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����������� �"!#�%$'&)(+*
(P, G)

(+*-,/.0,21+*-32(+,215476982:�;=<�*-,2(?>�(+*-@-:A(5,CBD(
U ⊆ P E (5*GF9H/IKJML0NPOPORQ9SUT

VXW NPY�Z[ORQ9SUT�\^]`_a(5,C,bBD*-@cH
∀x, y ∈ U, x 6= y : x, y ⊆ U

;ed�fC4
G(U) := {G ∈ G | G ⊆ U}

*-ghH
(U, G(U))

3269,2,�g7(5@Gi2gRHj(+*-,�.0,215*G32(5,C154k6l82:m;
<�gji#(+15(+*-n E ,2( U

3C*-(
om(+,2BD(�69@-@G(54=pj,�Hk(54R4kq98C:r(tsDu9,
P
;

v7w $yxCz�{|�)�y}5~��y�U�"�`$ Vh� \�o�*-,2*G:�69@G:ruU32(+@-@�32(54�6l�A,2(+,�<�ie(5,2( V sUBD@�; V�� ; � ; � \7\^��<%g�BD*G@GH
U = P(P )

;
V�� \=d�f24��R(+32(5,�.0,215*G32(5,C154k6l82:

(P, G)
BD*-@cH

©" ∈ U, ∀x ∈ P : {x} ∈ U, ∀G ∈ G : G ∈ U, P ∈ U.

Vy� \=��(PHk4k6ln E H7(�3C(5,?,C(�694��0�e(5,2n+*-@��"f24
n = 4

V 6l@-g7u
P = {x0, . . . , x4}

\P;
{x1, x2, x3, x4} ∈ U

]e69i#(+4
{x0, x1, x2} 6∈ U

;
v7w $G�#z ��NPY

U � Y�Nr��NPJU�UN � NPO�I	JML0NPO^O7�9SUT�N?NPY�J�N����PJU�5Y � NPJU�5ORQ9SUT �rS)J � A ⊆ U ¡�� Q9JMJ¢�9Y�Z[L
⋂

U∈A
U ∈ U £¥¤�£5¦C£j� NPO ¤ SUOk§ ¦ �X§ ¦ JMY�L�L'¨PNPZ[Y�N5¨5Yc�ª©XY�NPZ-NPO¢I	JML0NPO^O7�9SUT�N�Y-�PLt«�Y�N � NPO�NPY�J¬I	JML0NPO^

ORQ9SUT £
®¯NP«�NPY-� £ &)(+*

T :=
⋂

U∈A
U

82,23
x, y ∈ T

:A*GH
x 6= y =⇒ ∀U ∈ A

BD*G@GH

x, y ∈ U =⇒ ∀U ∈ A : x, y ⊆ U =⇒ x, y ⊆ T =⇒ T ∈ U.
�

om69,mg769B9H5]M32*-(
om(+,2BD(
U

32(+4jp°,�Hk(+474kql82:r(t(+*-,2(+g±.0,215*G32(5,21+4k698C:rg
P

g7(+*
∩
�069i2BD(+g7n E @GuDg7gR(5,��

����������� �"!#�%$t<�*-,�om(5,2B9(5,2gh²)ghHk(+:
U

s9uD,�>	(5*-@G:r(+,2BD(+,�(5*G,2(54=om(5,2B9(
P E (+*-F9H � S)Ok§ ¦ �X§ ¦ JMY�LyL"�PQ�¨0�UN��X§ ¦ Z-³X���XNPJ V 6982n E ∩

hQ�¨0�UN��X§ ¦ Z-³X���XNPJ�\P]�_a(5,2,��"f24�69@-@G(
A ⊆ U

BD*-@cH ⋂

U∈A
U ∈ U

;C´µ69g±¶�6D694
(P, U) E (5*-FlH¥3M69,2,

∩
hQ�¨0�UN��X§ ¦ Z-³X���XNPJ�NPOj·¥Q9SUT�;

v7w $G¸#z�{|�)�y}5~��y�U�"�`$ Vh� \�´¯*G(µo�(5,2BD(¯69@-@G(54�p°,�H7(547B94782�2�e(5, V 82,23�32*-(°om(+,2BD(t69@G@-(+4%¹°uD4R:�69@cHk(+*-@-(+4�\
(+*-,2(+4°º'4R82�2�e(t*-gRH

∩
��69iCBD(5gRn E @-uDgRg7(+,�;V�� \=´¯*G( o�(5,2BD(
69@G@-(+4¥p°,�Hk(+4Rs9(5»�HkuD4R4kq98C:r(
(5*G,2(5g¥¼%(5»�H7uD47476982:Agj*GgRH

∩
��69iCBD(5gRn E @-uDgRg7(+,�;Vy� \�´¯*-(½om(+,2BD(�69@G@-(54�69i2BD(+g7n E @GuDg7gR(5,2(+,¾>�(+*-@G:r(+,2BD(5,¿(+*-,2(+g�H7uD�euD@-uDB9*-g7n E (5,ÁÀ°6l82:r(+g�*-gRH

∩
�

6li2BD(5gRn E @-u9g7g7(+,�;V"Â \=´¯*G( o�(5,2BD(
69@G@-(+4=»9uD,�s9(PÃ)(5,b>	(5*G@-:A(5,2BD(+,�*-,
AG(2,R)

*GgRH
∩
��69i2B9(5g7n E @-uDgRg7(5,�;

����������� �"!#�%$td�fC4
∩
��69iCBD(5gRn E @-uDgRg7(+,2(ÄÀ°ql82:r(

(P, U)
»Å69,2,Æ:�69,Ç(5*G,2(ÄÈ¯ÉUZ�Z-N?s9uD,

X ⊆ P3C(+ÊM,2*G(54R(5,?3C8247n E X :=
⋂

U∈U,X⊆U U ∈ U
;eo?6l,mg769B9Hj6982n E�Ë X (+4715(+82B9H

X Ì ;

{|�UÍ¢��Î ÏÑÐ	�	ÒK$ � ;j<�g±BD*-@cH
X ∈ U ⇐⇒ X = X

;

Ó �



� ;¯om69,ÆgR�247*Gn E HrsDuD: Ë (5471+(582BlHk(5, Ì pj,�Hk(54hsD(+»�H7uD47476982:�]�s9uD, 32(+4 Ë (5471+(582BlHk(5, Ì p°,�Hk(+47BD4R82�2�e(9]
8C,23�s9uD: Ë (5471+(582BlHk(5, Ì p°,�Hk(+47476982: (5*G,2(5g±.0,21+*-32(+,215476982:Ag5;

� ;���*G(5@�*GgRH±(+*-,2(t�247q915*Gg7(
d`69g7gR82,2BA32(5gj´¯*G:r(+,2g7*GuD,2gRi#(+BD47*���g+;
<�*G,2(�>�(+*-@-:A(5,CBD(

B
sDu9,

P
_�(+4732(+,Æ_±*-4�®jQÅ�PY-�?,C(5,2,2(+,�]%_�(+,2,ÆgR*-(�(5*-, Ë 8C,M69i E ql,2BD*-B9(5g Ì<�4R15(58CBD(5,23C(5,2gh²)ghHk(+: *-ghH�;M´¯69,2,�»l6l,2,�:�69,�32(PÊM,2*G(547(+,��

dim B = |B| − 1
;

´¯69:r*cH¥32*G(5g7(
´¯(PÊM,2*cHk*-u9,�gR*-,2,�s9uD@-@�*GgRH5]2:|f2gRg7(5,m1+_a(5*	��(+32*-,2B982,2BD(+,m(+4R�"f2@G@GH¥gR(5*-,��
V * \�´°*-(
<�ÃC*GgRH7(5,21tsDu9,ª�=69gR(5,�:|82gRgjB9(5g7*Gn E (54hHjg7(5*G,
V *-*�\��9('1P_�(+*���69g7(+,?:|f2gRg7(+, Ë BD@-(+*-n E :rq9n E Hk*GB Ì g7(5*G,�;

Â ;°�a(5*�¼%(5»�H7uD4747q982:A(5,�]`6l�A,2(+,m8C,23m�C47uÅ�R(+»�H7*Gs9(5,ªÀjq982:A(5,�BD(+@GH7(5, V * \a82,23 V *G*�\P;
� ;j.0,m69@G@-BD(+:r(+*-,2(+,�.0,215*G32(5,C154kql82:r(+,mB9(5@GH7(5,�_a(532(+4 V *�\a,2uUn E V *-* \P;
� ;¯ºt(5gR82n E Hª*GgRH�(5*G,2(Ä(5*G,C�y69n E (½<�*-BD(+,2g7n E 6Å��H�]¥32*G( V *�\�82,C3 V *G*�\rgR*-n E (+4�gRHk(+@-@cH
	 3269g�*-gRH�32*G(

� 82gRHk6982gRn E ie(53C*-,2BD8C,2B2;
v7w $��z ��NPY

(P, U)
NPY�J

∩
hQ�¨0�UN��X§ ¦ Z-³X���XNPJ�NPO°·=Q9S)T £Ñ¤ Y�N��t¨X¨5Y�Z � SUJU�

: P(P ) → U; X 7→ X :=
⋂

X⊆U∈U

U

Y-�PL¥NPY�J?È¯É)Z�Z-NPJ�³��MNPORQ9L0³ÅO ¡���£c¦C£ N��¯�9Y�Z[L��^ÉUO�Q9Z�Z-N
X, Y ⊆ P

v�� xCz
X ⊆ X

v�� �#z
X = X

v�� ¸#z
X ⊆ Y =⇒ X ⊆ Y £

®¯NP«�NPY-� £�� iC82,2B2;
�

����������� �"!#�%$'&)(+*
(P, U)

(5*G,
∩
��69i2B9(5g7n E @-uDgRg7(5,C(54=Àj6982: 8C,23 32(+4a*G,232821+*-(54hHk(��°fC@-@-(+,2uD�e(5476Å�

H7uD45;`´¯69,2,�*-gRH¥�"fC4
U ∈ U

3C*-( ¤ Y�T�NPJC�PY�³ÅJ�sDuD,
U

32(+ÊM,C*-(54hHj328247n E
dim U := inf

{

|X| ; X ⊆ P ∧ X = U
}

− 1.

X ⊆ P E (+*-F9H'SUJeQ�¨ ¦ �9JU�9Yc�#]U�y69@-@Gg ∀Y  X : Y  X
;

X ⊆ U ∈ U E (5*GF9H��aOR�ÅNPSD�UNPJ � NPJC���X�PL�NPT sDuD,
U

])�y69@-@Gg
X = U

;
X ⊆ U ∈ U E (5*GF9Hj®jQÅ�PY-�°s9uD,

U
]��y69@-@Gg

X
82,M69i E q9,2BD*GB�8C,23�<�471+(582BD(+,232(+,2gR²UgRH7(5: s9uD,

U
*-ghH�;

Ó �



v7w $��#z�{|�)Í½�UÎ ÏÑÐ	�KÒ	$ V�� \ � 82g
Y ⊆ X

�"uD@GB9H
Y ∪ X = X

V ´¯(PÊM,2*cHk*-u9, sDu9, � \P;j.0,2gh�
ie(5gRuD,232(+47(ÁBD*-@cH��"f24

X ⊆ P
]|8C,M69i E ql,2BD*-B 82,C3

x ∈ X
gRH7(+H7g

x 6∈ X \ {x}
V 32(+,2,

x ∈ X \ {x} =⇒ X = X \ {x}
	 (5*-,��¿*G32(54Rg7�24R82n E 1+824jp°,M69i E q9,2BD*GBD»9(+*GH=s9uD,

X
� \P;

V�� \�<�g�BD*G@GH
U =

{

X ; X ⊆ P
} ; � 8C�
32*G(5gR(��¢(+*-gR(ª»Å69,2, :r69, (+*-,2(+,

∩
�069i2BD(+g7n E @GuDg7gR(5,2(+,Àj6982: 6982n E :r*cH �°*G@G�"(µ(+*-,2(+4 �°f2@G@-(5,CuD�#(+4k6lH7*-uD,�32(+ÊM,C*-(54R(5,�; � i282,2B2;

V�� \��¿*-4¯_a(54R32(5,¢*-: dMuD@GBD(5,C32(5,ÄgRH7(+H7g�u E ,2(�s)*G(5@ � 8C� E (+i#(+,2g 1P_±*-g7n E (5,¢3C(5: om(+,2BD(+,2gR²UgRH7(5:
U

8C,23?32(+: �°fC@-@-(+,2uD�e(5476lHkuD4 E *-,�82,23 E (+4jgR�247*G,2BD(+,�;
Vy� \�.0: � @-@-B9(5:A(5*-,C(5,�*-ghH±*-,

(P, U)
32*-('<�Ã)*-ghHk(5,C1
s9uD,?��69g7(+,m,2*Gn E H°B9(5BD(+i#(+,�;

V"Â \�.0: � @-@-B9(5:A(5*-,C(5,�g7*G,23�sD(+47g7n E *-(53C(5,2( �=69g7(+,�]`g7u9�"(+47,�(PÃ)*-ghHk(+,�H5]`,2*-n E H±BD@G(5*-n E :�q9n E H7*-B2;V � \ º'*GiCH (5g (+*-, (5,232@G*-n E (+g Y ⊆ P
:A*GH

Y = P
]�3M69,2, *-ghH 32*-(mom(+,2BD(

B ⊆ P
:A*GH

|B|:A*-,C*-:r69@#8C,23
B = P

(+*-,2('��69g7*Gg=sDuD,
P

;2.0,�32*-(+g7(+: d`69@-@#(PÃ)*-ghHk*-(+47(+,?69@Gg7uA�=69gR(5,�;
®¯NP«�NPY-� £ �Áq94R(

B
69i E ql,2BD*-BC]U3269,2,�B�q9ie(¯(+g=(5*G,

x ∈ B
:r*cH

B \ {x} = B
]C*G:	�¿*-32(+47g7�C4782n E1+8ªo�*-,2*G:�69@G*GHkqlH�;

�

V � \¥<�g°BD*GiCH±.0,21+*-32(+,21547q982:A(�*G,�3C(5,2(+,A�R(532(
82,M6li E q9,2B9*-BD(�om(+,2BD(
(5,232@G*-n E ]M8C,23 �R(+32(5g°<�4715(+8)�
B9(5,232(+,2gR²UghHk(5: 8C,2(5,23C@-*-n E *GgRH5;�´µ69,C,bBD*-iCH¯(5g'69@Gg7u�_a(53C(54'�=69gR(5,�]�,2u)n E :A*-,2*G:�6l@-('<�471+(582BD(+,)�
3C(5,2gh²)ghHk(+:r(l;
v7w $�
#z�{|�)�y}5~��y�U�"�`$ V�� \¯¹¯6lH7f247@G*-n E gR*-,23Äpj,�Hk(54R:r(+,2BD(+,�8C,M69i E ql,2BD*-B9(54to�(5,2BD(+,b_±*-(53C(54t82,M6li)�
E q9,2BD*GB2;V�� \%&)(5*

(P, G)
(5*-,A.0,21+*-32(+,215476982:�;)´¯69,2,�*GgRH

©"
(5*G,2(°�=69g7*Gg�sDuD,

©" ∈ U
V 82,C3

dim ©" = −1
\P]

{x}
*GgRH°�=69gR*-g=s9uD,

{x} ∈ U
V 82,23

dim{x} = 0
\^]

{x, y}, x 6= y,
*GgRHj�=6lg7*-g=s9uD,

G ∈ G ⊆ U
]

_a(5,C,
x, y ∈ G

V 82,23
dim G = 1

\P;
V�� \¯o�*-,2*G:�69@G:ruU32(+@-@�3C(54¯�C47uÅ�R(+»�H7*Gs9(5,�<�i#(+,2( V sUBD@�; V�� ; � ; Â \7\^��pj,M69i E ql,2BD*-B9( >	(5*-@G:r(+,2BD(+,?g7*G,23
©"

]
{x}

]
{x, y}

V :r*cH
x 6= y

\�82,C3
{x, y, z}

:r*cH ,C*-n E H�»9u9@-@-*G,2(�6l47(5,
x, y, z

;�´¯*G(
{x, y, z}gR*-,23�g7u9B�694±�=69gR(5,�]M8C,23?6l@-@-(µ�=69g7(+,?*G,�32*-(+g7(5: d`69@G@�BD@G(5*Gn E :�qln E H7*-B2; � @Gg7u

dim P = 2
;

Vy� \Ñ<�47B�q9,C15(�32*-(%69iCBD(5i2*G@-32(PHk(%d�*GBD824Ñ328C47n E ¼%(+47i2*G,232(+, 69@G@-(+4Ñ¶�6D6l47(%sDuD,�82,)�
s9(54Ri282,232(+,2(5,½¶�82,2»�Hk(+,b:r*cH±1+_a(5* �0�282,C»�H7*-BD(+,Äºt(54k6l32(5, V 69@-gRurgR*-,23m19;7�¯; �
8C,23 � 1+8
s9(547iC*-,232(+,`\P; ´¯69,2,
*-gRH

(P, G)
(+*-,'.0,215*G32(5,C154k6l82:m;�<%gK*GgRH

{1, 2, 3}(+*-,2(
�=6lg7*-g¥s9uD,
P
]`69ie(54

{1, 2, 6}
*-ghH±,U8C4¯�=6lg7*-g=s9uD,

{1, 2, 6}
82,C3m»Å69,2,

,C*-n E Hj158�(5*-,C(54j�=69gR*-g=sDu9,
P

(54RB�q9,21PH¥_�(+4732(+,�; �

��
�� ��� ��

� �� �2

3

4 5
6

1

V"Â \r¼%BD@�;=��(+*-g7�C*-(5@ Vh� ; � ; � \P�
P = {x0, . . . , xn}

]
G = {{xi, xj} ; i 6= j}

; �9(+32(Ä>�(+*-@G:r(+,2BD(
U ⊆ P

*GgRH±(5*G,�p°,�Hk(+474k6l82: :r*cH
U

69@Gg±�=69g7*Gg5]M6l@-g7u
dim P = n

;
.0: de6l@-@

n = 3
(+47BD*GiCH%g7*Gn E 3269gaom*-,2*G:�6l@-:Au)32(+@-@�32(+4�6l�A,2(5,r<�i#(+,2(5, V :A*GH 3C(54�´¯*-:A(5,Cg7*-u9,

3
\P;

<�g E 69,23C(5@GH±gR*-n E 82: 3M6lgj(+*-,21+*-BD(µ��(5*Gg7�2*G(5@�(+*-,2(+4°6Å�r,C(5,m<%ie(5,C(�:A*GH
dim 6= 2

;
V � \�<�4RB�q9,21+(�32*-(�d�*-B9824t_±*-(53C(54|1+8 (5*-,C(5: .0,215*G32(5,C154k6l82:m]K_±*-(ruDie(5, ie(P�
gRn E 47*G(5ie(5,�;�´µ69,2,ÄBD*G@GH��

|P | = 9
]
|G| = 22

]
{1, 2, 3} = P

82,23
{1, 2, 3}*GgRHj�=6lg7*-g¥s9uD,

P
V
=⇒ dim P = 2

\^; ��
��

�� ��
  !"#$ $%

& &' '()4 56 7

8 92
3

1

Ó Â



{6, 7, 8, 9} = P
]

{6, 7, 8} = {4, 5, 6, 7, 8}
]
{6, 7, 9} = {4, 5, 6, 7, 9}

]
{6, 8, 9} =

{6, 2, 3, 8, 9}
]
{7, 8, 9} = {7, 2, 3, 8, 9}

;e´µ6�69@-gRu�»9(5*G,2( (5n E Hk(Apj,�H7(54R:r(+,2BD(�sDuD,
{6, 7, 8, 9}BD69,21

P
(54R15(58CB9H�]`*-ghHj6982n E {6, 7, 8, 9}

(+*-,2(
�=6lg7*-g=s9uD,
P

;
v7w $��`z �PJ���N � NPT �PJU�5Y � NPJU�5ORQ9SUT (P, G)

�9Y�Z[L � Y�N��aJ � Z[Y�§ ¦�� NPY�L"�5¨PN � Y�JU�9SUJU�����NPY
X ⊆ P

S)J � x ∈ X ¡�� Q9JMJ½N��DY-�PLyY�NPO^L
R ⊆ X

T�Y�L
|R| ∈ N

SUJ � x ∈ R £
®¯NP«�NPY-� £ &)(+*

X ⊆ P
8C,23

Q :=
{

x ∈ P ; ∃R ⊆ X
:r*cH

|R| ∈ N
82,23

x ∈ R
}

=
⋃

R⊆X,|R|∈N

R

	 �#(5,2gR*-n E Hk@G*-n E BD*G@GH
X ⊆ Q ⊆ X

; �½(5,C, _±*G4�1+(5*-B9(5,�]l3M69g7g
Q

(5*-,|p°,�Hk(+474k6l82: *GgRH�]Å3M69,C,�(54 E q9@GH:r69,
X ⊆ Q =⇒ X ⊆ Q = Q =⇒ X = Q

;M.0,Cg7ie(5g7u9,232(54R( BD*G@GH

x ∈ X =⇒ x ∈ Q =⇒ x ∈ R
�"f24±(5*G,

R ⊆ X
:r*cH

|R| ∈ N,

_�69gj32*-('�a( E 698C�CHk82,CBr1+(5*-BlH�;
&U(5*-(+,?6l@-g7u

x, y ∈ Q, x 6= y
; ��8

x, y
(PÃ)*-ghHk*G(547(+,m3269,2,

Rx, Ry ⊆ X
:A*GH

|Rx|, |Ry| ∈ N
82,23

x ∈ Rx

]
y ∈ Ry

;M´µ69,2,�BD*G@GH

|Rx ∪ Ry| ∈ N
82,23

Rx, Ry ⊆ Rx ∪ Ry,
69@Gg7u

x, y ⊆ Rx ∪ Ry ⊆ Q.

&UuD:r*cH¥*-ghH
Q

p°,�Hk(+47476982:�;
�

����������� �"!#�%$'&)(+*
(P, U)

(+*-,
∩
�069i2BD(+g7n E @GuDg7gR(5,2(+4±À°698C:m]�32(+4�32*G(¯<�,23C@-*-n E »9(5*cHkgRi#(+32*-,2B982,2B|(+4h�

�"fC@-@GH5;2´µ6l,2, E (5*-FlH (P, U)
�¯S��PL Q9S��X§ ¦ ORQ9S)T�]C_a(5,2,m3M69g¥�"uD@-B9(5,232( �¯S��PL�Q9S��X§ ¦ Q
�DY�³ÅT B9*-@GH5�

V ��� \�d�f24±69@G@-(
S ⊆ P

82,23
x, y ∈ P

BD*G@GH5�
x ∈ S ∪ {y} \ S =⇒ y ∈ S ∪ {x}

;
.0ghH

(P, G)
(+*-,�.0,215*G32(5,C154k6l82:m]MgRu ,2(5,2,C(5,m_±*G4±6982n E (P, G)

(5*-,C(5, �¯S��PL�Q9S��X§ ¦ ORQ9SUTm;
v7w $��#z�{|�)�y}5~��y�U�"�`$ � ;jp°,�H7(54747q982:A(µsDuD, � 82ghH�698Cg7n E 47q982:A(5,?gR*-,23 � 82gRHk6982g7n E 4kq982:A(9;
� ; � �A,2('82,23��247uÅ�R(+»�Hk*Gs9( <�ie(5,2(+,?gR*-,23 � 8CgRH�6l82g7n E 47q982:A(9;e��(P_�(+*-gjg7�MqlH7(54+;
� ;��9(+32(54±,2*Gn E HR� H747*cs)*-69@-( E 69@Gi2BD(5u94732,2(PHk('Àj6982: *-gRH±(+*-, � 8CgRH�6l82g7n E 476982: V� 4R(5821+(54+]Mn�6C; ����� � \P;
Â ;±¼%B9@�;)��(5*Gg7�2*G(5@ V�� ; � ; � \P�

(P, G)
*GgRH¥»l(5*G, � 82gRHk6982gRn E 4k698C:m;`ºt(5B9(5,�i#(+*-gR�2*-(+@��

S = {1, 6}
]
x =

2
]
y = 5

;`´µ69,C,
x ∈ S ∪ {y} \ S = P \ S

]`6li#(+4
y 6∈ S ∪ {x} = {1, 2, 6}

;
� ; � 82n E �a(5*-gR�2*-(+@ V�� ; � ; � \=*GgRH±»9(+*-, � 8CgRH�6l82g7n E 476982:�;
� ;��9(+32(54¥¼%(+»�H7uD47476982: *GgRH±(+*-, � 82ghH�6982gRn E 4k6l82: V _±*G(t*-gRH±3269g±BD(5:A(5*G,�H�� \P;

Ó �



� ;¯ºt478C�2�#(+,m:A*GH�* E 4R(5,mp°,�Hk(+47BD4R82�2�e(5,�(54h�"f2@-@G(5,�3M69g � 8CgRH�6l82g7n E 6 ÃC*GuD: *�; � ;2,C*-n E H�;
v7w $ w z ��NPY

(P, U)
NPY�J �¯S��PL�Q9S��X§ ¦ ORQ9SUT £	¤ Q9JMJ��9Y�Z[L �

v x2z½��NPY
X ⊆ P

SUJeQ�¨ ¦ �9JU�9Yc�rSUJ � y ∈ P \ X £	¤ Q9JMJªY-�PL
X ∪ {y}

S)JeQ�¨ ¦ �9JU�9Yc� £
v ��z

X ⊆ P
Y-�PL�®°QÅ�PY-�t©9³ÅJ

P ⇐⇒ X
Y-�PLaTAQ
�DY�TAQ9Z�S)JeQ�¨ ¦ �9JU�9Yc�UN W NPY�Z[T�NPJU�UNt©9³ÅJ

P ����£c¦C£�^ÉUO
SUJeQ�¨ ¦ �9JU�9Yc�UN Y ⊆ P
T�Y�L

X ⊆ Y
�9Y�Z[L

X = Y �9£
v ¸�z½��NPY

X
NPY�J ��OR�ÅNPS9�UNPJ � NPJC��� �PL0NPT ©9³ÅJ

P
SUJ � B ⊆ X

TAQ
�DY�TAQ9Z�S)JeQ�¨ ¦ �9JU�9Yc�µY�J
X £M¤ Q9JMJ

Y-�PL
B

®jQÅ�PY-�'©9³ÅJ
P £

®¯NP«�NPY-� £�� iC82,2B �
V�� \ Ë =⇒ Ì �	&)(5* X

�=69gR*-gµsDu9,
P

;�.0gRH
X  Y ⊆ P

]
Y

82,M6li E q9,2B9*-B2]#3M69,2,�BD*-@cH
Y ⊆ Y =

X = P
V _a(5BD(+,

X ⊆ Y ⇒ X ⊆ Y
\�	 (5*-, �¿*-32(+47g7�C4782n E 1+824|pj,M69i E q9,2BD*GBD»9(+*GH
sDuD,

Y
;

� @-gRu �"u9@-B9H¥3C*-('��( E 6982�CH782,2B2;
Ë ⇐= Ì � � ,CBD(5,2u9:r:A(5,

X
*-ghH�:r6ÅÃ)*-:r69@282,269i E q9,CBD*-B
82,23

P 6= X
]�3M69,2,r(PÃ)*-ghHk*G(54RH

y ∈ P \X8C,23�_�(+BD(5, V�� \'*GgRH
X ∪ {y}

8C,M69i E ql,2BD*-B�	 (+*-, �¿*G32(54Rg7�24R82n E 15824|o?6ÅÃ)*-:r69@G*GH�qÅHtsDuD,
X

;
´¯6 E (54jBD*G@GH

P = X
82,23

X
*-ghHj�=69gR*-g¥sDuD,

P
;

Vy� \ ��8�1+(5*GBD(5,��
B = P

;Cd�f24
B  P

(^Ã)*-gRH7*-(+4RH
x ∈ X \B

V 3M6
B ⊆ X

82,23
X = P

\P;C´µ69,2,
*GgRH

B ∪ {x} ⊆ X
8C,M69i E ql,2BD*-B|_a(5B9(5, V�� \P]M(+*-,��¿*-3C(547gR�2478Cn E ; � @-gRu *-gRH

B
�=69gR*-g=s9uD,

P
;

�

�����	��
������������������������������
 �
! Ð	}#"%$&��'$ (K�"!eÍÆ$'&)(+*

M
(5*G,2(±om(+,2BD(¥,2*Gn E Hk@-(+(54R(54�o�(5,2BD(+,�;�´µ6l,2, (PÃ)*-ghHk*-(+4RH�(5*-,C( � i2iC*-@-3C82,2B

f : M →
⋃

M∈M

M
:A*GH

∀M ∈ M : f(M) ∈ M,

B9(5,M69,C,�H��¯S��P«�Q ¦ Z �^S)J � LyY�³ÅJ	;
)+* 82*csl69@-(+,�Hj3M6l158�*-gRH
, !`Îl�	}.-/&	�U}10��UÍ�Í2$�$4365|��NPY

(M,≤)
NPY�J�N¯�UN�³ÅO � J�NPL0Nµ��NPJU�UN £87 Q9Z�Z � �^É)O�Q9Z�Z-N

K ⊆ M, K 6=
©",

T�Y�L
∀x, y ∈ K : x ≤ y∨y ≤ x ����£�¦C£ (K,≤)

Y-�PL�L0³ÅL Q9Z)�UN�³ÅO � J�NPL	S)J �
¦ NPY:9	L � Q9JMJ  (+H7H7( �NPY�J
m ∈ M

N��DY-�PLyY�NPO^L%T�Y�L
∀x ∈ K : x ≤ m ����£�¦C£ m

Y-�PL=³9¨PNPOkNt��§ ¦ ORQ9J � N �X¡�� Q9JMJb¨PN��PY�L-�5L
MTAQ
�DY�TAQ9Z-N���Z-NPT�NPJML0N £

����������� �"!#�%$ �#_a(5*)om(+,2BD(5,
A, B E (5*GFD(5, �9Z-NPY�§ ¦ TA�U§ ¦ LyYc�#]5_a(5,2,�(5g�(+*-,2(���* �R(5»�Hk*GuD,

f : A → BB9*-iCH5;`o?69,�g7n E 4R(5*GiCHj3M69,2,
|A| = |B|

;
d`69@G@-g

|A| = |{1, . . . , n}|
�"f24¥(+*-,

n ∈ N
]MgRu g7n E 4R(5*-ie(5,�_±*-4

|A| = n
;

;'<>=?A@CBEDGFIHKJL?NM8OLP.Q�R>S#T#T�U#V�WXDG@/YGVZ@CDG@/Y%R[S#\#]_^A?#@C`�?#FL@�M�abV>YcVZFIVZ@dJeYcV[fePdJ[g
Ó �



{|�U�y}5~��y�U��$µ��(+15(5*Gn E ,2( 2N := {2n ; n ∈ N}
32*-(�om(+,2BD(�32(+4 BD(5476932(5, ,M6ÅHkf24R@-*-n E (5, ��6 E @G(5,�;´¯69,2,�*-gRH

f : N→ 2N; n 7→ 2n
i2* �R(5»�Hk*cs#]C3�; E ; |N| = |2N|

]CuDi�_�u E @ 2N  N
;

{|�UÍ¢��Î ÏÑÐ	�	ÒK$ V�� \
|A|

,2(+,2,�H�:r69,�� Q9O � Y�JeQ9Z �XQ ¦ Z sDu9, A
V (5*-,C(�´¯(+Ê2,2*GH7*-uD,b32(+g'��(5B947* �#gµ*GgRH

,C*-n E H°H747*cs)*-69@�8C,23?ie(5,��lHk*-BlH±3M69g � 82gh_=6 E @ 6ÅÃ)*GuD:�\^; V�� \
A E (5*-FlH�SUJ�NPJ � Z[Y�§ ¦ ]C_�(+,2,ª(+g

B  AB9*-iCH±:A*GH
|A| = |B|

;
Vy� \

ℵ0 = |N|
*-ghH¯3C*-('»�@-(5*G,2gRH7(�8C,2(5,23C@-*-n E (  694R32*-,M6l@-1�6 E @ V BD(+,M69,2,�H Ë 69i21�q E @-iM6l4j8C,2(5,23C@-*-n E�Ì \^;<�gjBD*-@cH

|Q| = |Z| = ℵ0

;
V"Â \=<�g°B9*-@GH

|N| � |P(N)| = |R|
;

d�f24°om(5,2B9(5,
A, B

g7n E 4R(5*GiCH¯:r69,

|A| ≤ |B| ⇐⇒ ∃f : A → B
*-,Å�R(+»�Hk*Gs

⇐⇒ ∃C ⊆ B : |A| = |C|

⇐⇒ ∃g : B → A
gR824"�R(+»�H7*Gs

.

d�f24±32*-(t@G(+Hk1PHk('��*G*-:A�2@-*G»Å6lHk*GuD,�_±*-473�3M6lg � 82gR_�6 E @-6ÅÃ)*-uD: i#(+,��9Hk*GB9H�;
v7w $yx���z���$C�	� v ��- &KÎ�
�	��Î��k{|�UÎÅ�	}+�X�U�y��z $���NPY�NPJ

A, B
��NPJU�UNPJ T�Y�L

|A| ≤ |B|
S)J � |B| ≤

|A| £	¤ Q9JMJ��9Y�Z[L
|A| = |B| £

®¯NP«�NPY-� £ ¹°*Gn E H¥Hk47*csU* 69@��
�

&U(5*-(+,
A, B

om(5,2B9(5,�; �¿*-4¥gR(+H715(5,
|A| + |B| = |A∪̇B|

82,23
|A| · |B| = |A × B|

;
d�f24±,M6lHkfC47@-*Gn E ( ��6 E @-(5,�(+47BD(+i#(+,mgR*-n E 3M69g±BD(+_au E ,�H7( Ë + Ì 82,C3 Ë · Ì ;
���	-/&K�)�KÎ ��Òe�U�y��$|��NPY�NPJ

A, B
JMY�§ ¦ Ly0Z-N�NPOkNµ��NPJU�UNPJ £K¤ Q9JMJ��9Y�Z[L

v x2z
|A| + |B| = |B| + |A|

SUJ � |A| · |B| = |B| · |A| £
v ��z

|A| 6∈ N =⇒ |A| + |B| = max{|A|, |B|} = |A| · |B| £
{|�UÍ¢��Î ÏÑÐ	�	ÒK$ � ;j´¯(+4j��(+_a(5*Gg±s9uD, V�� \�*-ghH±,2*-n E HjB�69,C1µHk47*csU* 69@�;
� ;¯&U(5*

A
82,2(+,232@-*Gn E ;#´µ69,2,?�"u9@-B9H

|An| = |A|n = |A|
698Cg¯32(+,bÀj(+n E (5,C47(5B9(5@-,�;#.0,2gRi#(+g7uD,C32(54R(B9*-@GH

|Qn| = |Q| = ℵ0

82,23
|Rn| = |R|

;

�����	������������� ������� � ��
�!��C�����
.0,¢32*-(+g7(5: � i2g7n E ,2*GHRH|ie(+_a(5*-gR(5,¢_±*G4�3C*-( 15(+,�H74k69@G(5, &)qlHk1+(A�"f24 � 8CgRH�6l82g7n E 47q982:A(9;�´µ69:A*GH
(54��
BDq9,215(+,�_±*G4'6982n E 32*-( @-*-,C(�694R( � @GBD(5i2476C]�*G,b32(54'32*G(5g7(r&CqÅHk15(�:A(5*GgRH',�824µ�"f24'(+,232@-*Gn E (54R15(58CB9Hk(
¼%(+»�HkuD4R4kq982:A('BD(51+(5*GB9H¥_�(+4732(+,�;

Ó �



v7w $yx`xCzÑ{ $2}���}+�UÎ Ò��M� ��Ð��KÒe}�}d$C���M$ ��NPY
(P, U)

NPY�J �¯S��PL�Q9S��X§ ¦ ORQ9SUT SUJ � X ⊆ P
NPY�J �aOR�ÅNPSU

�UNPJ � NPJC���X�PL0NPT ©9³ÅJ
P ¡ � QÅ�tNPY�J�NjS)JeQ�¨ ¦ �9JU�9Yc�UN¥��NPJU�UN

L
NPJML ¦ �9Z[L £e¤ Q9JMJ?N��DY-�PLyY�NPO^L�NPY�J�N±®°QÅ�PY-�

B
©9³ÅJ

P
T�Y�L � NPO��aYc�UNPJC�X§ ¦ Q��^L L ⊆ B ⊆ X ⊆ P £

®¯NP«�NPY-� £ &)(+*
X := {A ⊆ X ; L ⊆ A

82,C3
A

82,269i E q9,CBD*-B } ; �½(5B9(5,
L ∈ X

*GgRH
X 6= ©" .´°*-(�.0,2»�@-82gR*-uD, Ë ⊆ Ì *-ghH (5*-,C( 	 4R32,�82,2BDgR47(5@-6lHk*GuD, 698C�

X
;�&)(+*

K
(5*-,C(  (PH7H7(�*G,

(X,⊆)
8C,23

T :=
⋃

S∈K
S ⊆ X

; �Áq947(
T

6li E q9,2B9*-B2]ÑgRu?B�q9ie(A(5g
x0 ∈ T

:A*GH
T \ {x0} = T

; �¢(+BD(5,
3C(54µ<�,23C@-*-n E »9(5*cHkgRi#(+32*-,2B982,2B�(^Ã)*-gRH7*-(+47(5,

x1, . . . , xn ∈ T \ {x0}
:r*cH

x0 ∈ {x1, . . . , xn}
;ed�f24

6l@-@-(
i ∈ {0, . . . , n}

(^Ã)*-gRH7*-(+47(5,
Si ∈ K

:A*GH
xi ∈ Si

;%´¯6
K

 (+H7H7(m*GgRH5]�(PÃ)*-ghHk*-(+4RH
i0

:r*cH
∀i ∈ {0, . . . , n} : Si ⊆ Si0

;K&)uD:A*GH¯*-ghH
{x0, . . . , xn} ⊆ Si0

82,M69i E q9,2BD*GB2]�(5*G, �¿*-32(+47gR�24782n E1+8
x0 ∈ {x1, . . . , xn}

;%´µ6 E (54 *-ghH
T

82,M69i E q9,2BD*GB2]�69@Gg7u T ∈ X
] 82,23 g7u9:r*cH�*-ghH

T
uDie(547(

&Un E 4k69,C»9(�s9uD,
K
;	¹°69n E 32(+: ��uD47,2gRn E (5,��K(+:r:r6�(PÃ)*-ghHk*G(54RH

B ∈ X
:�6ÅÃ)*G:�69@�;

B
*GgRH
3M69,C,

:r6ÅÃ)*-:r69@#82,M69i E q9,2BD*GB�*-,
X

; �¢(+BD(5, V�� ; � ; � \�*GgRH
B

��69g7*Gg±s9uD,
P

;
�{|�UÍ¢��Î ÏÑÐ	�	ÒK$ � 82g�32(+: ��69g7*Gg7(54RB�q9,21+82,2BDgRgk6lH71¯�"uD@GB9H�*-,2gRi#(+g7uD,23C(547(¯32*-(°<�ÃC*GgRH7(5,21¯s9uD,��=69gR(5,

*G,�i#(+@-*-(+i2*-B9(5, � 8CgRH�6l82g7n E 47q982:A(5,
(P, U)

	 ie(+Hk4769n E Hk('32(+,ªd`69@-@
L = ©"

82,23
X = P

;
v7w $yxU�#z���$C�	��������Î �	�"�	���y�U�6- &	Í
�-/&#� �"Ò`Ïe�U�����e!e�/{ $M}5�U�%$���NPY�NPJ

(P, U)
NPY�J �¯S��PL�Q9S��X§ ¦ ORQ9SUT S)J � B, C ⊆ P

�5«�NPY�®°QÅ�XNPJ £K¤ Q9JMJ��9Y�Z[L
|B| = |C| £

®¯NP«�NPY-� £ � ;#d`69@-@��`<%*G,2( 3C(54t�=6lg7(5,b*GgRH¯(5,232@G*-n E ]e(+H0_�6 B = {b1, . . . , bn}
;#´¯824Rn E s9uD@-@GgRHkq9,232*GBD(

.0,C3282»�Hk*GuD,m,269n E i
_±*-4R3��"u9@-BD(+,232('��( E 6982�CH782,2BAi#(P_±*-(+g7(5,��

��8��R(532(+:
i ≤ n

(PÃ)*GgRHk*G(54R(5,
c1, . . . , ci ∈ C

:r*cH
Bi := {c1, . . . , ci, bi+1, . . . , bn}

*GgRH �=69gR*-g
s9uD,

P
;M´µ69,C,m*GgRH

Bn ⊆ C
�=6lg7*-g¥s9uD,

P
]M69@Gg7u

Bn = C
82,C3

|B| = |C| = n
;

i = 0
�

B0 = B
*-gRHj��69g7*Gg±s9uD,

P
;

i − 1 → i
� &)(+*K69@-gRu

Bi−1

�=69gR*-g=sDu9,
P

;M&)(+H715(
Q := Bi−1 \ {bi}

;M´¯69,2,
Q  P =⇒ C * Q =⇒ ∃ci ∈ C \ Q

8C,23m:A*GH V�� ; � ; � \�*-ghH
Bi := Q ∪ {ci}

8C,M69i E ql,2BD*-BC; �¢(+BD(5, V ��� \=BD*G@GH
bi ∈ Bi =⇒ P = Bi−1 ⊆ Bi

82,23
Bi

*GgRHj�=69gR*-g=s9uD,
P

;
� ;`d`69@-@��

B
82,C3

C
g7*G,23m8C,2(5,23C@-*-n E ; �¢(+BD(5,m32(54°<�,232@-*Gn E »9(+*GH7g7ie(532*G,2BD82,2BA(PÃ)*GgRHk*G(54hHj�"fC4 �R(+32(5g

c ∈ C
(+*-,

Tc ⊆ B
:A*GH

c ∈ Tc

8C,23
|Tc| ∈ N

;e&)(PHk15(

T := {Tc ; c ∈ C}
82,23

T :=
⋃

S∈T

S.

´¯69,2,�BD*-@cH
C ⊆ T

]`69@-gRu
T = P

; � 82g V�� ; � ; � \=82,23
T ⊆ B

�"uD@-BlH
B = T

;
� ,2,M6 E :r(l�

|T | � |B|
;9.0: de6l@-@

|B| = |N|
_=q94R(

T
3M69,C,A(+,232@G*-n E ]�6l@-g7u'6l82n E T = B

(5,232@G*-n E ](+*-,��¿*-3C(547gR�2478Cn E ;.0: de6l@-@
|B| 	 |N|

�"uD@GB9H
|B| = |

⋃

S∈T S| ≤ |T | · |N| � |B| · |B| = |B|
]M(+*-,��¿*-3C(547gR�2478Cn E ;´¯6 E (54rBD*-@cH

|B| ≤ |T | ≤ |C|
; �½(5BD(+,/&U²U:A:r(PHk4R*-(�6982n E |C| ≤ |B|

;aom*cHr3C(5: &C6lH71�s9uD,
&Un E 4 �U32(54�����(+47,2ghHk(+*-,m�"u9@-B9H

|B| = |C|
;

�
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� @-g=_±*Gn E H7*-BD(
dMuD@GBD(54R82,2B�(54 E 69@cHk(5,�_±*G4
v7w $yxU¸#z ¤ NPOt�^JU�5Y � NPJU�5ORQ9S)T (P, G)

�XNPY¥NPY�J �¯S��PL Q9S��X§ ¦ ORQ9S)T�T�Y�L � NPO'®°QÅ�PY-�
B £�¤ Q9JMJm�9Y�Z[L �

dim P = |B| − 1 £ �

v7w $yx ��z���$C�	�M$|��NPY
(P, U)

NPY�J��¯S��PL�Q9S��X§ ¦ ORQ9SUT S)J � B ⊆ P £	¤ Q9JMJm�PY�J � ���5SUY�©ÅQ9Z-NPJML �
V .h\

B
Y-�PL�®°QÅ�PY-�t©9³ÅJ

P £
V .R.h\

B
Y-�PL�TAQ
�DY�TAQ9Z-NtSUJeQ�¨ ¦ �9JU�9Yc�UN W NPY Z[T�NPJU�UNt©9³ÅJ

P £
V .7.7.h\

B
Y-�PL�T�Y�JMY�TAQ9Z-N����aOR�ÅNPSD�UNPJ � NPJC���X�PL0NPT £

®¯NP«�NPY-� £ V .h\
⇐⇒

V .7.h\=*-, V�� ; � ; � \^;
V .h\

=⇒
V .7.7.h\^� �9(+32(��=69gR*-g°*-gRHµ<�4715(+82BD(+,232(5,CgR²UgRH7(5:�; �½(5B9(5,b32(+4tp°,M6li E q9,2B9*-BD»l(5*GH¯*-ghH¯(+gt:r* �
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