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Einstein’s quadrupole formula

Einstein's first paper on gravitational radiation [einstein 1016]

348 DOC. 12 INTEGRATION OF FIELD EQUATIONS

888 Siiung der physkalischmahematishen Klasss vom 22. Jmmi 1918

Nahorungsweise Integration der Feldgleich
der Gravitation.

Von A. Finstein.

B&I meisten ielle

i i e Mg o . D ks o Einstein considers a small perturbation of

Vorteil wymmmmmn:._llmdmdhmw

e 08 . 0 Ot e the Minkowski metric of special relativity

o = =84V, n

definierten GroBen v,., welche linearen orthogonalen Transformationen

gegeniber Tensorcharakter besitzen, gegen 1 als kicine GroSen be-

ol trorie oty gl ke ey ehy-feory 8uv = NMuv + My

e i i, e . o Wk L
len konnen wie die Potentiale der

eomrinig b, W et i Aot w 3o . W Using harmonic coordinates he obtains

“‘“‘"‘“md”‘:“‘“"’“““"“‘:?“""?““" a wave equation for the linear perturbation

Ich wurde hicrsuf sufmorksam durch cine bricfliche Mitteilung du

Ao e S e indy dad man duveh o e v @€ makes an error in evaluating the energy

pore bt oy g ) e e it pseudo-tensor of the gravitational wave

mein invariaiten Feldgleiehungen

Bitermgber. XLVII, 1915, 8 833
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Einstein’s quadrupole formula

Einstein’s second paper on gravitational radiation [instein 1015

| GRAVITATIONAL WAVES

184 Geonmitnung vis 19, Febraar 1915, — Milieilung vom 3L Jasisor
iibergeht. — Der gezuehte Skalar wird eine Funktion der Skalare
AL S Aen B A e, s it Rckeicht daraut
Gl e hekden Mekiten Skalnre M &= (34 6, 0 In A, Baw. 345,
abergeben, findet man naeh. einiger Uberlegung, dad der gesuchte
Shkalar fst:
s=—1 (}.-L)-‘- IS AT At (2 4 ‘.)
\ e
+ i A e

Es ist klar, daB S die Dichte der in der Richtuog (., ,, &,) von deas
raeehanischen System radial nach auBen dieBenien Gravitationsstruh-
lung ist, wenn

(28)

A, K_L < f2a1 . 5 .
- o m Einstein obtains the quadrupole formula

Mitteit snun S bei Festhaltung der 4, ober alle Richtungen des

& dimialions, Do for the energy flux of gravitational waves

rgievertust pro Leiteinheit

Ravmes, = erhilt man die mittlere Diel
wit 47 /¢ multiplicierre 8 endlich ist der
Systes

S =

S|za-i(z1)] = His calculation is valid only for systems
i e e e with negligible internal gravity

zu dem dureh einen Rechenfehinr entstellten Ergebnis der friheren

Avtandiung s e g 0 ke . @ HeE makes a computational error

Aus {27) ist crsi

ichilick

negativ werden kann, alse sicher aueh nicht die totale Ausstrahlung hi It f 21
Bezeits in der frlheren Abhandlung ist betont geworden, da8 das End-

ergebnis dieser welches einen E: der Korpor and IS result Is wrong by a factor 2!
infolge der thermischen Agitation verlaogen wirde, Zweifel an der .

algemeinen Galtigkeit der Theorie hervorrulin tus. Bs scheint, da8 [Eddlngton 1922]

eine ve e eine Modi auch der Gra-

vitationstheorie wird mmgm missen,

§ 35 FKinwirkung von Gravitationswellen auf mechanigehe
Systeme

Der Vollatindigkeit hatber wollen wir auch kurz dberlegeu, in-
iofern Energie von Gravitationswellen auf mechanische Systeme aber-
zelen Yann. Es liege wieder vin mechanieches System vor von der
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Einstein’s quadrupole formula

Einstein's quadrupole formula (ginstein 1018]

; = [Courtesy J. Mouette]
b > /7° /- —
7/d/ /’ —/ V(/(// /-_J"/ v \Q\/,/‘/

Quadrupole formula for the energy flux
dENY 6 [dB3Mm; ddmy +O<V)2
dt ©5¢5 |y d7 c
Quadrupole formula for the GW amplitude
26G [ d®M; r A 1
e o U (Frak 4 o
hj C4r{ dt? (t c>+0(c>} +O<r2>

The quadrupole moment reduces to the usual Newtonian quadrupole

1 2
M;(t) = / Bx p(x, t) <x,-xj = x2) +0O (g)

source
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Einstein’s quadrupole formula

Gravitational radiation reaction

m Laplace [1776]: a finite speed of propagation of gravity would
result in a damping of planetary orbits

m Poincaré [1907]: concept of “ondes gravifiques” and re-analysis
of the Laplace effect

m Chandrasekhar & Esposito [1970]: radiation reaction is of order

o) (K)S ~ 25PN

€

m Burke & Thorne [1970]: simple expression of the radiation reaction

2G . d>M; v\’
reaciyv i b J U "
o 557 Tar gt (c)

small 2.5PN effect
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Einstein’s quadrupole formula

Why quadrupole ? Einstein's equivalence principle

: a man falling freely from )
m For all test bodies m; = m, 9 y

_the roof of his house would
: : _not feel his own weight
£ la (m; = inertial mass)

Bl g (mg = gravitational mass)

m Conservation of mass (like conservation of charge)
—> no monopole radiation

m Conservation of center-of-mass and angular
momentum = no dipole radiation [Abraham 1914]

CM integral
. =
mass dipole: 1 =>"my,x= > mix
angular momentum

current dipole: D =) myx Xxv= > mxxv

3Checked to level 10~ 1% by the uSCOPE satellite
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Einstein’s quadrupole formula

Landau & Lifshitz pesyy derivation of the quadrupole formula

m The Einstein field equations can be written in terms of the
“gothic”’ metric gt = /—gg"¥

167G
]

Dpo [g“”gp" - g“”g”"] = ERADL )

m The Landau-Lifshitz pseudo-tensor is

4

py
327G

{g“”gpaafg"*axg‘" i }

m The quadrupole formula follows from the
conservation law of the pseudo-tensor

o, |lgl (T + )] =0

m The derivation is valid for a self-gravitating source

EDITIONS DE MOSCOU
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Einstein’s quadrupole formula

The binary pulsar PSR 1913416 [Huise & Tayior 1074]

Radio emission

Radio emission  AXis
of rotation

Gravitational waves

m The pulsar PSR 1913416 is a rapidly rotating neutron star emitting radio
waves like a lighthouse toward the Earth

m This pulsar moves on a (quasi-)Keplerian close orbit around an unseen
companion, probably another neutron star

Luc Blanchet (G GW beyond the quadrupole formula Universitat Bern



Einstein’s quadrupole formula

The orbital decay of the Hulse-Taylor binary pulsar

1027 mumy (20G MNP 1+ Be? 4 et
55 M2 P (1 —e2)7/2

eccentricity enhancement factor

[Peters & Mathews 1963]

PN A AR A AN R RARR!

m Derivation based on flux-balance equation
[Dyson 1969; Esposito & Harrison 1975; Wagoner 1975]

m Derivation based on EoM including the
radiation reaction term at 2.5PN

General Relativiy Oredicﬂcn/

Cumuative shitt of periastron ime (s)
|
N
(e

T T T T T T T

- [Damour & Deruelle 1981; Damour 1982]

e m Resolution of the radiation reaction

e controversy [Ehlers, Rosenblum, Goldberg & Havas 1976;
e 1‘9‘7‘5‘ ‘1‘9‘5‘0‘ ‘1‘9‘5‘5‘;1‘9‘9‘0‘ ‘1‘9‘9‘5‘ ‘2‘0‘0‘0‘ ‘2‘005 Will & Walker 1980]
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Einstein’s quadrupole formula

World-wide network of gravitational wave detectors

[Rainer Weiss, Barry Barish & Kip Thorne]

End mirror
550
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[Alain Brillet & Adalberto Giazotto]

LIGO Hanford 4 & 2 km GEO Hannover 600 m

Kagra Japan

LIGO South
Indigo

LIGO Livingston 4 km Virgo Cascina 3 km
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Binary black-hole event GW150914 [Lico/virgo 2016]

Whitened H1 Strain / 10-2!
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Einstein’s quadrupole formula

The quadrupole formula works for GW150914 !

X

/= >, 1 ye 1 ~ “' N ..

Yor /g <= e /q 3 \7”/".«//
m The GW frequency is given in terms of the chirp mass M = ;3/°M?/% by
Son

1 [256 GM5/3
f=2= [? s (tc~t)]

m Therefore the chirp mass is directly measured as

5 C5 { 3/5
- | = f—11/3f
4 [96 Gm8/3 ]

™

which gives M = 30M;, thus M > 7T0Mg
m The GW amplitude is predicted to be

5/6 ~1/6
b 41 x 1072 (ﬁ) <1OORMPC> (1f00 HZ) <1 ol
© merger

m The distance R = 400 Mpc is measured from the signal itself [Schutz 1986]
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Einstein’s quadrupole formula

The gravitational chirp of compact binaries

m Inspiralling phase
- Post-Newtonian theory
- Point-particle approximation
- Dependence on spin precession
- Universality of the signal in GR
- Effacing of the internal structure
[Brillouin 1922; Damour 1982]

GW amplitude
o A N o N s o

-0.25 -0.20 -0.15 -0.10 -0.05 0.00
Time m Late inspiral
- Post-Newtonian + Effective theory
- Effects due to tidal interactions
- Dependence on the internal structure (EoS)

m Merger and post-merger
- Numerical relativity
- Strong dependence on internal structure
- Phenomenological models (EOB, IMR)
[Buonanno & Damour 1999; Ajith et al. 2008]
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Einstein’s quadrupole formula

Inspiralling binaries require high-order PN modelling
[Caltech “3mn paper” 1992; Blanchet & Schifer 1993]

VOLUME 70, NUMBER 20 PHYSICAL REVIEW LETTERS 17 MAY 1993

The Last Three Minutes: Issues in Gravitational-Wave Measurements
of Coalescing Compact Binaries

Curt Cutler,(™) Theocharis A. Apostolatos,{) Lars Bildsten, M) Lee Samuel Finn,?) Eanna E. Flanagan,(!)
Daniel Kennefick,!") Dragoljub M. Markovic,(!) Amos Ori,(!) Eric Poisson,) Gerald Jay Sussman, (M) (®)
and Kip S. Thorne(!)

(1) Theoretical Astrophysics, California Institute of Technology, Pasadena, California 91125
@ Department of Physics and Astronomy, Northwestern University, Evanston, Illinois 60208
(Received 24 August 1992)

Gravitational-wave interferometers are expected to monitor the last three minutes of inspiral
and final coalescence of neutron star and black hole binaries at distances approaching cosmological,
where the event rate may be many per year. Because the binary’s accumulated orbital phase can
be measured to a fractional accuracy < 10™% and relativistic effects are large, the wave forms will
be far more complex and carry more information than has been expected. Improved wave form
modeling is needed as a foundation for extracting the waves’ information, but is not necessary for
wave detection,

PACS numbers: 04.30.4x, 04.80.4z, 97.60.Jd, 97.60.Lf

M [ GMw\ ~5/3 1PN 15PN 3PN
P(t) = do — — i = 1+—2+—3+"'+—6+"'
" c G G €

vo7 LT3 \—rr-»’v // to be computed with 3PN precision at least
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Post-Newtonian equations of motion

Post-Newtonian equations of motion

o
dt

sz

r2

12

ni;

1PN [Lorentz & Droste 1917; EIH 1938]

1

2

]

3

3
60)

Mn>

5G2mymy  4G®’m3
4L Ao || e e -
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Post-Newtonian equations of motion

Methods to compute PN equations of motion

Traditional methods in classical GR
m ADM Hamiltonian canonical formalism in GR
m Fokker EH action in harmonic coordinates
m Surface-integral approach a /a EIH
m Extended fluids in the compact body limit

QFT inspired methods

m Effective-field theory
m Scattering amplitude approach

Dimensional regularization is the common tool
['t Hooft & Veltman 1972; Bollini & Giambiagi 1972]
m UV divergences: point particles modelling compact objects
m IR divergences: integration over all space of formal PN expansion

Luc Blanchet (GReCO) GW beyond the quadrupole formula Universitat Bern



Post-Newtonian equations of motion

: state-of-the-art on equations of motion

[Jaranowski & Schafer 1999; Damour, Jaranowski & Schafer 2001ab]

[Blanchet-Faye-de Andrade 2000, 2001; Blanchet & lyer 2002]
3PN [Blanchet, Damour & Esposito-Farese 2004]

[Iltoh & Futamase 2003; Itoh 2004]
[Foffa & Sturani 2011]

ADM Hamiltonian
Harmonic EoM
Surface integral method

Effective field theory

[Jaranowski & Schafer 2013; Damour, Jaranowski & Schafer 2014, 2016] ADM Hamiltonian
[Bernard, Blanchet, Bohé, Faye, Marchand & Marsat 2015, 2016, 2017ab]  Fokker Lagrangian
[Foffa & Sturani 2013, 2019; Foffa, Porto, Rothstein & Sturani 2019] Effective field theory
[Bliimlein, Maier, Marquard & Schafer 2020] EFT Hamiltonian

4PN

m ADM Hamiltonian: One regularization ambiguity left at 4PN order and fixed
by comparison with GSF calculations

m Fokker Lagrangian: First complete derivation of the EoM at 4PN order
without regularization ambiguities

Luc Blanchet (G GW beyond the quadrupole formula Universitat Bern



Post-Newtonian equations of motion

Fokker action of N particles [rokker 1029]

Einstein-Hilbert action for a system of point particles
s <l \/—[R L rﬂr"}
= 25 il TN
g.f. 167G g 2gm/
—_——
Gauge-fixing term

- mee [ty guwnvivi/e
A

N point particles

The Fokker action is obtained by inserting an explicit PN solution of the
Einstein field equations

gl“’(x7 t) WA E,uu(X; .yB(t)a VB(t)7 e )
The PN equations of motion of the N particles (self-gravitating system) are

S5 DI <6LF> AT

6ys ~ dya  dt \Ova

Luc Blanchet (GReCO)

GW beyond the quadrupole formula

Universitat Bern



Post-Newtonian equations of motion

The Fokker Lagrangian approach to the 4PN EOM

Based on collaborations with

Laura Bernard, Alejandro Bohé, Guillaume Faye,
Tanguy Marchand & Sylvain Marsat

[PRD 93, 084037 (2016); 95, 044026 (2017); 96, 104043 (2017); 97, 044023 (2018); 97, 044037 (2018)]

Luc Blanchet (GReCO) GW beyond the quadrupole formula Universitat Bern



Post-Newtonian equations of motion

First law of compact binary mechanics
[Le Tiec, Blanchet & Whiting 2012; Blanchet, Buonanno & Le Tiec 2013; Le Tiec 2015]

SE=wél+nbR+>  (z) 6&m,
~—~

redshift variable

[Detweiler 2008]

m+6m1

0. )= &

m m,+ 6m2
E,L R E+ OE,L+ OL,R+ OR

m,

This law has many applications in post-Newtonian theory

Luc Blanchet (G D GW beyond the quadrupole formula Universitat Bern



Post-Newtonian equations of motion

Effective field theory approach

[Bertotti & Plebarski 1960; Hari Dass & Soni 1982; Goldberger & Rothstein 2006]

m Two particles’ world lines form a quadrupolar GW source

m The source emits radiation, i.e. a graviton (shown as a wiggly
propagator line) propagates to infinity

7= o [ZT = (5. ]
T= g | 2 75 (2

m The GW emission reacts back to the source, i.e. a graviton is
emitted and then re-absorbed back by the source

ol

Luc Blanchet ( GW beyond the quadrupole formula Universitat Bern



Post-Newtonian equations of motion

Diagrammatic expansion in EFT vs Post-Newtonian

Effective Field Theory Post-Newtonian

m emission from a quadrupole source

M
i m tail effect in radiation field (1.5PN)
Th TR

i m non-linear memory effect (2.5PN)

M; M;
w m radiation reaction (2.5PN)
M; M;

m tail in radiation reaction (4PN)

The EFT is equivalent to the traditional PN at the level of tree diagrams

Luc Blanchet (GReCO) GW beyond the quadrupole formula Universitat Bern



Multipolar-post-Minkowskian formalism

Thorne's nosoy multipolar linearized vacuum solution

Newtonian potential, by reading the source’s multi-
pole moments off that potential, and by then ingerting.

Kip S, Thorne: Multipole expansions of gravitationa radiation 326
=Tan* Bk (8.1)

Wo shall denote by 74, the trace-reversed porturbation

Vs 2ha - a8}, ©2)

those moments into the gravitational-wave formulas
of Part IV,

Soon thoreafter, whilo writing the first draft of Chap.
36 of MTW, I found what 1 thought was @ simple proof.
of Ipser’s conjecture, That proof appears in the pre
Jlimnary versions of MTW [Misnor ef l. (1970,1971)]
and is referred to in my review article with Bill Pross
on gravitational-wavo astronomy [Press and Thorne
(1972)). However, much to my horror, in March 1973
while checking page proofs of the final veraion of MTW,
1found a subtle but fatal flaw in my proof of Ipsor’s
conjecture. After much agony I managed to rewrite the
rolovant matorial [Socs. 36.7 and 36.10 of Misnor.
etal , (1973)) with a restriction to sources that have
‘weak internal gravity—and without changing by even
one the total number of lines of text.

In Part Two of this articlo I shall try to redeom my-
self by presenting a correct formulation and proof of
Ipser's conjecture. This formulation will avoid the
concept of the asymptotic Newtonian potential of a
sourco; in its place will appear a proseription for
reading the multipole moments of & source off its near-
200 gonoral relativistic matric. However, in all
other respects the formalism will conform to Ipsor’s
original ideas.

Part Two of this paper consists of five sections. The
first four (Secs. VIII-XI) develop foundations for the
atrong-field, slow-motion wave-generation formalism,
Tho last (§ec. XII) presents the formalism itself and
describes a few applications.

Each of the four foundations is a derivation of the
vacuum extorior gravitational fiold of a gonoral iso-
Iated system. Section VIII derives that field for time~

dependent systoms in linoarized thoory. SoctiogIX
derives it in the near zone of xlnw*
dependent systems in full general relativity us et
Donder coordinatos, and also matches that near-zone

Section X specializes to time-independent general
relativistic systems in do Donder coordinatos; and
Sec. XI extonds the time~independent general relativ-
Istic case to any “asymplotically Cartesian and mass-
centered” (ACMC) coordinate system.

For a more detailed overview seo Sec. LB, Box 2,
and the table of contonts—all in Part One of this
articlo.

VIl LINEARIZED THEORY

Hore wo oxpress, in terms of timo-dependent multi-
pole moments, the linearized external gravitational
flold of an arbitrary isolated system. Similar expros-
sions, but in different notation, have been given by
Sachs and Borgmann (1958),_Sachs (1961). Pis

(The reason for our “superscript 1" notation will be-
come clear in Sec, IX, The nature of our coordinate
system and basis vectors, and the rules for raising and
lowering Indices, aro discussod 1 Soc, 1)
‘We introduce Lorentz gauge y-% ,=0 for our grav~
itational field. Then, expnused in'torms of covariant
et

components,

uum feld equations (Eqs. 18.8 of MTW) res
Vhoo=Vhisn (8.38)
A " =Vas 00t Yas, 1= 0. (8.3b)

Teassicin most general symmetric gravitational field
4o which satisfies these equations, and which
h., "on outgolng waves (0o Licomng vavas) at ltin-

and we write that field as & sum over its multi-
Dol componais:

Th general outgoing-wave solution to the field equa-
tion (174, = 0 in multipole notation has the following
form [se0 Eq. (2.51), where we must set €= +1 (out-
scolng waves) and wo must male the

Fy 75,2V Vin= Upls

2=l

7] Al e, 0= 1)

(8.40)

[ nConalt= M

L\ 10, (6= 1), ;0

(8.4b)|

18, (t=7)]

+ S Tparalt=Man

=11, pa1.}

(8.40)

‘z:wwr,, i

Horo €, 15 tho completoly antisymmetric Levi-Civita
tensor; the capital script quantitios aro the multipole
moments, which are arbitrary functions of retarded
timo (=7 and are symmetric and trace-(ree (STF) on
all ther tensor indices; and all othor dotalls of nota~
plained in o The gauge conditions

m Most general solution of the
Einstein vacuum linearized field
equations in harmonic coordinates

Gh¥ [M(u), Sp(u)]

multipole moments

[see also Sachs & Bergmann 1958; Pirani 1964]

GW beyond the quadrupole formula




Multipolar-post-Minkowskian formalism

Multipolar-post-Minkowskian expansion (BDI)

[Blanchet & Damour 1986, 1988, 1989, 1992; Damour & lyer 1991; Blanchet 1987, 1995, 1996, 1998abc]

Start from Thorne's linearized solution A" [M;, 5]

Look for the general multipolar expansion outside the
source in the form of a post-Minkowskian expansion

R [My,S1] = G W + G* hy” + - -

Iterate that multipole expansion using a regularization scheme
based on analytic continuation in B € C

Fini“geig)art e ) ° 7]

treats UV divergence when r — 0

One obtains the most general solution of the field equations outside the
source and the expansion at future null infinity (J ) is in agreement
with the Bondi-Sachs [1962] formalism [Blanchet 1987]

Luc Blanchet (GReCO) GW beyond the quadrupole formula Universitat Bern



Multipolar-post-Minkowskian formalism

A pOWGrfUl |ntegrat|0n fOrmUla [Blanchet & Damour 1986]

m To each post-Minkowskian order one has to solve

ov, = ﬁ[_S(I’,t—I’/C)
o b Tk O

source with given multipolarity ¢

m To cure UV divergences one defines the regularized source

SE(rliia) = (;)BS(r, t—r/c)

m The solution is obtained by analytic continuation in B as

e s /t—r/cduél_ RB (t—; ) RB (t u+tr U)
S r
14 ® e 2 =1l
where  R%(p, v) Epe/ dr(—p—zli (r) S )
O .
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Multipolar-post-Minkowskian formalism

The MPM-PN formalism

[Blanchet 1998; Poujade & Blanchet 2002; Blanchet, Faye & Nissanke 2005]

The MPM outer metric is matched to the PN inner field of the source

mul:tip(:)Ie expansion

exterior zone P oht
- matching zone

: near zone

matching equation = M(h) = M(

>
~

Luc Blanchet o] GW beyond the quadrupole formula Universitat Bern



Multipolar-post-Minkowskian formalism

The gravitational wave tail effect (sianchet & pamour 1988, 1992]

m In the far zone this is a 1.5PN effect beyond the quadrupole formula

e et ) t—r/c—u

m In the near zone this is a 4PN effect made of a radiation
reaction dissipative part and a conservative part modifying
the matter action [Foffa & Sturani 2012

[Foffa turani ] MIJ M

o GM //|dtdt () MO ()

m Measurable by LIGO-Virgo-KAGRA [Blanchet & Sathyaprakash 1994]

T
2G

htall ¥
Y c4r
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Multipolar-post-Minkowskian formalism

Measuring GW tails with compact binaries

N GW 150014
GW150914

. GW 15199
GW151226

@ GWI51226 ,GWI50914

66|

109 B
|

: =

¢

d @
10-' 4 @ ®

OPN 0.5PN 1PN 1.5PN 2PN 2.5PN 3PN 3.5PN
PN order
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Multipolar-post-Minkowskian formalism

Measuring GW tails with compact binaries

B GW150014 .
GW150914

. GW15129 el
GW151226

@ GWI51226 ,GWI50914

......

o
)
\
N,
)
]
)|
—
N
<
)
Wl
N9
¢
N
\
\\‘
20
T T T T

10- -

OPN 0.5PN 1PN 1.5PN 2PN 2.5PN 3PN 3.5PN
PN order
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Multipolar-post-Minkowskian formalism

Measuring GW tails with compact binaries

111111
QAR
£ig
n
) o
8 E
T T

V15
W15 226+GW1509I4

B 10 8 o
] ' . /
(m

e
10- = := 2

D

<
\ M;; M

OPN 0.5PN 1PN 1.5PN 2PN 2.5PN 3PN 3.5PN
PN order

N
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Multipolar-post-Minkowskian formalism

The non-linear memory effect

m Coupling between two quadrupole moments Mj; x M;;
[Blanchet, habilitation thesis 1991; Blanchet & Damour 1992]

TT

SR Gt 1/S 3) 3)
ppem = 28 _ﬁ/ du M) M)

—E9

m Exact derivation based on the asymptotic behaviour of the
field at future null and time like infinity [Christodoulou 1992]

m Physical interpretation: GW re-emission of gravitons Mij Mij
[Thorne 1992; Will & Wiseman 1992; Favata 2009, 2011; Nichols 2017]
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Multipolar-post-Minkowskian formalism

3.5PN: previously the state-of-the-art on GW field
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[Epstein & Wagoner 1975; Wagoner & Will 1976] EW moments
1.5PN [Blanchet & Damour 1989; Blanchet & Schafer 1989, 1993] BD moments
[Poisson 1993; Wiseman 1993]

[Blanchet, Damour & lyer 1995] MPM-PN formalism
2.5PN ¢ [will & Wiseman 1996] DIRE formalism
[BDIWW 1995; BIWW 1996]

Blanchet 1998 MPM-PN formalism
35PN { | ;
[BIJ 2002; BFIJ 2002; BDEI 2005]

m The Direct Integration of the Relaxed Equations (DIRE)
method [will & Wiseman 1996] is equivalent to the MPM-PN
formalism for general matter systems [Blanchet 2004]
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4.5PN phase of compact binaries

The 4.5PN phasing of compact binaries

Based on recent collaborations with
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4.5PN phase of compact binaries

Non-linear effects in the GW propagation to 4.5PN order
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4.5PN tail-of-tail-of-tail [Marchand, Blanchet, Faye 2017]
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4.5PN phase of compact binaries

Non-linear effects in the GW propagation to 4.5PN order
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1.5PN tail
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2.5PN memory
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4.5PN tail-of-tail-of-tail [Marchand, Blanchet, Faye 2017]
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4.5PN phase of compact binaries

Gravitational-wave tails of MEMOIY [Trestini & Blanchet 2023]
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4.5PN phase of compact binaries

Gravitational-wave tails of MEMOIY [Trestini & Blanchet 2023]

m Computation performed using the MPM construction in radiative coordinates
which avoids far zone logarithms which plague harmonic coordinates

MxmMyxMy . 2G2M | [+°° 4 % 4 G
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“genuine” tail-of-memory
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m The 4PN “genuine” tail-of-memory (containing the memory effect) can be
recovered from the general expression of the memory
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4.5PN phase of compact binaries

Tail modulation of the GW phase at the 4PN order

[Wiseman 1993; Blanchet & Schafer 1993; Blanchet, lyer, Will & Wiseman 1996]

Because of GW tails the GW phase 1 differs from the orbital phase ¢ by a
logarithmic, tail-induced phase modulation

¢:¢_2G/\/len(w>
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The GW frequency Q = 1) is shifted with respect to the orbital one w = ¢
Q=w-— ZGA;IW |n<—cf—> —|-1:|
C L wo
4PN effect
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Expressing the flux and modes in terms of the directly observable GW phase 1)
and frequency Q we find that all arbitrary constants cancel out at 4PN order
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4.5PN phase of compact binaries

The 4.5PN GW energy flux for circular orbits

[Blanchet, Faye, Henry, Larrouturou & Trestini 2023ab]
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In the test-mass limit v — 0, we exactly retrieve the result of linear black-hole

perturbation theory [Tagoshi & Sasaki 1994; Tanaka, Tagoshi & Sasaki 1996]
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4.5PN phase of compact binaries

Number of cycles contributed by each PN order

[Blanchet, Faye, Henry, Larrouturou & Trestini 2023ab]

Contribution of each PN order to the total number of accumulated cycles

Detector LIGO/Virgo Bl LISA

Masses (Mo) || 1.4x1.4 | 10x10 [| 1.4x1.4 [ 500 x 500 |[ 10° x 10° [ 107 x 10’
PN order cumulative number of cycles

Newtonian 2562.509 | 95.502 || 744401.36 37.90 28095.39 9.534
1PN 143.453 | 17.879 4433.85 9.60 618.31 3.386
L.5PN —94.817 | —20.797 || —1005.78 | —12.63 —265.70 | —5.181
2PN 5.811 2.124 23.94 .44 11.35 0.677
25PN —8.105 | —4.604 —17.01 —3.42 —12.47 =1871
3PN 1.858 L.731 2.69 1.43 259 0.876
35PN —0.627 | —0.689 —0.93 —0.59 —0.91 —0.383
4PN —0.107 | —0.064 —0.12 —0.04 e —0.013
45PN 0.098 0.118 0.14 0.10 0.14 0.065

m The PN approximation seems to converge well for comparable masses

m This suggests that systematic errors due to the PN modeling may be
dominated by statistical errors and negligible for LISA

m However, this should be confirmed by detailed investigations along the lines
[Owen, Haster, Perkins, Cornish & Yunes 2023]
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