·+ 3PN

c6
+ · · ·︸ ︷︷ ︸

to be computed with 3PN precision at least

}
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Post-Newtonian equations of motion

Post-Newtonian equations of motion

m1

2m

v1

2
v

r12

CM

dv 1

dt
=− Gm2

r212
n12 +

1PN [Lorentz & Droste 1917; EIH 1938]︷ ︸︸ ︷
1

c2

{[
5G 2m1m2

r312
+

4G 2m2
2

r312
+ · · ·

]
n12 + · · ·

}
+

1

c4
[· · · ]︸ ︷︷ ︸

2PN

+
1

c5
[· · · ]︸ ︷︷ ︸

2.5PN
radiation reaction

+
1

c6
[· · · ]︸ ︷︷ ︸

3PN

+
1

c7
[· · · ]︸ ︷︷ ︸

3.5PN
radiation reaction

+
1

c8
[· · · ]︸ ︷︷ ︸
4PN

conservative & dissipative (tail)

+O
[(v

c

)9
]
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Post-Newtonian equations of motion

Methods to compute PN equations of motion

1 Traditional methods in classical GR

ADM Hamiltonian canonical formalism in GR
Fokker EH action in harmonic coordinates
Surface-integral approach à la EIH
Extended fluids in the compact body limit

2 QFT inspired methods

Effective-field theory
Scattering amplitude approach

3 Dimensional regularization is the common tool
[’t Hooft & Veltman 1972; Bollini & Giambiagi 1972]

UV divergences: point particles modelling compact objects
IR divergences: integration over all space of formal PN expansion
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Post-Newtonian equations of motion

4PN: state-of-the-art on equations of motion

3PN


[Jaranowski & Schäfer 1999; Damour, Jaranowski & Schäfer 2001ab]

[Blanchet-Faye-de Andrade 2000, 2001; Blanchet & Iyer 2002]
[Blanchet, Damour & Esposito-Farèse 2004]

[Itoh & Futamase 2003; Itoh 2004]

[Foffa & Sturani 2011]

ADM Hamiltonian

Harmonic EoM

Surface integral method

Effective field theory

4PN


[Jaranowski & Schäfer 2013; Damour, Jaranowski & Schäfer 2014, 2016]

[Bernard, Blanchet, Bohé, Faye, Marchand & Marsat 2015, 2016, 2017ab]

[Foffa & Sturani 2013, 2019; Foffa, Porto, Rothstein & Sturani 2019]

[Blümlein, Maier, Marquard & Schäfer 2020]

ADM Hamiltonian

Fokker Lagrangian

Effective field theory

EFT Hamiltonian

ADM Hamiltonian: One regularization ambiguity left at 4PN order and fixed
by comparison with GSF calculations

Fokker Lagrangian: First complete derivation of the EoM at 4PN order
without regularization ambiguities
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Post-Newtonian equations of motion

Fokker action of N particles [Fokker 1929]

1 Einstein-Hilbert action for a system of point particles

Sg.f. =
c3

16πG

∫
d4x

√−g
[
R −1

2
gµνΓ

µΓν︸ ︷︷ ︸
Gauge-fixing term

]

−
∑
A

mAc
2

∫
dt

√
−(gµν)A vµ

A v
ν
A/c

2

︸ ︷︷ ︸
N point particles

2 The Fokker action is obtained by inserting an explicit PN solution of the
Einstein field equations

gµν(x, t) −→ gµν(x; yB(t), vB(t), · · ·)
3 The PN equations of motion of the N particles (self-gravitating system) are

δSF
δyA

≡ ∂LF
∂yA

− d

dt

(
∂LF
∂vA

)
+ · · · = 0
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Post-Newtonian equations of motion

The Fokker Lagrangian approach to the 4PN EOM

Based on collaborations with

Laura Bernard, Alejandro Bohé, Guillaume Faye,
Tanguy Marchand & Sylvain Marsat

[PRD 93, 084037 (2016); 95, 044026 (2017); 96, 104043 (2017); 97, 044023 (2018); 97, 044037 (2018)]
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Post-Newtonian equations of motion

First law of compact binary mechanics
[Le Tiec, Blanchet & Whiting 2012; Blanchet, Buonanno & Le Tiec 2013; Le Tiec 2015]

δE = ω δL+ n δR +
∑
a

⟨za⟩︸︷︷︸
redshift variable

[Detweiler 2008]

δma

m

m

1

2

m1

2

m1+ d

m m+ d
E E,+ d L L,+ d R R+ dE, L, R

2

This law has many applications in post-Newtonian theory
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Post-Newtonian equations of motion

Effective field theory approach
[Bertotti & Plebański 1960; Hari Dass & Soni 1982; Goldberger & Rothstein 2006]

Two particles’ world lines form a quadrupolar GW source

The source emits radiation, i.e. a graviton (shown as a wiggly
propagator line) propagates to infinity

The GW emission reacts back to the source, i.e. a graviton is
emitted and then re-absorbed back by the source

Freac = O
(v
c

)5
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Post-Newtonian equations of motion

Diagrammatic expansion in EFT vs Post-Newtonian

Effective Field Theory Post-Newtonian

⇐⇒

emission from a quadrupole source

tail effect in radiation field (1.5PN)

non-linear memory effect (2.5PN)

radiation reaction (2.5PN)

tail in radiation reaction (4PN)

The EFT is equivalent to the traditional PN at the level of tree diagrams
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Multipolar-post-Minkowskian formalism

Thorne’s [1980] multipolar linearized vacuum solution

Most general solution of the
Einstein vacuum linearized field
equations in harmonic coordinates

Ghµν1 [ML(u),SL(u)︸ ︷︷ ︸
multipole moments

]

[see also Sachs & Bergmann 1958; Pirani 1964]
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Multipolar-post-Minkowskian formalism

Multipolar-post-Minkowskian expansion (BDI)
[Blanchet & Damour 1986, 1988, 1989, 1992; Damour & Iyer 1991; Blanchet 1987, 1995, 1996, 1998abc]

1 Start from Thorne’s linearized solution hµν1 [ML,SL]

2 Look for the general multipolar expansion outside the
source in the form of a post-Minkowskian expansion

hµν [ML,SL] = G hµν1 + G 2 hµν2 + · · ·

3 Iterate that multipole expansion using a regularization scheme
based on analytic continuation in B ∈ C

Finite Part
B=0

2−1
ret

[
(r/r0)

B f
]

︸ ︷︷ ︸
treats UV divergence when r → 0

4 One obtains the most general solution of the field equations outside the
source and the expansion at future null infinity (J +) is in agreement
with the Bondi-Sachs [1962] formalism [Blanchet 1987]
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Multipolar-post-Minkowskian formalism

A powerful integration formula [Blanchet & Damour 1986]

To each post-Minkowskian order one has to solve

2ΨL = n̂L S(r , t − r/c)︸ ︷︷ ︸
source with given multipolarity ℓ

To cure UV divergences one defines the regularized source

SB(r , t − r/c) ≡
(

r

r0

)B

S(r , t − r/c)

The solution is obtained by analytic continuation in B as

ΨL = FP
B=0

∫ t−r/c

−∞
du ∂̂L

[
RB

(
t−u−r

2 , u
)
− RB

(
t−u+r

2 , u
)

r

]

where RB(ρ, u) ≡ ρℓ
∫ ρ

0

dr
(ρ− r)ℓ

ℓ!

(
2

r

)ℓ−1

SB(r , u)
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Multipolar-post-Minkowskian formalism

The MPM-PN formalism
[Blanchet 1998; Poujade & Blanchet 2002; Blanchet, Faye & Nissanke 2005]

The MPM outer metric is matched to the PN inner field of the source

m
m

1

2

PN expansion

multipole expansion

actual solution

h

r

exterior zone

near zone

matching zone

matching equation =⇒ M(h) = M(h̄)
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Multipolar-post-Minkowskian formalism

The gravitational wave tail effect [Blanchet & Damour 1988, 1992]

In the far zone this is a 1.5PN effect beyond the quadrupole formula

htailij =
2G

c4r

[
2GM

c3

∫ t−r/c

−∞
duM

(4)
ij (u) ln

(
t − r/c − u

P

)]TT

In the near zone this is a 4PN effect made of a radiation
reaction dissipative part and a conservative part modifying
the matter action [Foffa & Sturani 2012]

S tail =
G 2M

5c8
Pf

∫∫
dtdt ′

|t − t ′| M
(3)
ij (t)M

(3)
ij (t ′)

Measurable by LIGO-Virgo-KAGRA [Blanchet & Sathyaprakash 1994]
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Multipolar-post-Minkowskian formalism

Measuring GW tails with compact binaries

PN order

10−1

100

101
| δϕ̂

|
GW150914
GW151226
GW151226+GW150914

0.5PN 1PN 1.5PN 2PN 2.5PN 3PN 3.5PN0PN
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Multipolar-post-Minkowskian formalism
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Multipolar-post-Minkowskian formalism

The non-linear memory effect

Coupling between two quadrupole moments Mij ×Mij

[Blanchet, habilitation thesis 1991; Blanchet & Damour 1992]

hmem
ij =

2G

c4r

[
− 2G

7c5

∫ t−r/c

−∞
duM

(3)
k⟨i (u)M

(3)
j⟩k (u)

]TT

Exact derivation based on the asymptotic behaviour of the
field at future null and time like infinity [Christodoulou 1992]

Physical interpretation: GW re-emission of gravitons
[Thorne 1992; Will & Wiseman 1992; Favata 2009, 2011; Nichols 2017]

hmem
ij = − 4G

c4r

[∫
dΩ′ n′

i
n′

j

1− n · n′
dEGW

dΩ′ (n′, t − r/c)

]TT
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Multipolar-post-Minkowskian formalism

3.5PN: previously the state-of-the-art on GW field

1.5PN

 [Epstein & Wagoner 1975; Wagoner & Will 1976]

[Blanchet & Damour 1989; Blanchet & Schäfer 1989, 1993]

[Poisson 1993; Wiseman 1993]

EW moments

BD moments

2.5PN

 [Blanchet, Damour & Iyer 1995]

[Will & Wiseman 1996]

[BDIWW 1995; BIWW 1996]

MPM-PN formalism

DIRE formalism

3.5PN

{
[Blanchet 1998]

[BIJ 2002; BFIJ 2002; BDEI 2005]

MPM-PN formalism

The Direct Integration of the Relaxed Equations (DIRE)
method [Will & Wiseman 1996] is equivalent to the MPM-PN
formalism for general matter systems [Blanchet 2004]
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4.5PN phase of compact binaries

The 4.5PN phasing of compact binaries

Based on recent collaborations with

Guillaume Faye, Quentin Henry, François Larrouturou & David Trestini
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4.5PN phase of compact binaries

Non-linear effects in the GW propagation to 4.5PN order

Uij(u) = M
(2)
ij (u) +

GM

c3

∫ +∞

0

dτM
(4)
ij (u − τ)

[
2 ln

(
cτ

2b0

)
+

11

6

]
︸ ︷︷ ︸

1.5PN tail

+
G

c5

{
2G

7c5

∫ +∞

0

dτM
(3)
a<iM

(3)
j>a(u − τ)︸ ︷︷ ︸

2.5PN memory

+ · · ·
}

+
G 2M2

c6

∫ +∞

0

dτM
(5)
ij (u − τ)

[
2 ln2

(
cτ

2r0

)
+

57

35
ln

(
cτ

2r0

)
+

124627

22050

]
︸ ︷︷ ︸

3PN tails-of-tail

+
G 2

c8

{∑
M

∫ +∞

0

dρM
(p)
a<i (u − ρ)

∫ +∞

0

dτ K (ρ, τ)M
(q)
j>a(u − ρ− τ)︸ ︷︷ ︸

4PN tails-of-memory

}

+
G 3M3

c9

∫ +∞

0

dτM
(6)
ij (u − τ)

[
4

3
ln3

(
cτ

2r0

)
+ · · ·+ 129268

33075

]
︸ ︷︷ ︸

4.5PN tail-of-tail-of-tail [Marchand, Blanchet, Faye 2017]

+O
(

1

c10

)
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4.5PN phase of compact binaries

Non-linear effects in the GW propagation to 4.5PN order

Uij(u) = M
(2)
ij (u) +

GM

c3

∫ +∞

0

dτM
(4)
ij (u − τ)

[
2 ln

(
cτ

2b0

)
+

11

6

]
︸ ︷︷ ︸

1.5PN tail

+
G

c5

{
2G

7c5

∫ +∞

0

dτM
(3)
a<iM

(3)
j>a(u − τ)︸ ︷︷ ︸

2.5PN memory

+ · · ·
}

+
G 2M2

c6

∫ +∞

0

dτM
(5)
ij (u − τ)

[
2 ln2

(
cτ

2r0

)
+

57

35
ln

(
cτ

2r0

)
+

124627

22050

]
︸ ︷︷ ︸

3PN tails-of-tail

+
G 2

c8

{ ∑
M

∫ +∞

0

dρM
(p)
a<i (u − ρ)

∫ +∞

0

dτ K (ρ, τ)M
(q)
j>a(u − ρ− τ)︸ ︷︷ ︸

4PN tails-of-memory

}

+
G 3M3

c9

∫ +∞

0

dτM
(6)
ij (u − τ)

[
4

3
ln3

(
cτ

2r0

)
+ · · ·+ 129268

33075

]
︸ ︷︷ ︸

4.5PN tail-of-tail-of-tail [Marchand, Blanchet, Faye 2017]

+O
(

1

c10

)
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4.5PN phase of compact binaries

Gravitational-wave tails of memory [Trestini & Blanchet 2023]

(Mij ×M)×Mij (Mij ×Mij)×M Mij ×M ×Mij
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4.5PN phase of compact binaries

Gravitational-wave tails of memory [Trestini & Blanchet 2023]

Computation performed using the MPM construction in radiative coordinates
which avoids far zone logarithms which plague harmonic coordinates

U
M×Mij×Mij

ij =
2G 2M

7c8

{∫ +∞

0

dρM
(4)
a⟨i (u − ρ)

∫ +∞

0

dτ M
(4)
j⟩a (u − ρ− τ) ln

(
τ

2r0

)
︸ ︷︷ ︸

“genuine” tail-of-memory

+

∫ +∞

0

dτ (M
(3)
a⟨i M

(4)
j⟩a )(u − τ)

[
−15 ln

(
τ

2b0

)
− 10 ln

(
τ

2r0

)]
︸ ︷︷ ︸

tail-like term

+ · · · · · · · · ·

− 8M
(2)
a⟨i

∫ +∞

0

dτ M
(5)
j⟩a (u − τ)

[
ln

(
τ

2r0

)
+

27521

5040

]
︸ ︷︷ ︸

tail-like term

}

The 4PN “genuine” tail-of-memory (containing the memory effect) can be
recovered from the general expression of the memory
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4.5PN phase of compact binaries

Tail modulation of the GW phase at the 4PN order
[Wiseman 1993; Blanchet & Schafer 1993; Blanchet, Iyer, Will & Wiseman 1996]

1 Because of GW tails the GW phase ψ differs from the orbital phase ϕ by a
logarithmic, tail-induced phase modulation

ψ = ϕ− 2GM ω

c3
ln

(
ω

ω0

)
2 The GW frequency Ω = ψ̇ is shifted with respect to the orbital one ω = ϕ̇

Ω = ω − 2GM ω̇

c3

[
ln

(
ω

ω0

)
+ 1

]

Ω = ω

{
1

4PN effect︷ ︸︸ ︷
−192

5
ν

(
Gmω

c3

)8/3 [
ln

(
ω

ω0

)
+1

]
+O

(
1

c10

)}

3 Expressing the flux and modes in terms of the directly observable GW phase ψ
and frequency Ω we find that all arbitrary constants cancel out at 4PN order
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4.5PN phase of compact binaries

The 4.5PN GW energy flux for circular orbits
[Blanchet, Faye, Henry, Larrouturou & Trestini 2023ab]

F =
32c5

5G
ν
2x5

{
1 +

(
−

1247

336
−

35

12
ν

)
x + 4πx3/2

+

(
−

44711

9072
+

9271

504
ν +

65

18
ν
2
)
x2 +

(
−

8191

672
−

583

24
ν

)
πx5/2

+

[
6643739519

69854400
+

16

3
π
2 −

1712

105
γE −

856

105
ln(16 x) +

(
−

134543

7776
+

41

48
π
2
)
ν −

94403

3024
ν
2 −

775

324
ν
3
]
x3

+

(
−

16285

504
+

214745

1728
ν +

193385

3024
ν
2
)
πx7/2

+

[
−

323105549467

3178375200
+

232597

4410
γE −

1369

126
π
2 +

39931

294
ln 2 −

47385

1568
ln 3 +

232597

8820
ln x

+

(
−

1452202403629

1466942400
+

41478

245
γE −

267127

4608
π
2 +

479062

2205
ln 2 +

47385

392
ln 3 +

20739

245
ln x

)
ν

+

( 1607125

6804
−

3157

384
π
2
)
ν
2 +

6875

504
ν
3 +

5

6
ν
4
]
x4

+

[
265978667519

745113600
−

6848

105
γE −

3424

105
ln(16 x) +

( 2062241

22176
+

41

12
π
2
)
ν

−
133112905

290304
ν
2 −

3719141

38016
ν
3
]
πx9/2

}

In the test-mass limit ν → 0, we exactly retrieve the result of linear black-hole
perturbation theory [Tagoshi & Sasaki 1994; Tanaka, Tagoshi & Sasaki 1996]

Luc Blanchet (GRεCO) GW beyond the quadrupole formula Universität Bern 37 / 38



4.5PN phase of compact binaries

Number of cycles contributed by each PN order
[Blanchet, Faye, Henry, Larrouturou & Trestini 2023ab]

Contribution of each PN order to the total number of accumulated cycles

Detector LIGO/Virgo ET LISA

Masses (M⊙) 1.4 × 1.4 10 × 10 1.4 × 1.4 500 × 500 105 × 105 107 × 107

PN order cumulative number of cycles

Newtonian 2 562.599 95.502 744 401.36 37.90 28 095.39 9.534
1PN 143.453 17.879 4 433.85 9.60 618.31 3.386
1.5PN −94.817 −20.797 −1 005.78 −12.63 −265.70 −5.181
2PN 5.811 2.124 23.94 1.44 11.35 0.677
2.5PN −8.105 −4.604 −17.01 −3.42 −12.47 −1.821
3PN 1.858 1.731 2.69 1.43 2.59 0.876
3.5PN −0.627 −0.689 −0.93 −0.59 −0.91 −0.383
4PN −0.107 −0.064 −0.12 −0.04 −0.12 −0.013
4.5PN 0.098 0.118 0.14 0.10 0.14 0.065

The PN approximation seems to converge well for comparable masses

This suggests that systematic errors due to the PN modeling may be
dominated by statistical errors and negligible for LISA

However, this should be confirmed by detailed investigations along the lines
[Owen, Haster, Perkins, Cornish & Yunes 2023]
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